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PREFACE TO FIRST EDITION 


r the following work I have endeavoured to give an account of t 
ndamental principles of the Mathematical theory of Electric] 
Ld Magnetism and their more important applications, using oi 
nple mathematics. With the exception of a few paragraphs 
ore advanced mathematical knowledge is required from the reac 
an an acquaintance with the Elementary principles of i 
ifferential Calculus. 

It is not at all necessary to make use of advanced analysis 
fcablish the existence of some of the most important elect: 
agnetic phenomena. There are always some cases which will yi< 

very simple mathematical treatment and yet which establ 
Ld illustrate the physical phenomena as well as the solution 
e most elaborate analysis of the most general cases which coi 
» given. 

The study of these simple cases would, I think, often be 
Lvantage even to students whose mathematical attainments i 
fficient to enable them to follow the solution of the more gene 
ses. For in these simple cases the absence of analytical difficult 
lows attention to be more easily concentrated on the physi 
pects of the question, and thus gives the student a more vh 
ea and a more manageable grasp of the subject than he woi 
i likely to attain if he merely regarded electrical phenome 
rough a cloud of analytical symbols. 

I have received many valuable suggestions and much help 
e preparation of this book from my friends Mr H. F. Newall 
inity College and Mr G. F. C. Searle of Peterhouse who have be 


PREFACE TO THE SECOND El 


In this Edition I have through the kindneK 
spondents been able to correct a considerable m 
I have also made a few verbal alterations in t 
the argument clearer in places where experien 
students found unusual difficulties. 

,!. . 

Cavendish Laboratory, 

Cambridge. 

November , 1897. 


PREFACE TO THE THIRD ED 

The most important of the alterations made it 
new chapter on the properties of moving eleetri 
of these properties may be proved in a simple wi 
tant part played by moving charges in Modern 
warrant a discussion of their properties in ev< 
Treatise. 

I have much pleasure in thanking Mr (J. b\ 
house for many valuable suggestions, and for his I 
the proof sheets of the first five chapters; to h 
Trinity College I am indebted for similar as: 
subsequent chapters. 

J. I 

Cavendish Laboratory, 

Cambridge, 

October 4, 1904. 


PREFACE TO THE FOURTH EDITION 


[n this Edition a few additions and corrections have been ma 

J. X THOMSON. 

Cavendish Laboratory, 

Cambridge. 

April 26 , 1909 . 


PREFACE TO THE FIFTH EDITION 


[n this Edition some additions have been made to the text 
some misprints corrected. I wish to thank my son, Mr Gr. P. T1 
son, Fellow and Lecturer of Corpus Christi College, Cambr 
:or the assistance he has given me in its preparation. 

J. J. THOMSON. 

Trinity Lodge, 

Cambridge. 

December 12 , 1920 . 
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ELEMENTS OF THE MATHEMATICA 
THEORY OF 

ELECTRICITY AND MAGNETISM 

CHAPTER I 

GENERAL PRINCIPLES OF ELECTROSTATICS 

1. Example of Electric Phenomena- Electrificati 
ectric Field. A stick of sealing-wax after being rubbed v 
veil dried piece of fla nn el attracts light bodies such as small pi< 
paper or pith balls covered with gold leaf. If such a ball be i 
nded by a silk thread, it will be attracted towards the sealing- v 
d, if the silk thread is long enough, the ball will move tows 
s wax until it strikes against it. When it has done this, howe' 
immediately flies away from the wax; and the pith ball is i 
celled from the wax instead of being attracted towards it as it ' 
fore the two had been in contact. The piece of flannel used to 
5 sealing-wax also exhibits similar attractions for the pith b* 
d these attractions are also changed into repulsions after the b 
ve been in contact with the flannel. 

The effects we have described are called c electric 5 phenomena 
le which as we shall see includes an enormous number of eff< 
the most varied kinds. The example we have selected, wl 
ctrical effects are produced by rubbing two dissimilar bo( 
rinst each other, is the oldest electrical experiment known 


ence. 
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has been rubbed with a piece of flannel, th 
repelled, not merely from the sealing-wax In 
To observe this most conveniently remove 1 
distance from the sealing-wax and the f lan nr 
these are inappreciable. Now take another pa 
D 3 and let them strike against the flannel; (* 
be repelled from each other when they arc phi 
take the ball A and place it near V\ A ant 
attracted towards each other. Thus, a ball 
sealing-wax is repelled from another ball w 
treated, but is attracted towards a ball wh 
with the flannel. The electricity on the balls „ 
different from that on the balls 0 and />, fo 
polled from B it is attracted towards /), whi 
towards B and repelled from D; thus when 1 1 
ball C is repelled and vice versa. 

The state of the ball which has touched 
one of positive electrification , or the ball is sa 
fied] the state of the ball which lias touchec 
to be one of negative electrification or the ha 
electrified. 

We may for the present regard c positive 
ventional terms, which when applied to eh 
nothing more than the two states of electrii 
As we proceed in the subject, however, wo 
of these terms is justified, since the propertie 
electrification are, over a wide range of pin 
the properties of the signs plus and minus \ 
The two balls A and B must be in simih 
since they have been similarly treated ; the U 
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is either repelled from the electrified body or attract 
In the former case the electrification is negative, in the i 

A method, which is sometimes convenient, of dote 
the electrification of a body is positive or negative is 1 
a mixture of powdered red lead and yellow sulphur w 
well shaken; the friction of the one powder against f lu 
lies both powders, the sulphur becoming negatively, 
positively electrified. If now we dust a negatively e.le< 
with this mixture, the positively electrified red haul w 
surface, while the negatively electrified sulphur will 
tached, so that if we blow on tin*, powdered surface tl 
come off while, the red lead will remain, and t hus the i 
coloured red : if a positively electrified surface is treat 
it will become yellow in consequence of t he sulphur st 

3. Electrification by Induction. 1 f t he negaf i\ 
stick of sealing-wax used in the preceding experiment 
to, but not touching, one end of an (donga ted piece of m 
entirely on glass or ebonit e stems, and if the metal is du 
the mixture of red lead and sulphur, it. will be found, 
off the loose, powder, that the end of the metal nearest 
wax is covered with the yellow sulphur, while the end 
is covered with red lead, showing that* the end of the 
the negatively electrified stick of sealing wax is posit 
remob 1 , from it negatively, electrified. In this experim 
which has neither been rubbed nor been in rout net will 
body, is said to be electrified by imhaiiwn the elect ri! 
metal is said to be imhtvvd by t he electrification on t In* st 
wax. The clcctriiicat ion on the part of the metal nc; 
is of the kind onnosito to that on the wax. while the 
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oi a more elaborate instrument, called an ele 
generally used. 

A simple form of electroscope, called the g< 
represented in Fig. 1. It consists of a glass ves 
a metal rod, with a d: 
and terminating belov 
leaf, passes through t 
the rod passing throng 
inside and out wit h f* 
varnish and fitting tig 
mouth of the vessel. 

When the gold lea 
are repelled from each 
amount of the diverge! 
tion of the degree of 
desirable to protect ill 
influence of eleetrifie 
happen to be near the 
any electrification there may be on the surfac 
this we take advantage of the property of eh 
in Art. 33), that a closed metallic vessel corn] 
inside it from the electrical action of bodies- 
gold leaves could be completely surrounded b 
would be perfectly shielded from extraneous el 
however is not practicable, as the metal cm 
leaves from observation. In practice, sufficient 
by a cylinder of metal gauze connected to earl 
Fig. 1, care being taken that the fop of the \ 
above the gold leaves. 



Kg. 1 


5 ] GENERAL PRINCIPLES OF 'ELECT ROST AT ; 

fled body, will lmvb the name kind of electrification as 
will repel each other. This repulsion will as soon 
tied body is removed. 

If, when the electrified body is near the electrosct 
connected to the ground bv a metal wire, then the me 
troseope, the wire and the ground, will correspond to 
piece of metal in the experiment described in Art. T 
the body to be negatively electrified, the positive elec 
be on the disc., while the negative will go to the moj 
of the system consisting of the metal of the electros 
and the ground, i.e. the negative electrification will go 
and tin’s gold leaves will be free from electrification, T 
to repel each other and remain closed. If the wire is 
the disc, while the electrified body remains in the neigl 
gold leaves will remain closed as long as the electrified 
stationary, but if this is removed faraway from the el 
gold leaves diverge. Tin* positive electrification, wh 
electrified body was close to tin* electroscope, concent 
the disc so as to be as near t in’s electrified body us poss 
body is removed spreads to the gold leaves and causes tl 

If, when the electroscope is charged, we wish to dete 
the charge is positive or negative, all we have to t 
near to the disc of the electroscope it stick of sealing- v 
been negatively electrified by friction with tlannel; <h 
the negat ively electrified wax, in consequence of f In* iml 
increases the negative electrification on the gold leaves 
presence of tin* sealing-wax increases the divergence 
the original electrification was negative, but if it t 
divergence the original electrification was positive. 
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in the vessel. If two or more electrified bodies j 
the divergence of the gold leaves is the same 1 
bodies are moved about re! 
or to the vessel. The dn 
leaves thus measures some j 
fied body which remains < 
body is moved about wit! 
property is called the charge 
bodies, A and B, haves eqt 
divergence of the gold Ieav< 
is inside the vessel placed on 
scope and B far away, as wl 
far away. A and li are < 
suspended by dry silk thre 
do not allow the electricity 
see Art. 6. Again, the charge 
that on A if, when (J is 
vessel, it produces the same effect on tine (de- 
duced by A and B when introduced together, 
charge has been proved equal to that on A in t 
Proceeding in this way we can test what mult 
given electrified body is of the charge on anotl 
take the latter charge as the unit charge we e 
in terms of this unit. 

Two bodies have equal and opposite eharn 
simultaneously into the metal vessel they pre 
divergence of the gold leaves. 

6. Insulators and Conductors, Inin 

dftflfirihArl in Tvr*/»A*w^ivwr .... t 
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idrawn from the ball. Thun the. pith ball loses its charge w 
-IkhI with a medal wire, though not when touched with a pice 
ingwvax. We may thus divide bodies into two classes, (1) tl 
r.h, when placed in contact with a charged body can diseln 
electrification, these are called conductors; (2) 1 hose which (‘an 
harge the electrification of a charged body with whicii they 
ontaet, these*, art*, called insulators. Tin* metals, the. human b< 
.tions of salts or acids art*. examplt*s of conductors, while (he 
silk threads, dry glass, ebonite, sulphur, parallin wax, seal 
shellac an* examples of insulators. 

When a body is entirely surrounded by insulators it is said t 
dated. 

7, When electrified ion is exeited bijfrietion or h\j an// other pro 
tl ehartjes of posit i re and net/ati re electrieit// are ahrat/s prod need, 
w this, when the elect rilication is excited by friction, take a | 
waling wax and electrify it. by friction with a piece of flannel; t 
ugh both tin* wax and tin* Hunuel am charged with electro 
/ will, if introduced together into the nodal vessel on fhedb 
tdetd rosrope { Art . f>), produce no elTert on < he elect rosrope, i 
wing that tin* ehaige of negative! electricity on the wax is ei 
he charge of positive electricity on tin* flannel. This can be sh 
l more striking way by working a frictional electrical marl 
dated and placed inside a large insulated metal vessel in met 
nexiou with tin* disc of an electroscope; then, although the i 
main electrical clients can be observed near the machine in 
vessel, the leaves of the electroscope remain uimllecded, sho\ 
t the total charge inside the vessel connected with the disc 
been altered though tin* machine has been in action. 

To show flint, when a body is electrified bv induction, e< 
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electrified by induction, so that its charge of | 
excited by this process is equal to its charge of in 
Again, when two charged bodies are comic 
the sum of the charges on the bodies is mialtert 
positive electrification gained by one is equal t< 
tive electrification lost by the other. To show I 
fied metallic bodies, A and B, suspended from si 
duce A into the metal vessel, noting the. diverge! 
then introduce B into the vessel and observe the 
two bodies are in the vessel together: now take > 
round one end of a dry glass rod and, holding the 
place the wire so that it is in contact with A at 
no alteration in the divergence of the gold lea 
by this process, showing that the sum of the el 
unaltered. Take away the wire and remove B 
now again observe the divergence of the goh 
(except in very special eases) be the same as it \ 
into the vessel, thus proving that, though a t rai 
cation between A and B lias taken place, the st; 
A and B has not changed. 

8. Force between bodies charged 

When two charged bodies are at a distance r a/m 
compared with the greatest linear dimension of eii 
repulsion between them is grroportumd to the pro 
and inversely proportional to the square of the <h 

This law was first proved by Coulomb by dii 
the force between electrified bodies; there a 
methods by which the law can he much more rig 

as thesA ViA Wlrlfl'f. nmitrnm'nof 1«» I 1 . . t 
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Phe unit charge* of electricity in defined to be*. such tlmt. when 
ies each have thin charge, and are separated by unit distaiu 
lay are repealed from each other with unit force. The dimem 
he charged bodies are assumed to he very small eompared 
unit distance. 

It follows from this definition and the law of force previo 
neiated that the repulsion between two small bodies with eha 
d c* placed in air at a. distance r apart- is ecpial to 

vv* 
r* * 

The expression cc'jr 2 will express the force, between two eha 
ic*s, whatever the signs of their elect rifieat ions, if we agree t 
n the expression is positive, it indicates that the force bet\ 
bodies is a repulsion, and that, when this expression is nega 
idicates that t he force* is an attraction. When the charges or 
ies are of t he same kind ve is positive*, the force is then repult 
n t h<* charges are* of opposit e* sign tr* is negative, the* force betw 
be aliens is then attractive*. 

Electric Intensity. The electric intensity at any poir 
force aiding on a small body charged with unit positive eh 
11 placed at tin* point, the* elect rifieat ion of the* re\st of the* syi 
ig supposed to be* undisturbed by the presence of this 
rgt*. 

Total Normal JSlectric Induction over a Surfi 

tgine a surface drawn anywhere in the electric field, and let 
act* he completely dividend upas ^ , v 

(la* figure, into n network e>f 

hes, each mesh being ho small \ V „ \ V/;/ 
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meshes on the surface is defined to be the tot, a 
duction over the surface. This is algebraical! 

reIation I^SJVco, 

where I is the total normal electric induction, N t 
electric intensity resolved along the normal dm\ 
of the surface at a point in a mesh, and a> is the* a 
symbol 2 denotes that the sum of the products A 
all the meshes drawn on the surface. 

With the notation of the integral calculus 

/ - JNdK 

where dS is an element of the surface, the iniegi 
over the surface. 

10. Gauss’s Theorem. We can prove a 
about the forces between electrified bodies, whi< 
in the following discussion of Electrostatics, by t 
due to Gauss. This theorem may be stated t hu 
electric induction over any closed surf are drawn h 
equal to 4n times the total charge of electricity imid 

We shall first prove this theorem when t he elec 
to a single charged body. 

Let 0 (Pig. 4) be the charged body, whose d 
posed to be so small, compared with its distanc 
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m 

at which the electric intensity is measured, that it m 
as a point-. Let e he the charge on this body. 

Let PQRS he one of the small meshes dra wn on t 
area being so small t hat- PQRS may In*, rega rded as pin 
Q, li , S, and let. a plane t hrough R at right angles to ( 
OP respectively in //, i\ iv: with rent re 0 describe a 
radius, and lot the lines OP, OQj)R % OS cut t he surfae 
in the points />, </, r, s respectively. The area PQRS is 
so small that the electric intensity may he regarded a; 
it; we may take as the value of the electin’ intensity < 
the value it. has at- R . 

The contribution of this mesh to the total nornu 
by definition, equal to 

area PQRS >, A\ 

where N is t lie normal component of the electric intei 

Now A* cost/, 

OR 1 

where W is the angle between the outward normal to fl 
and OR the direction of the elect rie intensity. Tin* 
surface is at right angles to PQRS % and OR is at righ 
area Ritru\ and hence the angle* between tin* normal 
and OR is equal to tin* angles between the planes PQ 

Hence 

area PQRS - cos ft the area of the project im 

area PQRS on tie* 
area //#me 

Consider the figures Ruwv ami an/*/, /?r is parallel 
are in the same plain* and both at right angles to OR % 
reasons Rv is parallel to a/, r#r to /*/, air to a^» Tl 
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The contribution of the mesh PQRS to the toi 
is equal to 

area PQRS x Q ( R2 x can ft 

area Rum . . . 

-6 x —Qjp l>y aquation 

= e x area pqrs by equation (1 

Thus the contribution of the mesh to the to I 
is equal to e times the area cut off a sphere of 
centre at 0 by a cone having the mesh for a base 
By dividing up any finite portion of the surfi 
taking the sum of the contributions of each me 
total normal induction over the surface is equal 
cut off a sphere of unit radius with its centre at 
the boundary of the surface as base and its verft 
Let us now apply the results we have obtaii 
closed surface. 

First take the case where 0 is inside the surface 
induction over the surface is equal to e times th 
cut off the unit sphere by cones with their bases 
their vertices at 0, and since the meshes complete 
surface the sum of the areas cut off the unit sphei 
be the area of the sphere, which is equal to Art, sine< 
Thus the total normal induction over the closed 
Next consider the case when 0 is outside the - 
Draw a cone with its vertex at 0 cutting tin* <\ 
areas PQRS , P'Q'R'S Then the magnit ude of f 


10 ] GENERAL PRINCIPLES OE ELECTROSTAT: 

PQRS the electric intensity points along the outward 
so that the sign of the component resolved along the c 
normal is positive; while over the surface P'Q'R'S ' i 
tensity is in the direction of the inward drawn normal £ 
of its component along the outward drawn normal is r 
the total normal induction over PQRS is of opposite si 
P'Q'R'S ', and since they are equal in magnitude they ' 
other as far as the total normal induction is concert 
whole of the closed surface can be divided up in this 
with their vertices at 0, and since the two sections oJ 
cones neutralize each other, the total normal induction 
surface will be zero. 

We thus see that when the electric field is due to a s 
a charge e, the total normal induction over any clos 
closing the charge is 47re, while it is equal to zero o 
surface not enclosing the charge. We have therefore ] 
theorem when the field is due to a single small electri 
^e can easily extend it to the general case when 
to any distribution of electrification. For we may 
arising from a number of small bodies having charges . 
Let N be the component along the outward drawn 
surface of the resultant electric intensity, N x the cor 
same direction due to e l9 N 2 that due to e 2 and so on; 

N = N X + N% + N S + 

If co is the area of the mesh at which the normal eL 
is N 9 the total normal induction over the surface is 

UNio 

= j:(n 1 + n 2 + n s + ...)*> 

= TtNiO) + TiN 9 co + XZVoO) + ... , 
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several charged bodies, i.e. that due to the actual 
charge of electricity inside the closed surface ov< 
induction is taken. 

11. Electric intensity at a point out* 
charged sphere. Let us now apply the th 
electric intensity at any point in the region outside 
charged with electricity. 

Let 0 be the centre of the sphere, P a point o 
which the electric intensity is required. 

Through P draw a spherical surface with its 
be the electric intensity at P. Since the charged 
electrified, the direction of the intensity will be ( 
the same value R at any point on the spherical 
Hence since at each point on this surface the 
tensity is equal to P, the total normal induct it 
through P is equal to It x (surface of t he sphere 
By Gauss’s theorem this is equal to 4rr times t he 
the spherical surface, that is to *1 it times the el 
sphere. If e is this charge we have therefore 
R x AttOP 1 4m\ 

R V 
OP* • 

Hence the intensity at a point outside a uniform! 
is the same as if the charge on the sphere were e 
centre. 

12. Electric intensity at a point insl 
electrified spherical shell. Let Q lie it pom 

R the electric intensity at that point.. Through < 
surface, centre 0; then as before, the normal ele 
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mce the electric intensity vanishes at any point inside a unifori 
petrified spherical shell. 

13. Infinite Cylinder uniformly electrified. We shall n 
nsider the case of an infinitely long circular cylinder uniforr 
petrified. Let P he a point outside the cylinder at which we w 
find the electric intensity. Through P describe a circular cylin 
axial with the electrified one, draw two planes at right angles to 
is of the cylinder at unit distance apart, and consider the tc 
rmal induction over the closed surface formed by the curved s 
3e of the cylinder through P and the two plane ends. Since * 
petrified cylinder is infinitely long and is symmetrical about its a: 
e electric intensity at all points at the same distance from the a 
the cylinder will be the same, and the electric intensity at P will 
mmetry be along a radius drawn through P at right angles to i 
is of the cy finder. 

Thus the electric intensity at any point on either plane end of i 
finder will be in the plane of that end, and will therefore have 
mponent at right angles to it; the plane ends will therefore c< 
bute nothing to the total normal induction over the surface, 
ch point of the cylindrical surface the electric intensity is at ri^ 
gles to the curved surface and is equal to R. The total norr 
iuction over the surface is therefore 

R x (area of the curved surface of the cylinder). 

But since the length of the curved surface is unity its area is eq- 
27 rr, where r is the distance of P from the axis of the cylinder. I: 
the charge per unit length on the electrified cylinder, then 
hiss’s theorem the total normal induction over the surface is eq- 
4:stE. The total normal induction is however equal to R x 2 


nee 


R x 2ttt — &7tE, 
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14. Uniformly electrified infinite plane 

iee by symmetry (1) that the electric intensity will 
>lane. (2) that the electric intensity will be cons' 

p. jq in a plane parallel 

| J one. Draw a cylim 

s R the axis of the c 

Fig. 6 right angles to th 

if the cylinder being planes at right angles to 
bins cylinder encloses no electrification the tot 
tion over its surface is zero by Gauss’s theorem 
electric intensity is parallel to the axis of the cyl 
intensity vanishes over the curved surface of the c] 
the electric intensity at a point on the face PQ— 
outward drawn normal if the electrification on the p 
F' the electric intensity at a point on the face RS, a> 
of the faces PQ or RS , then the total normal in 
surface PQRS is equal to 

Fco-F'oj; 

and since this vanishes by Gauss’s theorem 

F=F\ 

or the electric intensity at any point, due to the i 
charged plane, is independent of the distance of tl 
plane. It is, therefore, constant in magnitude at 
field, acting upwards in the region above the plar 
the region below it. 

To find the magnitude of the intensity at P. 
(Fig. 7) a line at right angles to the plane and prolo] 
p Q is as far belov 


GENERAL PRINCIPLES OE ELECTROSTATICS 


>] 

agnitude of the electric intensity at any point in the field, oj * 
ea of either of the flat ends of the cylindrical surface. T1 
e part of the total normal induction over the surface PQRS c 
the flat end through P is Raj. The part due to the flat end thror 
will also be equal to this and will be of the same sign, since i 
tensity at Q is along the outward drawn normal. Thus since 1 
>rmal intensity vanishes over the curved surface of PQRS the to 
>rmal induction over the closed surface is 2 Rod. If a is the quant 
electricity per unit area of the plane the charge of electricity ins: 
e closed surface is <xco; hence by Gauss’s theorem 

2 Roj = irraco, 

R = 2ttc>. 

7 comparing this with the results given in Arts. 11 and 13 1 
ident may easily prove that the intensity due to the charged pla 
rface is half that just outside a charged spherical or cylindri 
rface having the same charge of electricity per unit area. 

15. Lines of Force. A line of force is a curve drawn in t 
metric field, such that its tangent at any point is parallel to 1 
metric intensity at that point. 

16. Electric Potential. This is defined as follows: 1 
metric potential at a point P exceeds that at Q by the work dc 
the electric field on a body charged with unit 
electricity when the latter passes from P to 

The path by which the unit of electricity 
ivels from P to Q is immaterial, as the work 
ne will be the same whatever the nature of 
e path. To prove this, suppose that the 

Yrlr rlnnA nm t,TiP nnif, rfharore. when it tra vels 
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applied forces in bringing it back from Q to P 
QBP. Thus though the unit of electricity is back ; 
which it started, and if the field is entirely di 
electricity, everything is the same as when it stz 
our hypothesis is correct, gained work. This is r 
with the principle of the Conservation of Energy, 
conclude that the hypothesis on which it is founc 
work done on unit electric charge when it travels 
pends on the path by which it travels, is incorrec 

Since electric phenomena only depend upon difE 
tial it is immaterial what point we take as the one 
the potential zero. In mathematical investigations 
expression for the potential to assume as the point 
one at an infinite distance from all the electrified bod: 

If P and Q are two points so near together tha 
tensity may he regarded as constant over the distal 
work done by the field on unit charge when it ten 
is F x PQ , if F is the electric intensity resol ved in t 
If Vp, Vq denote the potentials at P and Q respect 
by definition Vp — Vq is the work done by the fielc 
when it goes from P to Q we have 

Vp-V q ~FxPQ, 


hence 




Vp ~ V Q 

PQ 


thus the electric intensity in any direction is equa 
diminution of the potential in that direction. 

Hence if we draw a surface such that the potoi 
over the surface (a surface of this kind is called i 

o4" n v\-vr 
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Phe surface of a conductor placed in an elect ric field must. b< 
ipofenfiul surface when the held is in equilibrium, for there 
to tangential electric intensity , otherwise f ho electricity on 
ace would mo\ e along the surface mid there could not be eq 
tin. It is this fact that makes t he conception of the pofentu 
ortant in elect rest at ies, for the surfaces of all bodies mud 
at are eqnipoteuf in I surfaces. 

A positively charged conductor docs not necessarily haven | 

• potential, as t he potent ial depends on all the charges in the fi 


17, Potential due to a uniformly charged sphere, 
ml ial at V is the work tlone by the elertrie field when unit eh 
alien from V to an infinite 

nnee, bet us suppose t hat t he •. * « i 

1 / i o e ct a % x 

c ha rye t ms els front /Mo an 

life distance atony a straight Ka». t» 

passing f h rough the rent re of the sphere. Let (JUST be a m 
mints vrrv near together along t his line. If r is the charge on 
me, U its centre, the electric intensity at (J i st\(K/ 2 t while, flu 
4 t tilt 7 : as (J and It are very near together these quantities 
r nearlv equal, and we may take the average elect fir inter 
mam Q and tt as equal to r ( , ( )tt % the "comet rie mean of 
anat ies at (J and It, Hence the work done by tin* field as the 
rye goes (font (J to It is equal to 


insult 


no . (fit 
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and so on. Tlie work done by the field as the chan 
is the sum of these expressions, and this sum is eqi 

e e__ 

0Q~0T’ 

and we see, by dividing up the distance betweer 
number of small intervals and repeating the abov 
expression will be true when Q and T are a fin: 
and that it always represents the work done by tl 
charge as long as Q and T are two points on a ra 
The potential at P is the work done by the field wl 
goes from P to an infinite distance, and is therefoi 
result equal to 

e 

OP' 

This is also evidently the potential at P of a charge 
body enclosing 0 if the dimensions of the body ove 
is spread are infinitesimal in comparison with OP, 

18. The electric intensity vanishes at i 
a closed equipotential surface which does : 
electric charge. We shall first prove that the 
stant throughout the volume enclosed by the su 
follow by equation (1), Art. 16, that the electric 
throughout this volume. 

For if the potential is not constant it will be 
series of equipotential surfaces inside the given o 
the equipotential surface for which the potential : 
not quite, the same as for the given surface. A 
potential between this and the outer surface is \ 

SHTTTflP0a Tm 1 1 Lot AOQ 4v~» ar 
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it the normal electric intensity over the second surface is eve 
ere in the direction of the outward drawn normal to the surfa 
I therefore that the total normal electric induction over the surf; 
1 be positive. Hence there must be a positive charge inside • 
'face, as the total normal induction over the surface is, by Gaui 
iorem, proportional to the charge enclosed by the surface. Her 
by hypothesis there is no charge inside the surface, we see t. 
^ potential over the inner surface cannot be greater than that 
^ outer surface. If the potential at the inner surface were ] 
in that at the outer, then the normal electric intensity would 
srywhere in the direction of the inward normal, and, as befc 
can show by Gauss’s theorem that this would require a negai 
irge inside the surface. Hence, as there is no charge either posit 
negative the potential at the inner surface can neither be grea 
r less than at the outer surface, and must therefore be equal tc 
this way we see that the potential at all points inside the surf 
ist have the same value as at the surface, and since the poten 
constant the electric intensity will vanish inside the surface. 

19. It follows from this that if we have a closed hollow conduc 
bie will be no electrification on its inner surface unless there 
ctrified bodies inside the hollow, 
t Fig. 10 represent the conductor 
bh a cavity inside it. To prove that 
ire is no electrification at P a point 
the inner surface, take any closed 
:face enclosing a small portion a of 
i inner surface near P ; by Gauss’s 
3orem the charge on a is propor- 
nal to the total normal electric in- 
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cavity being the surface of a conductor is an eqr 
and as we have just seen the electric intensity ins 
is zero unless it encloses electric charges. Thus si: 
tensity vanishes at each point on the closed surfa 
the charge at a must vanish; in this way we can s< 
electrification at any point on the inner cavity. 1 
is all on the outer surface of the conductor. 

20. Cavendish Experiment. The result ] 
that when the force between two charged bodie 
as the square of the distance between them the 
vanishes throughout the interior of an electrified cc 
no charge, leads to the most rigorous experime: 
truth of this law. 

Let us for simplicity confine our attention to i 
electrified conductor is a sphere positively electrifi 

Consider the state of things at a point P insic 
centre is 0 3 Pig. 11: through P draw a plane at ri 
The electrification on the port 
above this plane produces an el 
the direction PO , while the ele( 
portion of the sphere below th 
an electric intensity in the dire 
the law of force is that of the nr 
two intensities balance each o 
distance from P of the electrif 
plane being compensated by the larger electrified a 
Now suppose that intensity varies as then iJ 
2 the intensity diminishes more quickly as the distar 




24 


GENERAL PRINCIPLES OF ELEC 

of an ebonite ring. Connection betyweei 
spheres is made by a wire fastened, to 
which acts as a lid to a small hole in the o 
wire and the disc are lifted up by a si. 
condition of the inner sphere can be tested 1 
wire connected to an electroscope (or pre 
electrometer, see Art. 60) through tte hoi 
with the inner sphere. The experiment is 
the two spheres are in connection a charg 
municated to the outer sphere, the connect] 
is then broken by lifting the disc by means 
outer sphere is then discharged and kept c 
testing wire is then introduced tb rough the h 
with the inner sphere. Not the slightest ef 
can be detected, showing that if there is a 
sphere it is too small to affect the electrosc< 
sensitiveness of the electroscope or electron] 
suspended by a silk thread, is placed at a coi 
the two spheres. After the outer sphere is chai 
the brass ball is touched and then left insulal 
gets by induction a negative charge amount 
tion, say a, of the original charge communion 
Now when the outer sphere is connected to ea 
on the ball will induce a positive charge on tl 
a calculable fraction, say j8, of the charge on tl 
the outer sphere from the earth and discharj 
charge on the outer sphere will be free to g 
this is connected to the sphere. When the 1 
from the sphere this charge is sufficient to c 


irge, we can calculate that p must differ from 2 by less than a c 
n quantity. In this way it has been shown that p differs from 2 
3 than 1/20,000. 

21. Definition of surface density. When the electrificati 
ionfined to the surface of a body, the charge per unit area is cal 
> surface density of the electricity. 

22. Coulombs Law. The electric intensity at a point 
se to the surface of a conductor surrounded by air is at right ang 
the surface and is equal to ina, where a is the surface density of i 
ctrification. 

The first part of this law follows from Art. 16, since the surf 
a conductor is an equipotential surface. To prove the second p 
:e on the surface a small area around P 
g. 13) and through the boundary of this 
$a draw the cylinder whose generating 
es are parallel to the normal at P. Let 
s cylinder be truncated at T and S by 
mes parallel to the tangent plane at P. 

The total normal electric induction over 
s cylinder is Eco, where R is the normal 
ctric intensity and oj the area of the cross 
jtion. For Rco is the part of the total 
rmal induction due to the end T of the cylinder, and this is 
ly part of the surface of the cylinder which contributes anyth 
the total normal induction. For the intensity along that pari 
s curved surface of the cylinder which is in air is tangential to 
rface and therefore has no component along the normal, wl 
Lee the electric intensity vanishes inside the conductor the p 
the surface which is inside the conductor will not contrib 
y thing to the total induction. If a is the surface density of 
ictricity at P the charge inside the cylinder is omt; hence by Gaui 
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Th e result, expressed 

Law. It requires m°d« «n ; Art . ' 

hy air, but by some other insulator. 

y electrified system- 

ductor's am n pSd°in ™ 

iSSSK--; 

““"wt 


To B »ve tiis .. n»t>« tl.«Uh« ' 

depend^ upon th» chargee of oleotneity on jh“ 
%Ua the char*. o« «,,?«- « » 

times, the potential at every pomt m the *> 

" To tod tho MV of the eyatoni »l 
that each conductor is originally unohwH, 
and that we bring a charge Hjn from an >*> ■»»'» 

conductor, a charge Ejn from an minute dn.Ui 

ductor, a charge Ejn to the thm < ma w < ■ 
has been done, the potential of the tu 4 1 " 

of the second V.Jn, and so on. Ut «* tl 
operation. Then bring from an infinite tli-ti m 
first conductor, EJn to the second, and mm 
done the potentials of the conductors w ill lm 
this the second stage of tho operation. 1 epeiH 
first conductor has the charge E x and the j«. 
conductor the charge B t and the patent ml I s 
Then in the first stage the potential m toe 

* 1 tf I,., 11 f.IM't WtBi 


jl „ l. 
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In the siromi .h(u"c of Ilu> operations flu- potential of th« 
iihicfor is I',/h at t In* l>e<'jimiiii>. mid 21’,//* at tin* end, so tlun 
rl* njH-tit in hrin.'dnii up tin* clmrni* h\Ju to the first, conduct 

/,; | j,' .in 

aterthan 1 . 1 hut less than 1 ; similar! v t In* work s 

ft it it it * 

> r i t o f i 1 1 « ^ tip t hi* /u h fu f In* rrrtmti mmlm f or is Rivufrr • 


f", 2 l\, 

fi hut Imm limn ^ ^ , Thus if is tin* work Mp**t»f. in 


£«' in ofmrpinp flu* first rondm-for wo him* 


a v t 




tSimilfirlv if is tfii* w i »rk spun! in tin* 1 1 1 i r# I in I’hurj'iu^ 

! ruudm fur \\ *• Imvi* 


.Vi VnlV :iVi :i J 

n y, flu* tt Ml h ? * 1***1*! ill flu* Li f sftipr, is 




i » * . 


/•:. 


Kn\\ ( t i t I In* fufnl uMutunf *4 u*uL n|«*ut in rlmr^iini fin* firnt, 
nr ri *‘S | Hi! I ft* f (/ 


yV| ? . „V| • J, ‘ f lu r*'ful|i 


O? if 




:t « 
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The work done in charging the conductor* '* 
system as electrical energy, the potential energy of 
equal to the work done in charging up the av.Hwn 
depends on the final state of the system and is m 
way that state is arrived at. Hence we see from 
that the energy of a system of conductors is one lu 
products obtained by multiplying the charge of ear I 
potential 

24. Relation between the potential* m 
the conductors. Superposition of electric! 

V' be the potential at any point P when the firm 
charge E x and all the ot her conductors are ttitlnm 
the potential at P when the second rondnef nr lee* i 
all the other conductors are wit turn! eh are*- 1 1*«- 
conductor has the charge tt v the second the *‘fmre 
other conductors are without charge, the 

r+v". 

The conditions to he satisfied in this *wc ar* 1 
on the conductors should have the given valti*-* an«t 
of the conductors should he equipnfenf bd surface. 

Now consider the distribution of elect rdhuifi** 
conductor has the charge h\ and the real nre »t?! 
satisfies the conditions that the conduct nr» m** ** 
faces, that the charge on the first r*»n«ltirfi*r r* 
charges on the other conductors are /rnr Tt*e do>tnl 
cation when the second conductor is cdtarenl nn*l f ; 
satisfies the conditicnm flint the conductor* me e*jm| 
that the charge on the first conductor t* that • 
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$t of the conductors are uncharged. But when two systems 
ictrification are superposed, the potential at P is the sum of t 
tentials due to the two systems separately, i.e. the potential 
is F + V", and hence the theorem is true. 


25. We can extend this reasoning to the general case in which 
the potential at P when the first conductor has the charge 1 
e other conductors being uncharged, V" the potential at P wh 
e second conductor has the charge P 2 , the other conductors bei 
Lcharged, V"' the potential at P when the charge on the third cc 
ictor is P 3? the other conductors being uncharged, and so on; a 
j then see that when the first conductor has the charge E x , t 
3ond the charge P 2 , the third the charge P 3 , and so on, the potent 
Pis 


F+ F'+ F"+ .... 


26. When the first conductor has the charge E 1} the other cc 
Lctors being uncharged and insulated, the potentials of the cc 
Lctors will be proportional to P l5 that is, the potentials of the fir 
cond, third, etc. conductors will be respectively 

Pi Pi A 5 Pi3-®i> •••? 

here p 1Vj p 12) are quantities which do not depend upon i 
Larges of the conductors or their potentials, but only upon th 
tapes and sizes and their positions with reference to each oth 
he quantities p n , etc. are called coefficients of potential) tt 

nperties are further considered in Arts. 27-31. When the secc 
>nductor has the charge P 2 , the other conductors being uncharj 
id insulated, the potentials of the conductors will be proportio: 
► E 2 > and the potentials of the first, second, third, etc. conduct 
ill be 
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so on, V 1 the potential of the first conductor will 
equation 

V x = ^ 11^1 + p21®2 + + • • * 5 

V 2 the potential of the second conductor by the equ 
F 2 = p 12 E 1 + p 22 E 2 + p 32 E $ + . . . ; 
if F 3 is the potential of the third conductor 

F 3 = p^Ei + P 23 E 2 + Psafis + • * > 


If we solve these equations we get 

#1 = qnVl + 021*2 + ? 3 1 F 3 + — » 
E 2 = ? 12 F X + feF 2 + q 32 V 3 + 

where the <f s are functions of the p : s and only d< 
configuration of the system of conductors. The (f 
efficients of capacity when fhe two suffixes are the sam 
of induction when the suffixes are different. 

27. We shall now show that the coefficients wide 
equations are not all independent, but that 

P21 ~ Pi2- 

To prove this let us suppose that only the first t 
ductors have any charges, the others being without 
sulated. Then we may imagine the system charged, 1 
up the charge E x from an infinite distance to the firsi 
leaving all the other conductors uncharged, and thei 
been done, bringing up the charge E 2 from an infinite 
second conductor. The work done in bringing the < 
the first conductor will be the energy, of the system 
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Henco the work done in bringing up the find. instahm 
between 


1 1 ^2 i / » i 4 ^ 

Pxth\ and ( // l 2 /v, ; /i att 
' w v n )i 


Similarly the work done in bringing up tin* second i 
E 2 /n will be between 

/ . Ar« A A-* . , * tu 

[ih,K i fe i /v, ,/j ; • 

and the work doin' in brin^injx uj» t in* last in.-it alm<*nt of I 
will bo botiwoon 


(?>»#> I / ; « (W M l)/ ' S )^ a a,Ml (/'u A \ /';•* 


«/■: , / 


Thus tlio (odd lunounl- of work dono in l>rin,"in;' up t h»* < 
will bo boivvoon 


l i i» • :i ... 


i 


f>,M ! ■ ■ " '■ ' 

if' 

I t! : :i 

tr 


I*: 




and p x Ji { bl> 

that is, between 

Pia^’a ! !(l ') /'•;•/•? a nd .! I ' ) 

<a \ / * / » . II 


but if n in very great these tv\o espies cue. bernim* espial to 

Px'J'> j A-. i 

which in therefore the work dune ui hniehne up j be rhatve , 
second conductor w hen the first eondnefor Iin-s aliesdv frer 
charge A f j. lienee the work done in biueunu up fuat the t 
and then tl> in 

kh\ K ? 
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It follows from tlie way in which the q's can be expressed in terms 
of the p’s, that q 21 = q 12 < 

28 * Now p 12 is the potential of the second conductor when unit 
charge is given to the first, the other conductors being insulated and 
without charge, and p 21 potential of the first conductor when 
unit charge is given to the second. But we have just seen that 
p 21 = hence the potential of the second conductor when insulated 
and without charge due to unit charge on the first is equal to the 
potential of the first when insulated and without charge due to unit 
charge on the second, the remaining conductors being in each case 
insulated and without charge. 

29 . Let us consider some examples of this theorem. Let us sup- 
pose that the first conductor is a sphere with its centre at 0 , and that 
the second conductor is very small and placed at P, then if P is 
outside the sphere we know by Art. 17 that if unit charge is given to 
the sphere the potential at P is increased by I/OP. It follows from 
the preceding article that if unit charge be placed at P the potential 
of the sphere when insulated is increased by 1/OP. 

If P is inside the sphere then when unit charge is given to the 
sphere the potential at P is increased by 1/a, where a is the radius 
of the sphere. Hence if the sphere is insulated and a unit charge 
placed at P the potential of the sphere is increased by 1/a. Thus the 
increase in the potential of the sphere is independent of the position 
of P as long as it is inside the sphere. 

Since the potential inside any closed conductor which docs not 
include any charged bodies is constant, by Art. 18, we see by taking 
as our first conductor a closed surface, and as our second conductor 
a small body placed at a point P anywhere inside this surface, that 
since the potential at P due to unit charge on the conductor is in- 
dependent of the position of P, the potential of the conductor when 
insulated due to a charge at P is independent of the position of P, 
Thushowever a charged body is moved about inside a closed insulatec 
conductor the potential of the conductor will remain constant. Ar 
example of this is afforded by the experiment described in Art. 5 
the deflection of the electroscope is independent of the position o 
the charged bodies inside the insulated closed conductor. 
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Again, take Mio euna when tho first conductor is charged, the 
nauluted and uncharged; then 

Pi 

Pt An 
2 /ha 

v* suppose (hid tin* first conductor is connected to earth while 
e Agin given In the second conductor, all tin' oilier conductors 
ncharged: then since' r t 0 we have. 

t ^ P\\f*\ I PVm^'i* 

Pu 1 I 

«. ai. r a 

preceding equation. 

ice if a charge he given fo the lira! conductor, all the others 
modal cd, the ratio of the potential of the second conductor 
of the iii nt will he equal in magnitude hut opposite in sign 
charge induced on the first conductor, when connected to 
by unit charge on the second conductor, 
an example of this result, suppose that I lie first conductor 
here with its centre at O t and that the second conductor is 
I body af u point I* outside (he sphere; then if unit charge he 
0 the sphere, the potential of the body nt V in ttdP times the 
ini of I he sphere* w here n is the radius of the sphere; hence*, by 
♦omit of f bin article, when unit charge m placed at /\ and the 
is connect ed to the earth, there will he a negative charge cm 
Here equal to nU}\ 

oilier example of this result is when the first conductor came 
surround!* the net-ond ; then since the potential inside the first 
♦tor in count a ut when nil the conductors inside are free, from 
, the potent ial of the second conductor when n charge in given 
first conductor will he the mine its that of the first. Hence 
he above result if follows that when the first conductor is 
ted to earth, and a charge given to the second, the charm* 
<1 on t he first conductor will be equal and opposite to that *d v«-u 
Mivtiml, 


34 GENERAL PRINCIPLES OE ELECTROSTATICS [ CH - 1 

Another consequence of this result is that if S be an equip otential 
surface when the first conductor is charged, all the others being 
insulated, then if the first conductor be connected to earth the charge 
induced on it by a charge on a small body P remains the same how- 
ever P may be moved about, provided that P always keeps on the 
surface S . 


31. As an example in the calculation of coefficients of capacity 
and induction, we shall take the case when the conductors are two 
concentric spherical shells. Let a be the radius of the inner shell, 
which we shall call the first conductor, b the radius of the outer shell, 
wbich we shall call the second conductor. Let E t , E 2 be the charges 
of electricity on the inner and outer shells respectively, Vj , V 2 the 
corresponding potentials of these shells. 

Then if there were no charge on the outer shell the charge Ji x 
on the inner would produce a potential EJa on its own surface, and 
a potential EJb on the surface of the outer shell; hence, Art. 26, 

1 1 

Vn ~ a ; Pit ~ I • 


The charge E % on the outer shell would, if there were no charge 
on the inner shell, make the potential inside the outer shell constant 
and equal to the potential at the surface of the outer shell. This 
potential is equal to EJb 3 so that the potential of the first conductor 
due to the charge E 2 on the second is E 2 fb, which is also equal to the 
potential of the second conductor due to the charge hence, by 
Art. 26, 

1 1 

Vzi — £ j 2^22 g • 


We have therefore 


Vi~PnE l +p n B i ~% + *', 


^2 ~ P: L2-®1 + p22®2 TT + 


Solving these equations, we get 

lL Vl 


a 

E n = -i - 
b 


1% 
b ‘ 




ab 




E„ 


ab 


b — a 
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Hence 

_ ab ___ _ ab 6 2 

We notice that q n is negative; this, as we shall prove later, is 
always true whatever the shape and position of the two conductors. 


32. Another case we shall consider is that of two spheres the 
distance between whose centres is very large compared with the 
radius of either. Let a be the radius of the first sphere, b that of the 
second, R the distance between their centres, E Xi E % the charges, 
V \ , V 2 the potentials of the two spheres. Then if there were no charge 
on the second sphere, the potential at the surface of the first sphere 
would, if the distance between the spheres were very great, be ap- 
proximately JiJcK while tlve potential of the second sphere would 
be approximately EJR; hence 

1 1 

Vn ~~' a’ 

approximately. 

Similarly, if there were no charge on the first sphere, but a charge 
E t on the second, the potential of the first sphere would be E 2 /R, 
that of the second EJb, approximately; hence we have approxi- 
mutely j ;i 

- - Vi-t “ b ■ 


So that approximately 



It ’ 


B t 

It 



Solving the-HO equations we get 

alt* 

IP ab 
ab/t 
IP - ab 


Hi 


E, - 


Vf 


v x - 


abli 

' IP - ab 
blP 

' IP - ab 


V,, 

V 2 , 


hence when /i in large c,ompared wi th both a and b 
alP ablt 

<hx " IP - ab ’ <Ivi ' z ~ JP - ab ’ ?22 


IIP 

IP — ab ’ 


approximately. 
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We see that as before g- 12 is negative. We also notice 
q 12 become larger the nearer the spheres are toge 

33 . Electric Screens. As an example of the use >of co< 
of capacity we shall consider the case of three conducto^ , . 

and stall « °“ntd to be a iosec 



tion, we have ^ = q n V 1 + + fe 7 * 

q n 7 1 + + **?» 

E 3 = fe 7 ! + 323^2 + 

Now let us suppose that the conductor C is 
that V 3 is zero; then, since the potential inside a dosed u 
constant if it contains no charge we see _that i - ' 

vanish whatever may be the value of 7,. Hence it l i 
equation (1) that q n must vanish; putting an 3 
see from (1) that _ q n V v 

and from (2) = fe 7 2- 

Thus in this case, the charge on A if its potential is g 
potential if its charge is given, is entaely mdependent o f 
that is a charge on B produces bo ^elecW effect on 
charge on A produces no electncal effect on B. Thus t . 
between A and B is entirely cut off by the interposition 
conductor at potential zero. 
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G is called an electric screen since it screens off from A all the 
effects that might be produced by B. This property of a closed 
metallic surface at zero potential has very important applications, 
as it enables us by surrounding our instruments by a metal covering 
connected with earth to get rid entirely of any electrical effects 
arising from charged bodies not under our control. Thus, in the 
experiment described in Art. 4, the gold leaves of the electroscope 
were protected from the action of external electrified bodies by en- 
closing them in a surface made of wire-gauze and connected with the 
earth. 

34. Expression for the change in the energy of the 
system. The energy of the system Q is, by Art. 23, equal to 
P ]EV; hence we have, by Art. 27, 

Q = + i'^22^2 2 + * • • Pl2$l®2 + •” • 

If the charges are increased to E x \ E 2 \ etc. the energy Q' corre- 
sponding to these charges is given by the equation 

Q' = I'PnA* + \'PkA % + - PuAA + - • 

The work done in increasing the charges is equal to Q' — Q. By the 
preceding equations 

Q' - Q = (A - A) I tPn(A+ A') + i>n(A+ A’) + •••} 

-I- (A - A) i {Pn (A -I- A) + ft. ( A + A) + ...} 


- (A - A) l (A + A) + (A - A) i (A + A) + - , 

where V x , V 2 , ...are the potentials of the first, second, ... conductors 

when their charges are E Xi E 2 

Tims the work required to increase the charges is equal to the 
sum of the products of the increase in the charge on each conductor 
into the mean of the potentials of the conductor before and after the 
charges are increased. 

If we express Q and Q' by Art. 26 in terms of the potentials 
instead of the charge, we have 

Q -h uU 2 I IfaVf + qvVJt- b..., 

Q'- l'h xV^-\ hhA'* + <hJiA+ ■■■> 
and wo see that 


Q' - Q — (W — F t ) | {E 1 -|- E t ') + ... . 
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The gain in electric energy when the potentials are constant is 

i{V 1 (E 1 '-E 1 )+V 2 (E 2 '~E 2 )+ 

The difference between the loss when the charges are constant and 
the gain when the potentials are constant is thus equal to 

i «*i - ®r) (n - no + •••} + t - w) + 

Now for the displaced positions of the system i? l5 V x \ E 2 ,V 2 \ ... 
are one set of corresponding values of the charges and the potentials, 
while Ei, V x , E 2 , V 2 , ... are another set of corresponding values. 
Hence if p n ', p 12 , . . . denote the values of the coefficients of induction 
for the displaced position of the system 

Vi-Pn l E 1 ' + Pn 'E z '+... 

n = Pu'E-l + Tzz^z + ■■■ 


and n — Pii^i + Pi2^2 + ... 




V 2 s Piz E x -H p 2 2 *2 d- • . • 

Thus 

w-i 

- IhV, + ~ Pn'EJ 




+ VW-I- • 

..+p 12 '(E 1 F,' + E 1 'E 2 ) + 

and 1 

w + 

W + •** “ Vn 




-l-PiB'W +. 

■ ■ + Pl2 {^1^2 + ^1^2) + 

hence 


E^V E^-V ...- 

-(£ 1 T 1 '+...) = 0. 


Thus the difference between the loss in electric energy when the 
charges are kept constant and the gain when the potentials are kept 
constant is equal to 

im -<Bx)(V-TY) +■••}■ 

Now when the displacements are very small E — E' and V — V' 
will each be proportional to the first power of the displacements, and 
hence the preceding expression is proportional to the square of the 
displacements, and may ho neglected when the displacements are 
very small. Hence we see that the loss in electric energy for any small 
displacement when the charges are kept constant, is equal to the gain 
in potential energy for the same displacement, when the potentials 
are kept constant. When the potentials are kept constant, the bat- 
teries which maintain the potentials of the conductors at their con- 
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stant value, will be called upon to furnish twice the 
mechanical work done by the electric forces. For they will ^ 
furnish energy equal to the sum of the mechanical work don e i 
increase in the electric energy of the system; the latter is, v 
just seen, equal to the decrease in the electric energy of th e 
while the charges are kept constant, and this is equal by the P :1 
of the Conservation of Energy to the mechanical work don e * 

37. Mechanical Force on each unit of area of a ot 
conductor. The electric intensity is at right angles to th c * 
of the conductor, so that the force on any small portion of th° 
surrounding a point P will be along the normal to the su rfaC 
To find the magnitude of this force let us consider a small 
lied area round P. Then the electric intensity in the neigh 1> <: 
of P may conveniently be regarded as arising from two 
(1) the electrification on the small area round P, and (2) f,lio 
fication on the rest of the surface of the conductor and on ai i 
surfaces there may be in the electric field. To find the forc<J 
small area we must find the value of the second part of tin* 
intensity, for the electric intensity due to the electrification 
small area will evidently not have any tendency to move L* 
one way or another. 

Let R be the total electric intensity along the outwnr< 1 
normal just outside the surface at P, R x that part of it dm 
electrification on the small area round P, R 2 the part due to ti i v. 
fication of the rest of the system. Then R = -p P 2 , 

Compare now the electric intensities at two points Q % S ( 
near to P, but so placed that 
outside and S just inside tin* nil 
which the small area forms a pari 
tance between them bei rig small c*<; 
with the linear dimensions of hi 
Then the part of the electric int«3 
S in the direction of the outwart I 
at P, which is due to the elect r 
on the conductors other than ti 
15 area, will he equal to P 2 its value a* 

these points are close together. The part of the electric iutiu j 
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5 small area will have at S the same magnitude as at Q } but will be 
s opposite direction, since Q is on one side of the small area, while 
>n the other. Thus the electric intensity at S due to this area 
^ direction of the outward drawn normal will be — P l5 that due 
e rest of the electrification R 2 . The total intensity at S will 
fore be — R ± + R 2 . But this must be zero, since the intensity 
} a closed equipotential surface enclosing no charge is zero. Thus 
R 1> and therefore since 

R — Rx + R%, 

R 2 — \ R. 

ow the force on the area co in the direction of the outward 
al is R 2 coo if a is the surface density at P; thus if F is the 
anical force per unit area in the direction of the outward 
al 

Fo) = R 2 coa — ^Rcncr, 

F = \Ro ( 1 ). 

ince by Coulomb’s Law, Art. 22, 

R = 4770*3 

rve the following expressions for the force per unit area 

P 2 

(2) ’ 

F — 2ttg 2 (3). 

ince Coulomb’s Law requires modification when the medium 
unding the conductor is not air, the expressions (2) and (3) are 
true for air: the equation (1) is always true whatever be the 
ator surrounding the conductor. 

Then the electric intensity at the surface of a conductor exceeds 
tain value the air ceases to insulate and the electrification of the 
uctor is discharged. The value of the electric intensity when the 
rification begins to escape from the conductor, depends upon 
iat number of circumstances, such as the pressure of the air 
die pro ximi ty of other conductors. When the pressure of the air 
out 760 mm. of mercury and the temperature about 15° C., the 
;est value of R is about 100, unless the conductor is within a 
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fraction of a millimetre of otter conductors; tence the greatest 
value of F in dynes per square centimetre is 

10 4 /8tt. 

The pressure of the atmosphere is about 10 6 dynes per square 
centimetre, hence the greatest tension along the normal to an electri- 
fied surface in air is about 1/80077 of the atmospheric pressure. That 
is, a pressure due to about *3 of a millimetre of mercury would equal 
in magnitude the greatest tension on a conductor placed in air at 
ordinary pressure. 
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Expression of the properties of the Electric Field in 
of Faraday Tubes, The rosuI(s we have hitherto obtained 
spend upon tlie fact that two charged bodies are attracted 
s or repelled from each other with a force varying inversely 
square of the distance between them; we have made no an- 
on as to how this force .is produced, wind her, for example, 
c to the action at a distance of the charged bodies upon each 
>r to some action taking place in the medium between tin* 



it advances have been made in our knowledge of elect rirify 
i the introduction by Faraday of the view that elect riral 
ire due to the medium between the charged bodies being m 
1 state, and do notarise from any action at a distance exerted 
charged body on another. 

shall now proceed to consider h araday s method of regard iue 
trie, field— a method which enables us to form a vivid mental 
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tt point. As these lines of force are fundamental in the method 
>yed in this and subsequent chapters for considering the pro- 
.s of the electric field, we give below some carefully drawn 
ims of the lines of force in some typical cases, 
gure 16 represents the lines of force due to two equal and oppo- 
rarges. In this case all the lines of force start from the positive 
e and end on the negative. Figure 17 represents the lines of force 
o two equal positive charges; in this case the lines of force do 
rss between the charged bodies, but lines start from each of the 
3 and travel off to an infinite distance, 

gure 18 represents the lines of force due to a positive charge 
to 4 at A, and a negative charge equal to — 1 at B . In this case 



Fig. 1.9 


> lines of force which fall on B start .from A, but since the charge 
s numerically greater than that at J9, lines of force will start from 
.ch do not fall on B but travel off to an infinite distance. 

Le lines of force which pass between A and B axe separated from 
which proceed from A and go off to an infinite distance by the 
: force which passes through C 3 the point of equilibrium, where 
AC = 2 AB. 

gure 19 represents the lines of force due to a charge 1 at A and 

?. 

gure 20 represents the lines of force due to a charged conductor 
i by two spheres intersecting at right angles. The electric 
ity vanishes along the intersection of the spheres. 
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Figure 21 represents the lines of force between two finite p&T&'H' 
places; between the plates but away from the edges of the plates ^ 
lines of force are straight lines at right angles to the planes, but 



the edges of the plates they curve out ; some lines also pass fro* 1 M 1 
back of one plate to the back of the other. 



39. Tubes of force. If we take any small closed curv 
in the electric field and draw the lines of force, which pass throng 
each point of the curve, these lines will form a tubular surface w liicj 
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id a tube of force. These tubes possess the property that the 
3 intensities at any two points on a tube are inversely propor- 
to the areas of the cross sections of the tube normal to the 
f force at these points, provided that the cross sections are 
ill that the electric intensity may be regarded as constant 
ich section. For let Fig. 22 represent a closed surface formed 
tube and its normal sections, 
be the area of the cross section 
tube at P , o> 2 its cross section 
R 1: R 2 the electric intensities 
md Q respectively. Now con- 
he total normal electric indue- 
re r the surface. The only parts 
surface which contribute any- 
bo this are the flat ends, as the 
>f the tube are by hypothesis 
;1 to the electric intensity, so that this has no normal com- 
b over the sides. Thus the total normal induction over the 
surface PQ is equal to 

■^2^2 ■®l Cl h.3 

nus sign being given to the second term because, as drawn in 
ure, the electric intensity at P is in the direction of the inward- 
normal. Now, by Gauss’s theorem, the total normal electric 
ion over any closed surface is equal to 47r times the charge 
the surface; hence if the surface does not include any charge, 

R 2 oj 2 R- jpq == 0, 

electric intensity at P is to that at Q inversely as the cross 
i of the tube of force at P is to that at Q. 
e tubes of force will start from positive electrification and go on 
hey end on a negative electrified body. If the points P and Q 
the surfaces of positively and negatively electrified conductors, 

: a? is the surface density at P, a Q that at Q , 

R x = 4:17(7 j> } R 2 = — 4tT<7q J 
tie equation R 2 oj 2 — R = 0, 

valent to <7qoj 2 = — o*pco x . 
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ce aco' is the charge of electricity on B, it is equal to Nj the 
: of Faraday tubes which start from B and which pass through 

ie Fw = 4t tN, 

is unity F — ivN. 

is the electric intensity at any point in air is irr times the 
r of Faraday tubes passing through unit area of a plane drawn 
1 the point at right angles to the electric intensity. 

The properties of the Faraday tubes enable us to prove with 
any important theorems relating to the electric field, 
is, for example, we see that on the conductor at the highest 
al in the field the electrification must be entirely positive, 
gative electrification would imply that Faraday tubes arrived 
conductor; these tubes must however arrive at a place which 
lower potential than the place from which they start. Thus, 
Dotential of the conductor we are considering is the highest 
ield it is impossible for a Faraday tube to arrive at it, for this 
imply that there was some other conductor at a still higher 
al from which the tube could start. 

ilar reasoning shows that the electrification on the conductor 
luctors at the lowest potential in the field must be entirely 
e. 

en one conductor has a positive charge while all the. other 
tors are connected to earth, we see from the last result that 
rges on the uninsulated conductors must be all negative, and 
ie potentials of these conductors are all equal and the same 

of the earth, no Faraday tubes can pass from one of these 
tors to another, or from one of these to the earth. Hence all 
ies which fall on these conductors must have started from the 
tor at highest potential. Thus the sum of the number of tubes 
:all on the uninsulated conductors cannot exceed the number 
eave the positively charged conductor, that is, the sum of the 
r e charges induced on the conductors connected to earth cannot 
the positive charge on the insulated conductor. 

These results give us important information as to the co- 
ts of capacity and of induction defined in Art. 26. 

let us take the first conductor as the insulated one with the 
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positive charge; then since V 2 , F 3 ,... are all zero we have, using th< 
notation of that Article, 

-®i ~ 9iiFi, -S^^SriFi* -®3 ~ feFii . . .. 

Since and F 2 are positive, while E 2> E 3 , etc. are all negative 
we see that q n is positive, while q 1 2 , # 13 , etc. are all negative. Again 
since the positive charge on the first conductor is numerically no' 
less than the sum of the negative charges on the other conductors 

E x is numerically not less than E 2 + E s -i- ... ? 
i.e. q n is numerically not less than q 12 + q 13 + q u + .... 

If one of the conductors, say the second, completely surroundB tin 
first, and if there is no conductor other than the first inside the second, 
and if all the conductors except the first are at zero potential* then 
all the tubes which start from the first must fall on the second. Thu 
the negative charge on the second must be numerically equal to th 
positive charge on the first (see Art. 30). There can be no charge 
on any of the other conductors, for all the tubes which might fal 
on these conductors must come from the first conductor, and all th 
tubes from this conductor are completely intercepted by the socoik 
surface. Thus if the second conductor encloses the first conductor 
and if there are no other conductors between the first and the second 
then q n = - q . L2 , and q 13 , q U9 g 15 ,... are all zero. 


43. Expression for the Energy in the Field. When w 
regard the Faraday tubes as the agents by which the phenomena i) 
the electric field are produced we are naturally led to suppose tha 
the energy in the electric field is in that part of the field through, wide] 
the tubes pass, i.e. in the dielectric between the conductors. Wo slial 
now proceed to find how much energy there must be in each unit a 
volume if we regard the energy as distributed throughout the olectri 
field. We have seen in Art. 23, that the electric energy is one hal 
the sum of the products got by multiplying the charge on each con 
ductor by the potential of that conductor. We may regard, each unj 
charge as having associated with it a Faraday tube, which commence 
at the charge if that is positive and ends there if the charge j 
negative. Let us now see how the energy in the field can be expreasoi 
m terms of these tubes. Each tube will contribute twice to the ox 
pression for the electric energy ^2 EV, the first time corresponding tj 
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the positive charge at its origin, the second time corresponding to 
the negative charge at its end. Thus, since there is unit charge at 
each end of the tube, the contribution of each tube to the expression 
for the energy .will be | (the difference of potential between its 
beginning and end). The difference of potential between the beginning 
and end of the tube is equal to 2 ( R . PQ ), where PQ is a small portion 
of the length of the tube so small that along it li , the electric, intensity, 
may be regarded as constant; the sign 2 denotes that the tube 
between A and B, A being a unit of positive and B a unit of 
negative charge, is to be divided up into small pieces similar to PQ, 
rnd that the sum of the products of the length of each piece into the 
dectric intensity along it is to be taken. Thus the whole tube AB 
contributes §EjR . PQ to the electric energy, so that we may suppose 
that each unit length of the tube contributes an amount of energy 
3qual to one half the electric intensity. Any finite portion (U) of the 
mbe will therefore contribute an amount of energy numerically equal 
bo one half the difference of potential between U and I). We may 
therefore regard the electrical energy as distributed throughout the 
3.eld and that each of the Faraday tubes 1ms associated with it an 
amount of energy per unit length numerically equal to one half the 
dectric intensity. 

Let us now consider the amount of energy per unit volume. Take 
i small cylinder surrounding any point P in the field with its axis 
parallel to the electric intensity at P , its ends being at right utiglea 
:o the axis. Then if R is the electric intensity at P and l the length 
)f the cylinder, the amount of energy due to each tube passing through 
:he cylinder is \ IiL If o> is the area of the cross section of the cylinder, 
V the number of tubes passing through unit a mi, the number of tubes 
passing through the cylinder is Na>. Thus the energy in the cylinder is 

i/UNco, 

3ut in air, by Art, 40, . *_ 

J 4-7 tN It, 

io that the energy in the cylinder is 

J. 


But lu> is the volume of the cylinder, hence the energy per unit 
mlume is equal to ^ 

Sn ‘ 


4 4 


52 


LINES OF FORCE 


[OK. I 

Thus we may regard the energy as distributed throughout tin 
field in such a way that the energy per unit of volume is equal t< 

RZ/8 7T. 

44. If we divide the field up by a series of equipotential surf aces 
the potentials of successive surfaces decreasing in arithmetical pro 

gression, and if we then draw a series o 
tubular surfaces cutting these equipoten 
tial surfaces at right angles, such that tli 
number of Faraday tubes passing throng] 
the cross section of each of the tubula 
surfaces is the same for all tire tubes, th. 
electric field will be divided up into ■ 
number of cells which will all contain th 
same amount of energy. For the potent! t\ 
difference between the places whore 
Faraday tube enters and leaves a cell i 
the same for all the cells, and thus the energy of the portion of eac; 
Faraday tube passing through a cell will be constant for all the cells 
and since the same number of Faraday tubes pass through eao! 
cell, the energy in each cell will be constant. 

45. Force on a conductor regarded as arising from tb. 
Faraday Tubes being in a state of tension. We Imv 

seen, Art. 37, that on each unit of area of a charged conductor ther 
is a pull equal to \Rcr, where o is the surface density of the electric *it; 
and R the electric intensity. Now a is equal to the number of Farad a; 
tubes which fall on unit area of the surface, and hence the force oil th 
surface is the same as if each of the tubes exerted a pull equal to \ I\ 
Thus the mechanical forces on the conductors in the electric? fid 
are the same as they would be if the Faraday tubes were in a Blah 
of tension, the tension at any point being equal to one half the eloofiri 
intensity at that point. Thus the tension at any point of a Faraclu/ 
tube is numerically equal to the energy per unit length, of tho hub 
at that point. 

If we have a small area to, at right angles to the electric intensity 
the tension over this area is equal to 

%NRto, 
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riiere N is the number of Faraday tubes passing through unit area, 
md R is the electric intensity. By Art. 40 


jV = 


R_ 

4-7T ’ 


Hence the tension parallel to the electric intensity is 

I 


877- 


Il 2 a>. 


The tension across unit area is therefore equal to 


II 2 

877 * 


46 . This state of tension will not however leave the dielectric 
11 equilibrium, unless the electric field is uniform, that is unless the 
tubes are straight and parallel to each other. If however there is iu 


c 



Fig. 24 

addition to this tension along the lines of force a pressure acting at 
eight angles to them and equal to Ifl/ftir per unit area the dielectric 
will be in equilibrium, and since this pressure is at right angles to 
the electric intensity it will not affect the normal force acting on a 
conductor. To show that this pressure is in equilibrium with the 
tensions along the Faraday tubes, consider a small volume whose 
mds are portions of eqnipotontial surfaces and whose sides are lines 
)f force. 

Let us now consider the forces acting on this small volume parallel 
bo the electric intensity at A (Fig. 2d). The forces are the tensions in 
the Faraday tubes and the pressures at right angles to the sides, Ke- 
siolve these parallel to the outward -drawn normal at A, The number 
n! of Faraday tubes which pass through A is the same ns the number 
which pass through B. If R , R' are the electric intensities at A and B 
respectively, then the force exerted on the volume in the direction 
3f the outward-drawn normal at A by the Faraday i ubes at A will be 
n'Rf 2, while the force in the opposite direction exerted by the Faraday 
;ubes at B is n'R' cos e/2, where e is the small angle between the 
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directions of the Faraday tubes at A and B . Since e is a very small 
angle we may replace cos e by unity ; thus the resultant force on the 
volume in the direction of the outward-drawn normal at A due to the 
tension in the Faraday tubes is 

»' (R - R')l 2 . 

Let N be the number of tubes passing through unit area, to, to' 
the areas of the ends A and B respectively; then, Art. 4-0, 


, Ar R R' , 

n — Nco = -j to = - — to , 

4 77 4-77 


so that the resultant in the direction of the outward-drawn normal 
at A is 

since R'to' ^ Rco , 

RR' 

■we may write this as -5 — ( a>/ ““ 

077 

or approximately, since jft' is very nearly equal to 2? 

-R 2 - , , 

to {0J ~ M) - 


Let us now consider the effect of the pressure j) at right angles 
to the lines of force; this has a component in the direction of the 
outward-drawn normal at A as in consequence of the curvature of 
the tube the normals to its surface are not everywhere at right tingles 
to this direction; the angle between the pressure and the normal at 

A will always however be nearly a right angle. If this angle is ™ — 0 

* 

at a point where the pressure is p, the component of the pressure 
along the normal at A will be proportional to 7/ sin 0. .But since p‘ 
only differs from p, the value of the pressure at A, by a small quantity, 
and 8 is small, the component of the pressure will, if we neglect the 
squares of small quantities, be equal to p sin 6; that is, the effect 
along the normal at A of the pressure over the surface will bn approxi- 
mately the same as if that pressure were uniform. To find the effect 
of the pressure over the sides we remember that a uniform hydro- 
static pressure over any closed surface is in equilibrium; lienee the 
force due to the pressures -over the sides C, D will bo equal and 
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opposite to the force due to equal pressures over the ends A and B. 
But the force due to the pressure over these ends is pto' — pco \ hence 
the resultant effect in the direction of the outward-drawn normal at A 
of the pressure over the sides is p (u> — w'). Combining this with the 
effect due to the tension in the tubes we see that the total force on the 
element parallel to the outward-drawn normal at A is 


R 2 

8i r 


(co' — co) I- p (co - «/); 


this vanishes if 


P 


R? NR 

8rr 2 


Thus the introduction of this pressure will maintain equilibrium as far 
as the forces parallel to the electric intensity are concerned. 

Now consider the force at right angles to the electric intensity. 
Let PQRS, Fig. 25, be the section of the volume A B in Fig. 21 by t he 





plane of the paper, PS, QR being sections of equipotontiul surfaces, 
and PQ, SR lines of force. Let t bo the depth of the volume at. right 
angles to the plane of the paper. We shall assume, that the sect ion 
of the figure by the plane through PQ at right angles to (lie plane 
of the paper is a rectangle. Let R be the electric, intensity along PQ, 
R' that along SR, s the length PQ, «' that of SR. Since t he dilTere.nco 
of potential betweon P and Q is the same as that between S and R, 

Rs /<V. 

Consider the forces parallel to PS. First take t he t ensions along 
the Faraday tubes; the force duo to those at PS will have no com 
ponont along PS: in each tube at QR them is a tension /f/2, the com 
ponent of which along PS is (R sin 0)/2, where 0 is the angle bet ween 
PS and QR. Since 8 is very small this component, is equal to Rti/'i. 
Let PS and QR meet in 0, 

RS PQ PQ SR t • «' 
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Thus the component along PS due to the tension at QR is 

R s — s' 

2~W 


The number of tubes which pass through the end of the volume 
at RQ is N .QR . t, where N is the number of tubes which pass 
through unit area. 

The total component along PS due to the tensions in these tubes 
is thus 




Consider now the pressures at right angles to the lines of force. The 
component along PS due to these pressures is equal to 

pst — p's't , 


where p and p' are the pressures over PQ , RS respectively. 


R 2 


L l' 2 

l£ 

11 

5^ 

/ = 

8t t ’ 


(R 2 

R' z 

pst — p's't = 1 

V8t7 S ' 

8tt 


= (s' — s) t, (since Rs = 22V), 

or approximately, since R' is very nearly equal to R, 

R\ , . 

= g-( S -s)t. 


Thus the component in the direction of PS due to the tensions 
is equal and opposite to the component due to the pressures; thus 
the two are in equilibrium as far as the component in the plane of the 
diagram at right angles to the electric intensity is concerned; we 
easily see that the same is true for the component at right angles 
to the plane of the paper. We have already proved that the tensions 
and pressures balance as far as the component along the direction 
of the electric intensity is concerned; thus the system of pressures 
and tensions constitutes a system in equilibrium. 
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47. This system of tensions along the tubes of force and pressures 
it right angles to them is thus in equilibrium at any part of the 
lielectric where there is no charge, and gives rise to the forces which 
ict on electrified bodies when placed in the electric field. Faraday 
ntroduced this method of regarding the forces in the electric field; 
ie expressed the system of tensions and pressures which we have 
ust found, by saying that the tubes tended to contract and that they 
repelled each other. This conception enabled him to follow the pro- 
cesses of the electric field without the aid of mathematical analysis. 
Since Rs — 72 V, 


md 

ve have 


s OQ 1 . RQ 
s' ' OR’" OR 9 
72-/2' _ R 

RQ ' OR ' 


Now OR is the radius of curvature of the line of force; denoting 


his by p we have 


1 

P 


an 

th 

/r 


vhere dv is an element of length at right angles to the electric force; 
ve see from this equation that the lines of force are concave to the 
itronger parts of the field. 

The lines of force arrange themselves as a system of elastic strings 
vould do if acted on by forces whose potential for unit length of string 
vas 22/2. 


48. The student will find that much light is thrown on the. effects 
woduced in the electric field by the careful study from this point of 
dew of the diagrams of the lines of force given in Art. 58. Thus, take 
is an example the diagram given in Fig. 18, which represents tin* lines 
>f force duo to two charges A and R of opposite signs, the. ratio of the 
barges being 4 : 1. We see from the diagram that t hough more tubes 
>f force start from the larger charge A , and the tension in each of 
hese is greater than in a tube near the smaller charge /i, the tubes 
ire much more symmetrically distributed round A than round //. 
I?he approximately symmetrical distribution of the tubes round A 
nakes the pulls exerted on A by the taut Faraday tubes so nearly 
iounterbalanco each other that the resultant, pull of these tubes on A 
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is only the same as that exerted on B by the tubes starting from it; 
since these, though few in number, are less symmetrically distributed, 
and so do not tend to counterbalance each other to nearly the same 
extent. The tubes of force in the neighbourhood of the point of 
equilibrium are especially interesting. Since the charge on A is four 
times that on B, only J of the tubes which start from A can end on B , 
the remaining § must go off to other bodies, which in the case given 
in the diagram are supposed to be at an infinite distance. The point 
of equilibrium corresponds as it were to the 'parting of the ways’ 
between the tubes of force which go from A to B and those which 
go off from A to an infinite distance. 

When the charges A and B are of the same sign, as in Fig. 19, 
we see how the repulsion between similar tubes causes the tubes to 
congregate on the side of A remote from B , and on the side of B 
remote from A. 

We see again how much more symmetrically the tubes are dis- 
tributed round A than round 5; this more symmetrical distribu- 
tion of the tubes round A makes the total pull on A the same as 
that on B. 

We see too from this example that the repulsion between the 
charges of the same sign and the attraction between charges of oppo- 
site signs are both produced by the same mechanism, i.e. a system 
of pulls; the difference between the cases being that the pulls are so 
distributed that when the charges are of the same sign the pulls tend 
to pull the bodies apart, while when the bodies are of opposite signs 
the pulls tend to pull the bodies together. 

The diagram of the lines of force for the two finite plates (Fig. 21) 
shows how the Faraday tubes near the edges of the plates get pushed 
out from the strong parts of the field and are bent in consequence 
of the repulsion exerted on each other by the Faraday tubes. 

49 . As an additional example of the interpretation of the pro- 
cesses in the electric field in terms of the Faraday tubes, lot us con- 
sider the effect of introducing an insulated conductor into an electric 
field. 

Let us take the field due to a single positively charged body at A ; 
before the introduction of the conductor the Faraday tubes were 
radial, but when the conductor is introduced the tubes, which pre- 
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existed in the region occupied by the conductor, are annulled; 
e repulsion previously exerted by these tubes on the sur- 
g ones ceases, and a tube such as AB, which was previously 
» is now, since the pressure below it is diminished, bent down 
the conductor; the tubes passing near the conductor may 
down so much that they strike against it, they then divide 
i two tubes, with negative electrification at the endC, positive 
nd D. 



Force on an uncharged conductor placed in an 
; field. If a small conductor is placed in the field at P, 
day tubes inside the conductor disappear, and, if the intro- 
of the conductor did not alter the tubes outside it, the dimi- 
E energy due to the annihilation of the tubes in the conductor 
e proportional to R 2 /8tt per unit volume, where R is the 
ntensity in the field at P before the conductor was intro- 
[f the conductor is moved to a place where the electric in- 
s R', the diminution in the electric energy in the field is 
er unit volume. Now it is a general principle in mechanics 
rstem always tends to move from rest in such a way as to 
the potential energy as much as possible, and the force 
to assist a displacement in any direction is equal to the 
liminution of the potential energy in that direction. The 
►r will thus tend to move so as to produce the greatest pos- 
linution in the electric energy, that is, it will tend to get 
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into the parts of the field where the electric intensity is as large as 
possible; it will thus move from the weak to the strong parts of the 
field. 

The presence of the conductor will however disturb the electric 
field in its neighbourhood; thus R, the actual electric intensity, will 
differ from R, the electric intensity at the same point before the con- 
ductor was introduced. By differentiating R 2 /8tt we si mil get an 
inferior lim it to the force acting on the conductor per unit volume. 
For suppose we introduce a conductor into the electric field, then 
R 2 /8tt would be the diminution in electric energy per unit; volume 
due to the disappearance of the Faraday tubes from the inside of the 
conductor, the tubes outside being supposed to retain their original 
position. In reality however the tubes outside will have to adjust 
themselves so as to be normal to the conductor, and this adjustment 
will involve a further diminution in the energy, thus the actual 
change in the energy is greater than that in 7£ 2 /8 tt and the force acting 
per unit volume will therefore be greater than flic rate of diminution 
of this quantity. If we take the case when the force is due to a charge 
e at a point, the rate of diminution of l&jttrr is and thus the 

force on a small conducting sphere of radius a will be greater than 
(47ra 3 /3) (e 2 /277f 5 ), that is, greater than 2 cV/ttr 5 . The actual value 
(see Art. 87) is 2 c 2 a 3 /r 5 . 



CHAPTER III 


CAPACITY OF CONDUCTORS. CONDENSERS 

The capacity of a conductor is defined to be the numerical 
: the charge on the conductor when its potential is unity, 
ther conductors in the field being at zero potential, 
conductors insulated from each other and placed near to- 
orm what is called a condenser; in this case the charge on 
onductor may be large, though the difference between their 
Is is small. 

lany instruments the two conductors are so arranged that 
arges are equal in magnitude and opposite in sign; in such 
.e magnitude of the charge on either conductor when the 
1 difference between the conductors is unity is called the 
of the condenser. 

.e difference of potential between two conductors, produced 
g a charge + q to one conductor and — q to the other, is F, 
7 is defined to be the capacity between the conductors. 

Capacity of a Sphere placed at an infinite distance 
ther conductors. Let a be the radius of the sphere, 
)tential, e its charge, the corresponding charge of opposite 
ng at an infinite distance. Then (Art. 17), the potential due 
harge on the sphere at a distance r from the centre is e/r; 
e the potential at the surface of the sphere is cja. 

go we have . V — ° . 

a 

n V is unity, e is numerically equal to a; hence, Art. 51, the 
r of the sphere is numerically equal to its radius. 

Capacity of two concentric spheres. Let us first 
case when the outer sphere and any conductors which may 
fie it are connected to earth, while the inner sphere is main- 
t potential V . Then, since the outer sphere and all the con- 
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ductors outside are connected to earth, no Faraday tubes can start 
from or arrive at the outer surface of the outer sphere, for Faraday 
tubes only pass between places at different potentials, and the 
potentials of all places outside the sphere are the same, being all. zero. 
Again, all tubes which start from the inner sphere will arrive at the 
internal surface of the outer shell, so that the charge on the inner 
surface of this shell will be equal and opposite to the charge on the 
inner sphere. Let a be the radius of the inner sphere, h the radius 
of the internal surface of the outer sphere, e the charge on the inner 
sphere, then — e will be the charge on the interior of the outer sphere. 

Consider the work done in moving a unit of electricity from the 
surface of the inner sphere to the inner surface of the outer sphere; 
the charge on the outer sphere produces no electric intensity at a 
point inside, so that the electric intensity, which produces the work 
done on the unit of electricity, arises entirely from the charge on the 
inner sphere. The electric intensity due to the charge on this sphere 
is, by Art. 11, the same as that which would be due to the charge e 
collected at the centre 0. The work done on unit of electricity when 
it moves from the inner sphere to the outer one is thus the same 
as the work done on a unit charge when it moves from a distance 
a to a distance b from a small charged body placed at the centre 
of the spheres; this, by Art. 17, is equal to 

e e 
a b 5 

and is by definition equal to V, the potential difference between the 
two spheres; hence we have 

a b' 


or 



Thus, when b - a is very small, that is, when the radii of l, he two 
spheres are very nearly equal, the charge is very large. When V -* l, 

the charge is 

ab 


so that this is, by Art. 51, the capacity of the two spheres. The value 
of this quantity when the radii of the two spheres are very nearlj 



jual is worthy of notice. In this cane, writing ' t for h a, the. dis- 
mce between the spheres, .the capacity is equal to 

ah a (a ~|~ 1) t 
t t ; 

ns, since £ is very small compared with a, is approximately 

irra 2 
l ' <1,7 Tl 

surface of the sphere 
<1 7tI 

hus the capacity in this case is equal per unit area of surface to I /dvr 
.mes the distance between the conductors. The case of two uphove* 
hose distance apart is very small compared with their radii is how- 
ver approximately tlie case of two parallel plane*; hence the capa- 
Lty of such planes per unit area, of surface is equal to I /4vr time* the 
istancc between the planes. This is proved directly in Art. 5(5. 

If, after the spheres are charged, the. inner one is insulated, and 
he outer one removed to an infinite distance, (to enable this to be 
one we may suppose that the outer sphere consists of two hemi- 
phcrcs fitted together, and that these are separated and removed), 

he charge on the sphere will remain equal to r\ i.e. \\ but 

he potential of the sphere will rise; when it is alone in the field the 
lOtentiftl will bo c/a y i.e. 

h — a 

Thus by removing the outer sphere the pot ent ini difference 
between the sj)hero and the earth lias been increased in the. proper* 
ion of b to b ■ a. By making b a very small compared with h , 
m can in this way increase the potential difTurenee enormously and 
aake it capable of detection by imams which would not have* been 
uflicicntly sensitive Indore the increase in the potential took place. 

It was by the use of this principle that Volta succeeded in demon- 
trating by means of the gold leaf electroscope and two metal plates, 
he difference of potential between the terminals of a galvanic cell; 
his difference is so small t hat the electroscope is not deflected when 
ho cell is directly connect ed to it; by connecting i he terminals of the 
jell to two plates placed very closes together, and then removing one 
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of the plates after severing the connections between the plates a 
the cells, Volta was able to increase the potential of the other pi, 
to such an extent that it produced an appreciable del lection of 
electroscope with which it was connected. 

Work has to be done in separating the two conductors; this w< 
appears as increased electric energy. Thus, to take the ease of i 
two spheres, when both spheres were in position the electric cnorj 
which, by Art. 23, is equal to l'£H V, is 

1 ah I,,, 

2 A -ft 


When the outer sphere which is at zero potential is removed 
potential of the sphere is a/a, so that the electric energy is 

1 «* 

' 2 « 5 


1 air 

0r 2 (A • - «)* 

and has thus boon increased in the proportion of h to b a. 


54. Lot uh now tako. the case when ( In'. inner sphere in eonneci 
to earth while the outer sphere is at the potential V. In this e; 
wo can prove exactly as before that the charge on the inner spit 
is equal and opposite to the charge on the internal surface of i 
outer sphere, and that, if v is f lie charge on I In*, inner sphere, 



In this case, in addition to the positive, charge on t lie. internal surfi 
of the outer sphere, there will be a positive charge on the oxter; 
surface, since this surface is at a higher potential than t he surround: 
conductors. .If r is the radius of the external surface of the cm 
sphere, the sum of the charge's on the two spheres must bo Vc, Hi) 
the charge on the inner surface of the outer sphere is equal and op) 
site to the charge on the inner sphere, the charge cm the ex ton 
surface of the outer sphere must be equal to ( V. Thus the to 
charge on the outer sphere is equal to 
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The charge on the outside of the outer sphere will be affected 
presence of other conductors. Let us suppose that outside 
srnal sphere there is a small sphere connected to earth; 
the radius of this sphere, R the distance of its centre from 0 
ire of the concentric spheres. Let e' be the total charge on 
concentric spheres, e" the charge on the small sphere. The 
l 1 due to e' at a great distance R from 0 is e'/R, similarly the 
1 due to e" is at a distance R equal to e"jR. 
e the surface of the outer sphere is at the potential V, we 



R 3 


ce the potential of the small sphere is zero, we have 


0 - ~ 

R r 



e 


cV 

ra 

~R 2 


the presence of the small sphere increases the charge on the 
>here in the proportion of 

1 to 1 — ro/R 2 . 

only the charge on the external surface of the outer sphere 
; affected. The charges on the inner sphere and on the internal 
of the outer sphere are not altered by the presence of con- 
outside the latter sphere. 


Parallel Plate Condensers. Condensers are frequently 
cted of two parallel metallic plates ; the theory of the case, 
ic plates are so large in comparison with their distance apart 
>y may bo regarded as infinite in area, is very simple, 
his case the .Faraday tubes passing between the plates will 
ght and at right angles to the plates, and the electric intensity 
i the plates is constant since in passing from one plate to the 
a,ch Faraday tube has a constant cross section; let R be its 
;hen if d is the distance between the plates, the work done 
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on unit charge of electricity as it passes from the plate where the 
potential is hig h to the one where the potential is low is Rd, and this 
by definition is equal to V, the difference of potential between the 
plates. Hence V — Rd 

If <7 is the surface-density of the charge on the plate at high poten- 
tial, that on the plate of low potential will be - a, and by Coulomb’s 
law, Art. 22, 

K — 4 : 77 ( 7 . 

Hence V = 477ofi!, 

or ff = 4 Vd (1) ’ 

and if 7 is equal to unity, a is equal to 

1 

477 d * 

The charge on an area A of one of the plates when the potential 
difference is unity is thus Afford, this by definition is the capacity of 
the area A . We arrived at the same result in Art. 53 from the con- 
sideration of two concentric spheres. The electrical energy of the 
condenser is, by Art. 23, equal to 

which in this case is equal to 

V 2 A 

877 d 5 

or, if E is the charge on one of the plates, to 

2t7 dE 2 
A * 


57. G-uard Ring. In practice it is of course impossible to 
have infinite plates, and when the plates are finite, then, as the diagram, 
Fig. 21, Art. 38, shows, the Faraday tubes near the edges of the plates 
are no longer straight, and the electrification ceases to be uniform, 
and is no longer given by the expression (1), Art. 56. Thus to express 
the quantity of electricity on the finite plate, we should have to add 
to the expression a correction for the inequality of the distribution 
over the ends of the plates. This correction can be calculated, but 
the necessity for it may be avoided in practice by making use of a 
device due to Lord Kelvin, and called a guard ring. 
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ppose one of the plates, say the upper one, is divided into three 
as flush with each other and separated Tby the narrow gaps 
Then if, in charging the condenser, the portions A , B , C are 
jted metallically with each other, the places where the electrifh 
is not uniform will be on A and (7, so that apart from the 
of the narrow gaps E } F , the electrification on B will, if we 
t the effect of the gaps, be uniform and the total charge on B 
3 equal to SV/^d, where S is the area of the plate B . The 
ty of B is thus equal to Sjkird. 



as ought to be the case, the widths of the gaps at E and F are 
mail compared with the distance between the plates, we can 
calculate the effect of the gaps. For if the gaps are very narrow 
ictrification of the lower plate will be approximately uniform, 
araday tubes in the neighbourhood of the gaps will be distri- 
as in Fig. 28. We see from this, if we consider the gap E , that 
3 Faraday tubes which would have fallen on a plate whose 
h was E, if there had been no gap, will fall on one or other of 
ites A and B , Fig. 28, and from the symmetry of the arrange- 
aalf of these tubes will fall on 
i other half on A ; thus the 
amount of electricity on B 
; the same as if we supposed B 
end halfway across the gap, 


A 

\ 

B 

ZZ 

fuzz 


Fig. 28 


be uniformly charged with electricity whose surface density 
rd. We see then that, allowing for the effects of the gaps, the 
ty of B will be equal to S'/ind, where 

S' = area of plate B 

+ l (the sum of the areas of the gaps E and F). 
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If the plate B is not at zero potential, (law will bn noma elect ril 
cation on the back of the plate arising* from Faraday lubes which $ 
from the back of B to other conductors in its Neighbourhood and • 
cartli. The electrification of the buck of H may be obviated by envti 
ing this side of//, B i 0 with a metal e over connected with l and t 
It can also bo obviated by making // the low potential plate (i.e. 1 1 
one connected to earth), care being taken that tin* other mnducto 
in tlio neighbourhood are also connected to eart h. 

58. Capacity of two coaxial cylinders, I .el u * tnl.c tl 
case of two coaxial cylinders, the inner one being at potential \\ hi 
the outor quo at potential zero. Then if H is tin* rhntpe per itn 
length on the iimor cylinder, K will be. the charge per unit lengi 
on the inner surface of the outer one, since nil the Knrmlnv tub 
which start from the inner cylinder end on the outer one. 

The electric intensity at a dint uneer from the axis of the rvlintht 
is, by Art. 13, ocjual to %> ^ 

r 

Thus the work done on unit charge, when it gor* from the out, 
surface of the inner cylinder to the inner muTare of the outer Imdn 
is equal to 

“M/r. 

J„ r 

whore a is the radius of the inner cylinder, // the tadum of the mg 
surface of tho outer cylinder. 

This work is, however, by definition ctjuul to Y\ tin* ilirlotm 
of potential between the cylinders, and lienee* 

| ‘''’I// 

I' 

r 

•J/i log b . 

Wlion KiH unity, A', thoelmrj'o i*t>r unit i» i<.|»ia| t«, 


, , a 

£tnd this, })y definition, is tho eiijiucity of 1 lu* riiiiili'iMHT } u ^' u| 

length. 



ft Min radii of Mic\ cylinders are nearly equal, and if h a ■■■'• /., 
II be small compart'd with a; in this esse the capacity par unit; 
;Ui 


— j approximately 

0 ‘ 

- It 

1 a 

2 / 

2t7U 

Ant * 

Since 2 ntt i h Ihe area of titiif* length of the inner cylinder, Mu' 
unity per unit urea w l/lrr/; we might have deduced thin result 
n 1 he case of I \vt j parallel plane*. 

When the (wo cylinder* an* coaxial, there is no force, tending to 
ve t In* inner cylinder; Mum since Min system in in equilibrium, Mu' 
eutial energy, if ( he charges are given, must, be either a maximum 
l minimum. Tin* equilibrium is, however, evidently unstable, for, 
he inner cylinder is displaced, the force due to the electric Held 
ds in malm the cylinders route into contact with each other and 
* increase i he displacement. Since i he equilibrium is unstable the 
eutial energy is a maximum when tin* cylinders an* coaxial, The 
i'n< itd energy, however, is, by Art. 22, equal to 


ere (* is t he capacity of t lie eoudetmer. Thus if I In* potential energy 
i maximum tin* capacity uumt he a minimum. Thus any displace- 
tit of the inner cylinder will produce an increase, in the capacity, 

I since | he capacity is a. minimum when the cylinders am coaxial, 

* increase in the capacity will he proportional In squares and higher 
iVers of the distance brt-weeii the axes of tin* cylinders. 

69 . Oondeniar® whotte capacities can be varied. For 
tin experimental purposes if is convenient to use a condenser whose 
unity can be altered continuously, and in such a way that the. 
era (mu in the rapacity can be easily measured. For this purpose 
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a condenser made of two parallel plates, one of winch, is fixed, while 
the other can be moved by means of a screw, through known dis- 
tances, always remaining parallel to the fixed plate, is useful. In this 
case the capacity is inversely proportional to the distance between 
the plates, provided that this distance is never greater than a small 
fraction of the radius of the plates. 

Another arrangement which has been used for this purpose is 
shown in Fig. 29. It consists of three coaxial cylinders, two of which, 
AB , CD, are of the same radius and are insulated from each other, 
while the third, EF, is of smaller radius and can slide parallel to its 
axis. The cylinder EF is connected metallically with CD, so that 
these two are always at the same potential, and the cylinder AB is 
at a different potential, then when the cylinder EF is moved about 
so as to expose different amounts of surface to AB the capacity of 
the condenser formed by AB and EF will alter, and the increase in 
the capacity will be proportional to the increase in the area of the 
surface of EF brought within AB. 





1 


.,.11 

.. . 

,1 

•D 


Fig. 29 


60. Electrometers. 

Consider the case of two parallel conducting plates; let V be the 
potential difference between the plates, d their distance apart. The 
force on a conductor per unit area is, by Art. 37, equal to \Rcr, where 
R is the electric intensity at the conductor and or the surface density ; 
V 1 

but R = -g , while <j = R by Coulomb’s law ; we see therefore tli at 

the attraction of one plate on the other is per unit area equal to 

1 V 2 
Sn d 2 


Hence the force on an area A of one of the plates is equal to 

A V 2 

8 ttI 2 


(I). 


Thus, if we measure the mechanical force between the plates, 
we can deduce the value of V, the potential difference between them. 



.OUIIUCU uy aJLULCU gii.cw.LL l . mg m a uciunuo jjuoauiuii , WJUt5Il UH1S 

known the value of the potential difference is given by the 
on (1). 

Ldrant Electrometer. The effect measured by the instru- 
ct described varies as the square of the potential difference; 
en the potential difference is diminished the attraction between 
es diminishes with great rapidity. For this reason the instru- 
i not suited for the measurement of very small potential 
ces. To measure these another electrometer, also due to 
'elvin, called the quadrant electrometer, is frequently em- 

i instrument is represented in Fig. 30; it consists of a cage, 
y the four quadrants A, JB, 0 , D ; each quadrant is supported 
insulating stem, while the 
e quadrants A and C are 
;ed by a metal wire, as are 
and D\ thus A and C are 
at the same potential and 
are B and D. Each pair of 
nts is in connection with an 
le, E or F, by means of 
it can easily be put in 
3 connection with any body 
the case of the instrument, 
he quadrants and insulated 
hem is a flat piece of alu- 
l shaped like a figure of eight . 
suspended by a silk fibre 
,n rotate, with its plane 
tal, about a vertical axis, 
metal wire hangs from the 
surface of this aluminium 
tnd dips into some sulphuric 
ntained in a glass vessel, the outside of which is coated with 
and connected with earth. This vessel, with the conductors 
md outside, forms a condenser of considerable capacity; it 
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requires therefore a large charge to alter appreciably the potential 
of this jar, and therefore of the needle. To use the instrument the 
jar is charged to a high potential C; the needle will then also be at 
the potential C. Now if the two pairs of quadrants are at the same 
potential, the needle is inside a conductor symmetrical about the 
axis of rotation of the needle, and at one potential. There will 
evidently be no couple on the needle arising from the electric field, 
and the needle will take up a position in which the couple arising 
from the torsion of the thread supporting the needle vanishes. If, 
however, the two pairs of quadrants are not at the same potential the 
needle will swing round until, if there is nothing to stop it, the whole 
of its area will be inside the pair of quadrants whose potential differs 
most widely from its own. As it swings round, however, the torsion 
of the thread produces a couple tending to bring the needle back 
to the position from which it started. The needle finally takes up 
a position in which the couple due to the torsion .in the thread 
balances that due to the electric field. The angle through which the 
needle is deflected gives us the means of estimating the potential 
difference between the quadrants. 


G 


E F 

Fig. 31 

The way in which the couple acting on the needle depends upon 
the potentials of the quadrants and the needle can be illustrated by 
considering a case in which the electric principles involved are the 
same as in the quadrant electrometer, but where the geometry is 
simpler. 

Let E } F (Fig. 31) be two large co-planar surfaces insulated from 
each other by a small air-gap. Let 0 be another plane surface, 
parallel to E and F } and free to move in its own plane. Let i be the 
distance between G and the planes E and F. Let A, B, C be the 
potentials of the planes F } E s G respectively. Let l be the width of 
the planes at right angles to the plane of the paper. If XI is the force 
tending to move the plane G in the direction of the arrow, then, if 
this plane be moved through a short distance x in this direction, the 
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work done by the electric forces is A7,r. If the electric system is left 
to itself, i.e. if it is not connected to any batteries, etc., so that tin* 
sharges remain constant, this work must have been gained at the 
expense of the electric energy; we lmve therefore, by the principle of 
die Conservation of Energy, 

Xlx = decrease in the electric energy of the. system, the charges 
remaining constant, when the plain'. ( / is displaced through tin* 
distance x; 

>r by Art. 36, 

Xlx = inemmi in the electric. (energy of the system, the potentials 
remaining constant, when the plane (7 is displaced through the 
same distance x ............ 1 1 ). 


Consider the change in the electric energy when the plane (* is 
noved through a distance x t The area of (} opposite to F will he 
ncrcascd hy lx, and in consequence the energy will be increased hv 
he energy in a parallel plate condenser, whose area is tj\ the poten 
ials of whose plates are A and ( 1 respectively, and the distance 
letween the plates is /; this, by Art. bti, is eipml to 

*>' <"*• 

At tlio same, timons lluMireuof upposif i> iii A'i-i im-miM'd fi\ I*, 
hat opposite |;o l<) in drrrrnsrd hy llu> siiim* uiimmii, mi tlml iltr 
lectric energy will hr. drrrnisrd l*v lltr rnrr.'v in a piualM pint.- 
ondensor whoso area is h\ the pnlenl in I* uf f he pbtlr-. // and < ‘ and 
heir distanor apart /; this. Iiy Art. hi:, is In 

»>' "»’• 

TIiuk tlio total inercusr in f hr ric rnrr«,.v uhrn (i >•> di .jdan d 
irough a', the potentials being mnslant, ii njual In 


lx 


{(! a* r W\ 


87T I 

Thus, hy (‘<|untion (I), 

I t.r 
•la I 
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If ( C — A) 2 is greater than (C — B ) 2 , X is positive, that is, the 
plate G tends to bring as much of its surface as it can over the plate 
from which it differs most in potential. 

In the quadrant electrometer the electrical arrangements are 
similar to the simple case just discussed, and hence the force will vary 
with the potential differences in a similar way. Hence we conclude 
that if the needle in the quadrant electrometer be at potential C, 
the couple tending to twist it from the quadrant whose potential is B 
to that whose potential is A, will be proportional to 

we may put it equal to 

n(B-A) {c-gM. + £)}, 
where n is some constant. 

When the needle is in equilibrium, this couple will be balanced 
by the couple due to the torsion in the suspension of the needle. 

The torsional couple is proportional to the angle 9 through which 
the needle is deflected. Let the couple equal md. Hence we have when 
the needle is in equilibrium 

md = n(B-A) Jc - ~ (A + jB)j, 
e = ±{B-A)\f-\{A+ /?)} (2). 

If, as is generally the case when small differences of potential 
are measured, the jar containing the sulphuric acid is charged up so 
that its potential is very ‘high compared with that of either pair of 
quadrants, C will be very large compared with A or B, and therefore 
with 

\{A + B), 

so that the expression (2) is very approximately 

9 = ~ (B — A) C. 
m 1 

Hence, in this case, the difference of potential is proportional to the 
deflection of the needle. This furnishes a very convenient method 
of comparing differences of. potential, and though it does not give 
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lie absolute measure of the potential, this may be deduced 
luring the deflection produced by a standard potential 
e of known absolute value such as that between the elec- 
: a Clark’s cell. 

juadrant electrometer may also be used to measure large 
es of potential; to 'do this, instead of charging the jar inde- 
y, connect the jar and therefore the needle to one pair of 
;s, say the pair whose potential is A. Then, since G = A, the 
in (2) becomes 

o -- - y (A - ny~) 

needle is deflected towards the pair of quadrants whose 
. is B, and the deflection of the needle is, in this case, 
)nal to the square of the potential difference between the 
Thus, if the quadrants are connected respectively 
Aside and outside coatings of a condenser, the deflection 
dectronieter will be proportional to the energy in the 
ir. 

her method of using the electrometer is to connect the needle 
id y whose potential is to be measured and keep the quad- 
a known difference of potentials, by altering this difference 
mgo of potentiate can be measured. 

ype of quadrant electrometer now most frequently used and 
3 the Dolezalek electrometer differs in some important details 
> original type, in the first pla.ee the quadrants are much 
and since the deflection of an electrometer varies inversely 
distance of the needle from the quadrants, the diminution 
istanco increases tin*. sensitiveness. Secondly, the needle is 
silvered paper and is exceedingly light so that a very fine 
:>n is sufficient to sustain its weight; with, these fine suspen- 
i value of m is much reduced and this increases the sensitive- 
this type of instrument the. jar with sulphuric acid is dis- 
rith and the potcmtial of the needle is kept constant by put- 
n electrical connection with a source of constant potential 
a battery of small storage cells, the needle is suspended by 
)f thin metal strip so as to put it into connection with the 
It is easy with an electrometer of this kind to get deflections 
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of the spot of light reflected from the mirror at the rate per volt 
of 5000 millimetres at a distance of 1 metre with a potential of the 
needle not exceeding 200 volts. 


61. Use of the Electrometer to measure a charge of 
electricity. Let a and ft denote the two pairs of quadrants. If to 
begin with a and ft are both connected with the earth, there will be 
a charge Q 0 on the quadrants a induced by the charge on tlio needle; 
let a now be disconnected from ft and from the earth, insulated, and 
given a charge Q' of electricity, the need hi will he deflected; let 8 
be the angle of deflection, A the potential of the quadrants a, then 
if O is the potential of the needle, we have, by Art. 20, since the charge 
on a is Q 0 + Q' 

Qo -I- Q' ~ <h\A + <lvP (1), 


where y 11? q lz are the coefficients of capacity and induction for the 
displaced position of the needle. Since Q {) is the charge on a when A 
is zero 

Q [) (713)0 


where (q n ) 0 is the value of when 0 — 0; hence by (1) 

Q ” 'h (7is ■"* (713)0) 

Let 7i3 - (7i3)o ** - /4 

8 being taken as positive when measured in the direction of deflection 
due to a positive value of A, then if the charge on the needle is 
negative Q 0 the positive charge on a induced by the noodle will 
evidently increase with 0 so that as O is negative fi is a positive 
quantity; we have also by equation (2), page 74, when O is large 
compared with A , 

6 - - n AO, 
m 


hence 

or 


Q f - 

0 - 


e i f/ " 

{ no 


m 


+• fid 


Q'nO 
I find 


.( 2 ). 


It is interesting to notice that when the potential of the needle 
is increased beyond a certain point the deflection of the needle duo 
to a given charge on the quadrants diminishes as the potential of the. 
needle increases, hence to obtain the greatest sensitiveness when 
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.suring electrical charges wo must, be careful not to charge the 
lie too highly. Wo see from (2) that (he greatest deflection O' 
to the charge Q' is given by the equation 


O' : 



n 

/‘""/it’ 


n the deflection is greatest the potential of ( he needle 

f'/n w '//«0 4 - 


?o get from the readings of the electrometer the value of (he 
ge in absolute measure, connect one. plate of a condenser whose 
city is I 1 with the ((iiadrants <t, and connect t he other plate with 
sarth; the eoe/licient r/,, will now he increased by J’ and. if p, is 
Inflection of the elect. rometer for the smite charge, then hv (2) 


0, 

!6 from (2) and (.‘i) 


(/nC 

('/it I I')/// i ft //('■■ 


0 A, (/nr 

A i 1 'n t 




• M) 


: the deflection of the electrometer is r/> when (he potenfml of n 
then 


>, from (4), 


ho lnHiilntion of the tjutttirttitf.H is of primarv importance wisest 
os of electricity have to he measured. 


.a. A gold leaf electroscope is for some purpose* preferable 
electrometer, on titrmmi of j[„ mtteh smaller mpaetiv. ir ,, 
bility and the ease with which it ran he shielded from e victual 
bailees, With suitable designed elect nisi opr-. it m possible j,, 
i with ease a deflection of the gold leaf „f ?.t ,,t .mi ,, ,i tn .,t„ M 
shange of 1 volt in tin* potent ini of the gold leaf, these division* 
oho of a micrometer eye piece in a rending mu t ., ,,p„ j} tr , 
the gold leaf is observed. The behaviour of t he.se ive 

weopes may he illustrated hy the roicalernf urn „( „ v ,n 
i case. Htippose that we have two parallel plates /j alll j / 


the gold leaf by another parallel plate 0 which can move backward* 
and forwards and is pulled to a position midway between D and i 
by a spring, which when C is displaced a distance x from the mid- 
position pulls it back again with a force equal per unit area of 0 tc 
jx x. 

If V is the potential of G, 2d the distance between D and E, x 
the displacement of 0 towards the negative plate, then for the 
equilibrium of the plate we must have 

1 (A + 7) 2 1 (A - F) 2 

8t r (d - a;) 2 8^ (d + * ) 2 ' ^ 

or if V = yA, x = £d, 


if 


( 1 + y)» 

a - a 2 


(1 — y) 2 8m id 3 

(TTW~ a* 


£ = Vf 


, _ 2rrfjbd z 


If y and £ are small 3 this equation becomes 

0*'-i )£ = y> 

0X X ~2 TTfxd* 

A 2 1 

The equihbrium will be unstable unless 27 Tfid^jA 2 is greater than 
1, when this quantity exceeds unity by a small fraction the denomi- 
nator in the expression for x is small so that x itself tends to become 
large, i.e. a small potential difference F will produce a large dis- 
placement of the plate. In addition to the value of x given above 
there is a second value corresponding to another position of equili- 
brium, the equilibrium in this case is unstable and if C were in this 
position it would move up to D. When V = 0 the two positions of 
equihbrium are given by x = 0 and 



As V increases the value of x for the stable position increases while 
that for the unstable one diminishes, so that the two get nearer 
together, for a certain value of F they coincide, while for greater 
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there is no position of equilibrium. When the instrument is 
msitive, i.e. when /*' is nearly unity, the second value of x is 
ry small when V is small, thus the unstable position of equilib- 
close to the stable one, so that a slight deflection from the latter 
ike the gold leaf unstable, and it will fly up to one of the plates, 
practice the office of the spring in the preceding example is 
ned by the weight of the gold leaf; the leaf is hung so as to be 
1 when midway between the plates, when it is disturbed from 
isition gravity tends to bring it back. The successful use of 
cents of this type depends upon having means to keep the 



ial of the fixed plates accurately constant. Except for very 
values of 7, the deflection is not directly proportional to 7, 
b it is necessary to calibrate the instrument by charging the 
af to known potentials and observing the deflection. 

} sensitiveness of the instrument can be adjusted by altering 
In a type of instrument invented by Mr C. T. R. Wilson and 
the tilted electroscope (Fig. 31 a), where the instrument can 
ed by means of foot-screws, the adjustment is effected by 
^ the tilt. The plate P is charged to a high potential, the case 
instrument to earth, and initially the gold leaf is to earth, 
is up a position of equilibrium from which it is displaced as 
3 its potential is altered. 
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62. Test for the equality of the capacities of two con- 
densers. The test can easily be made in the following way. Suppose 

A and B, Fig. 32, are the plates of 

a one condenser, C and D those of the 

other. First connect A to Q , and 

B D B to D, and charge the condensers 

Ei £- 82 by connecting A and B with the 

terminals of a battery or some other suitable means. Then disconnect 
A and B from the battery. Disconnect A from C and B from D. 
Then, if the capacities of the two condensers are equal, their charges 
will be equal since they have been charged to equal potentials. The 
charge on A will be equal and opposite to that on D , while that 
on B will be equal and opposite to that on C. Thus, if A bo connected 
with D and C with B, the positive charge on the one plato will counter- 
balance the negative on the other, so that if after this connection has 
been made A and B are connected with the electrodes of an electro- 
meter, no deflection will occur. 

63. Comparison of two condensers- If a condenser whose 
capacity can be varied is available, the capacity of a condenser can 
be compared with known capacities by the following method. 

Let A and B (Fig. 33) be the plates of the condenser whose capa- 
city is required, C and D, E and F, G and II , the plates of three 
condensers whose capacities are known. Connect the plates B and 0 
together and to one electrode of an electrometer, also connect F and 
G together and to the other electrode of the electrometer. Connect 
D and E together and to one pole of a battery, induction coil or other 
apparatus for producing a difference of potential, and connect A 
and H together and to the other pole of this battery. In general this 
will cause a deflection of the electrometer; if there is a deflection, 
then we must alter the capacity of the condenser whose capacity is 
variable until the vanishing of this deflection shows that the plates 
BG , FG are at the same potential. When this is the case a simple 
relation exists between the capacities. 

Let O l9 C 2 , 0 8 , 0 4 he the capacities of the condensers AB, CD , 
EF, GH respectively, let F 0 be the potential of A and II, x the poten- 
tial of B and C and y that of F and G , V the potential of D and E, 
To fix our ideas, let us suppose that V is greater than V 0 , then there 
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i negative charge on A , a positive one on B, a negative charge 
id a positive one on D ; then since B and 0 form an insulated 
which was initially without charge, the positive charge on B 
i numerically equal to the negative charge on 0. 
positive charge on B 

— Ci(*— Fo), 

le negative one on C is numerically equal to 

0,(7-*), 

s a positive quantity; hence, since these are equal, we have 

(®- F 0 ) = C 2 (V-x) (1). 

in, since F and G are insulated the positive charge on G must 
terically equal to the negative charge on F. 



positive charge on G is equal to 

O 4 (y-7 0 ), 

ie negative charge on F is numerically equal to 

c 3 (V-yY> 

Lese are equal 

CAy-Vo) = C s (V-y) (2). 

here is no deflection of the electrometer the potential of F and 
al to that of B and C, i.e. y = x. When this is the case we see 
paring equations (1) and (2), that 

C^O, 
l\ <V 
r __ c 2 c, 

'-'l— /I • 

if we know the capacities of the other condensers, we know 0 1 , 
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Thus, if we have standard condensers whose capacities are known, 
we can measure the capacity of other condensers. 

There is a close analogy between the methods of measuring capa- 
city and those of measuring electrical resistance. It is convenient 
to indicate that analogy here, although the methods of measuring 
electrical resistance have not yet been discussed. 

The arrangement of the con- 
densers in the last method can also 
be represented by the diagram (Tig. 
34). In this diagram 0 is the coil 
and 0 the electrometer. This ar- 
rangement is analogous to that of 
rcsistane.es in a Wheatstone’s Bridge, 
see Art. HM, and the condition for 
the balance of the condensers is the 
same as that of resistances in a 
Wheatstone bridge if each condenser 
were replaced by a resistance in- 
J 'h- vorsoly proportional to its capacity. 

63 a. De Sauty’s method. If two of the condensers C 3 
and (\ in the last method are replaced by resistances ft, and ft 4 , the 

electrometer by a galvanometer 
and the induction coil by a battery 
with a key for making and breaking 
the circuit, wo got the arrangement 
known asDetiauty’s method, Tig.35. 
In this method the resistances ft 3 
and ft 4 aro adjusted so that there 
is no hick of the galvanometer on 
making the battery circuit. If f 3 
and i 4 are the transient currents 
flowing through ft 8 and ft„ at some 
short interval after making the 
circuit, then neglecting solf-induc- 
tion, the potential difference at this time between the terminals of 
the galvanometer will, by Ohm’s law, bo ii 3 i 3 - ft 4 i 4 , and this will 
be proportional to the current through the galvanometer at this time. 
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uantity of electricity flowing through, the galvanometer during 
ng will thus be proportional to J(22 3 i 3 — i? 4 i 4 ) dt } when the 
ation extends over the time of charging* If no current flows 
?h the galvanometer, the current % goes into the condenser 
d i 4 into condenser (2), so that 

J'ig ( = Qi , dt = Q 2 , 

Q x and Q 2 are the final charges in condensers (1) and (2) re- 
vely. Thus 

fC®S ^3 _ dt = RqQi R4Q29 
there is no kick of the galvanometer this vanishes, so that 

^ 3^1 = R&Qz • 

vhen the condensers are charged there is the same potential 
ence between the plates of (1) as between those of (2), hence 

Qi : $2 = ^ 1 : 

i C x , C 2 are the capacities of the condensers, hence when there 
kick of the galvanometer 

RsC^RtC,, 

the ratio O x /G 2 is found as the ratio of two resistances. We see 
again the condition is the same as for the balance in a Wheat- 
bridge in which the condensers have been replaced by resist- 
inversely proportional to their capacity. 

bher methods of determining capacity which require for their 
nation a knowledge of the principles of electro-magnetism, will 
scribed in the part of the book dealing with that subject. 

L Leyden jar. A convenient form of condenser called a 
en jar is represented in Fig. 36. 
ondenser consists of a vessel made 
in glass; the inside and outside 
36s of this vessel are coated with 
il. An electrode is connected to 
iside of the jar in order that elec- 
connection can easily be made with 
A is the area of each coat of tin- 
the thickness of the glass, i.e. the 
ice between the surfaces of tin-foil, 
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then, if the interval between these surfaces was filled with air, the 
capacity would be approximately 

A 

ini’ 

since this case is approximately that of two parallel planes provided 
the thickness of the glass is very small compared with the dimensions 
of the vessel. The effect of having glass within the tin-foil surfaces 
will, as we shall see in the next chapter, have the effect of increasing 
the capacity so that the capacity of the Leyden jar will be 

r A 

4t Tt ’ 

where Ii is a quantity which depends on the kind of glass of which 
the vessel is made. Ii varies in value from 4 to 10 for different speci- 
mens of glass. 

Systems of (-onpknskiis. 


65. If we have a number of condensers wo can connect them up 
so as to make a condenser whose capacity is either greater or less 
than that of the individual condensers. 

Thus suppose we have a number of condensers which in the 
figures are represented as Leyden jars, and suppose we connect them 

up as in Fig. 37, that is, connect all the 
insides of the jars together and likewise 
all the outsides ; this is called connecting the 
condensers in parallel. Wo thus get a new 
condenser, one plate of which consists of 
all the insides, and the other plate of all 
the outsides of the jars. If (J is the capacity 
of the compound condenser, Q the total charge in this condenser, V 
the difference of potential between the plates, then by definition 

Q - (JV. 

If Q X) Q 2) Q 3 , ... are the charges in the first, second, third, etc. 
condensers, C\, C 2 , C 3 , ... the capacities of these condensers 
Qi-OiV, Q^C\V, Q 3 • 6 3 F, etc.; 
but Q~ Q x + Q,+ Q 3 + ... - (G\+ 0 2 + (J B + ...)V 9 
hence C^G X + O a +C f 8 + ..., 

or the capacity of a system of condensers connected in this way, is 
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sum of the capacities of its components. Tims the ea purify of 
compound system is greater than that of any of its components. 
Next, let the condensers be connected up as in Kig. dH, when* 1 he 
densers are insulated, and where the Q Q > 

side of the first is connected to the in- f 
> of the second, the outside of the f ViSf 

jnd to the inside of the third, and so pd / mssm j 
This is called connecting the condensers njflK I -jfl 

in cascade or in series. One plate of *• ^ 

compound system thus formed is the l ’ ,u ' :iH 

de of the first condenser, tho other plate is the outside of f he U>4 . 
Let C be the capacity of the system, 0 { , . , . t he <*u parti !»••» 

he individual condensers; then, since tin*, condensers are insulated, 
charge on the outside of the first is ocpial in magnitude amt uppu 
in sign to the charge on the inside of ( he second, I he rlumm on 
outside of the second is equal in magnitude and opposite in *ij«n 
he charge on the inside of the third, and so on. Since f he charge 
he inside of any jar is equal and opposile {n (lie chame on the 
ide, we see that the charges of the jars nre all equal. Let (J he the 
ge of any jar, F,,7 2 ,... the differences of potential between th<* 

[e and outside of the first, second, ... jars. Then 

is the difEoronno of pofcmifcittl between tlw mtlsuh* «.f th«« l*-.* j..r 
the inside of. the. firnt, then 


Jinco 0 k the capacity of the compound ruude, .1 „i nl„, h u 
chargo, and V tho potential dilTr ♦nmee, 

Q ('W 
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Thus the reciprocal of the capacity of the system made by connecting 
up in cascade the series of condensers, is equal to the sum of the 
reciprocals of the capacities of the condensers so connected up. 

We see that the capacity of the compound condenser is less than 
that of any of its constituents. 


66. If we connect a condenser of small capacity in cascade with 
a condenser of large capacity, the capacity of the compound condenser 
will be slightly less than that of the small condenser; while if we 
connect them in parallel, the capacity of the compound condenser is 
slightly greater than that of the large condenser. 


67. As another example on the theory of condensers, let us take 
the case when two condensers are connected in parallel, the first 
having before connection the charge Q x , the second the charge Q z . 
Let C, and C 2 be the capacities of these condensers respectively. 
When they are put in connection they form a condenser whose 
capacity is 0, + 0 2 , and whose charge is Q 1 -|- Q 2 . 

Now the electric energy of a charged condenser is one half the 
product of the charge into the potential difference, while the potential 
difference is equal to the charge divided by the capacity. Thus if Q 
is the charge, C the capacity, the energy is 

1 Q 2 

2 0 ‘ 


Thus the total electric energy of the two jars before they are 
connected is 1 Q 2 1 Ch 2 

2 C, + 2 "(Jt ’ 

after they are connected it is 

1 (Qi + «.)* . 

2 C,+ 0 % ’ 

Now 

i (Qi 2 , QA i «?i + &) « 


2 VC, + GJ 2 (0, + C* 
I 


2C,C 2 (C, + C 2 ) + C ^** - «•) 

20, C 2 (Cj + (Jl) ( ' CiQl ~ 6 ‘ 1 ^* 
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itially positive quantity which only vanishes if 

QJC^QJOi, 

when the potentials of the jars before connection are equal, 
case the energy after connection is the same as before the 
ions are made. If the potentials are equal before connection, 
ing the jars will evidently make no difference, as all that 
ion does is to make the potentials equal. In every other case 
energy is lost when the connection is made; this energy is 
ied for by the work done by the spark which passes when the 
connected. 


CHAPTER IV 

SPECIFIC INDUCTIVE CAPAC 


68. Specific Inductive Capacity. Pan 

charge in a condenser between whose surfaces a e< 
potential was maintained depended upon the nat 
between the surfaces, the charge being greater 
between the surfaces was filled with glass or su 
was filled with air. 

Thus the * capacity ’ of a condenser (see Art. 5] 
dielectric between the plates. Faraday’s origi 
which this result was establish 
he took two equal and similar c< 
of the kind shown in Fig. 39, 
spheres; in one of these, B, th< 
by which melted wax or sulpht 
the interval between the sphej 
these condensers were connecte 
also the outsides, so that the • 
between the plates of the cond' 
for A as for B. When air was th 
the spheres Faraday found, as r. 
peeked from the equality of tl 
any charge given to the cond< 
distributed between A and B. 
interval in B was filled with su.1 
densers again charged lie found that the charge 
four times that in A , proving that the capaci 
increased three or four times by the substitution 
This property of the dielectric is called its 
capacity. The measure of the specific inductive c 
trie is defined as the ratio of the capacity of a c 
region between its plates is entirely filled by th: 
capacity of the same condenser, when the region 
is entirely filled with air. As far as we know at j 
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luctive capacity of a dielectric in a condenser does not depend 
on the difference of potential established between tin* plates uf 
it condenser, that is, upon the electric intensity acting on (he 
Iectric. We may therefore conclude (bat, at any rate for u wide 
L ge of electric intensities, the speoilie inductive capacity is inde 
Ldent of the electric intensity. 

The following table contains the values of t he specific iriduHne 
acities of some substances which are frequently used in a phvbnd 
Dratory: 


Solid paraffin 

2-2ff. 

.Paraffin oil 

1 •«>:». 

Ebonite 

:m n. 

Sulphur 


Mica. 

(hfff, 

I flint glass 

7-CI7. 

Light flint, glass 

<;• 7*j. 

Turpentine 

2-2,’ 1. 

Distil let 1 water 

7b, 

Alcohol 

2th 


Pile specific inductive ea purity of gases depend * upon th»* pir.n 

, the difforonoo between A\ the Hpii-iti«- inductive rap..,, n * , tl ,„l 

7 being directly proportional to the prewure. 

le specific inductive capucify of sum.- inn.,-. ,« 

rare is given in the following fable; 1 hoapn-itir induct n«< , „p jS , m 

r at atmospheric pressure in taken ns unify; 


■Hydrogen , 

Carbonic acid 

Carbonic oxide i i*n,j 

Olefiant gas j i • 

Water vapour (at l in t’) 3 - 1 m » *, « 

Methyl alcohol vapour (at IJu tj j , HH ; 

bus wo hoc that water and alcolinl p,,.-. .,l.! 1 ..un;,Jh 
ic inductive capaciticH both in (he li.,„id ami 


ltd, 

•il * «*..•* 


h It was the discovery of this prnpem ,,f U„. dn-l,-. in, uL„ l 
iraday to the view we have explained, ,\»t Us. ih«, t- 

red m the electric held are noi due t„ th>. ,u, t , 
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of one electrified body on another, but are due to effects in the dielec- 
tric filling the space between the electrified bodies. 

The results obtained in Chapters n and in were deduced on the 
supposition that there was only one dielectric, air, in the field; these 
require modification in the general case when we have any number 
of dielectrics in the field. We shall now go on to consider the theory 
of this general case. 

We assume that each unit of positive electricity, whatever be the 
medium by which it is surrounded, is the origin of a Faraday tube, 
each unit of negative electricity the termination of one. Let us con- 
sider from this point of view the case of two parallel plate condensers 
A and B , the plates of A and B being at the same distance apart, 
hut while the plates of A are separated by air, those of B are’ separated 
by a medium whose specific inductive capacity is K. Let us suppose 
that the charge per unit area on the plates of the condensers A and B 
is the same. Then, since the capacity of the condenser B is II times 
that of A and since the charges are equal, the potential difference 
between the plates of B is only 1/K of that between the plates of A. 

Now if V p is the potential at P, V Q that at Q , R the electric in- 
tensity along PQ, then, whatever be the nature of the dielectric, when 
PQ is small enough to allow of the intensity along it being regarded 

as constant, _ 

R.PQ=Vp-V Q ( 1 ), 

for by definition R is the force on unit charge, hence the left-hand side 

of this expression is the work done on unit charge as it moves from 

P to Q , and is thus by definition (Art. 16), equal to the right-hand 

side of (1). 

The electric intensity between the plates both of A and of B is 
uniform, and is equal to the difference of potential between the plates 
divided by the distance between the plates; this distance is the same 
for the plates A and P, so that the electric intensity between the 
plates of A is to that between the plates of B as the potential differ- 
ence between the plates of A is to that between the plates of B . That 
is, the electric intensity in A is K times that in B. 

Consider now these two condensers. Since the charges on unit 
area of the plates are equal the number of Faraday tubes passing 
through the dielectric between the plates is the same, while the 
electric intensity in B is only 1/K that in air. Hence we conclude 



L] specific inductive capacity 

iat when the number of Faraday tubes which pass through unit 
*ea of a dielectric whose specific inductive capacity is h is t he mtm* 
; the number which pass through unit area in air, the electric in 
msity in the dielectric is 1/A r of the electric intensify in air. 

By Art. 40, we see that if N is the number of Kamdav tube** 
issing through unit area in air, and It is the elect rie intensify in air. 

It - AttN . 

ence, when N tubes pass through unit area in a medium uh«» .*< 
ecific inductive capacity is K, the electric intensity. It. m tin-* 
electric is given by tlie equation 


70. Polarization in a dielectric- We deline thv pnhm n 

nin the direction PQ where P and Q art' two points clone brr 
the excess of number of Faraday tubes which pass from 1 1*»* .^dr 
;o the side Q over the number wliieit pass from tin* hide y i«i ( }««< 
3 P of a plane of unit aim drawn between P and Q nt md*f 
PQ. We may express the result in Art. (>H in the form 
electric intensity in any direction at P) 

4 * 77 * 

= *jjr (polarization in Mm dielectric. in that direction at /*) 

The polarization in n dielectric, m nmllnnmitinilJv identical wills 
quantity cullwl by Maxwell the electric displacement ,,, ih.< 
metric. 

fl. Thus the polarization along the outward drawn m«niu«l *it /* 
surface is the excess of the number of Faraday t ttln«* « fm li )*m% 
surface through unit area at P over the number rut^uut: i* 

8 divide any closed Hiirfuee up uh in A rl . !i into « number „t 
les, each of those meshes beiu-r m Wu!l |j t j ul( , ilt . 
the area of any iiichIi nm.v be regarded H „ 

iply the area of each of (lie meshes by th« normal 
is mesh measured outwards, the sum of the product-, f, lf 

ie meshes which cover the surface i» define,! to i„. ,!,„ 

al polarization outwards from the surface. We fhtt! „ 

I to the excess of ihe number of Karadni tube,, fls .' 

06 over the number which enter it. 


92 SPECIFIC INDUCTIVE CAPACITY [OH. IV 

Now consider any tube which does not begin or end inside the 
closed surface, then if it meets the surface at all it will do so at two 
places, P and Q\ at one of these it will be going from the inside to 
the outside of the surface, at the other from the outside to the inside. 
Such a tube will not contribute anything to the total normal polariza- 
tion outwards from the surface, for at the place where it leaves the 
surface it contributes + 1 to this quantity, which is neutralized by 
the — 1 which it contributes at the place where it enters the surface. 

Now consider a tube starting inside the surface; this tube will 
leave the surface but not enter it, or if the surface is bent so that the 
tube cuts the surface more than once, it will leave the surface once 
oftenor than it enters it. This tube will therefore contribute + 1 to 
the total outward normal polarization : similarly we may show that 
each, tube which ends inside the surface contributes — 1 to the total 
outward normal polarization. Thus if there arc N tubes which begin, 
and M tubes which end inside the surface, the total normal polariza- 
tion is equal to N — M \ But each tube which begins inside the surface 
corresponds to a unit positive charge, each tube which 'ends in the 
surface to a unit negative one, so that N •- M is the difference be- 
tween the positive and negative charges inside the surface, that is, 
it is the total charge inside the surface. 

Thus we set'- that the total normal polarization over a closed 
surface is equal to the charge inside the surface. Since the normal 
polarization is equal to K/4tt times the normal intensity where K 
is the specific inductive capacity, which is equal to unity for air, 
we see that when the dielectric is air the preceding theorem is iden- 
tical with Gauss's theorem, Art. 10. In the form stated above it is 
applicable whatever dielectrics may bo in the field, when in general 
Gauss’s theorem as stated in Art. 10 ceases to be true. 

72, Modification of Coulomb’s equation. If a is the 

surface density of the electricity on a conductor, thon a Faraday 
tubes pass through unit area of a plane drawn in the dielectric just 
above the conductor at right angles to the normal. Hence a is the 
polarization in the dielectric in the direction of the normal to the 
conductor. Hence, by Art. 09, if It is the normal electric intensity 

477 
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rhisis Coulomb’s equation generalized so as to apply to the rase 
en the conductor is in contact with any dielectric. 


73. Expression for the Energy. The student will see that 
, process of Art. 23 by which the expression A i] (AT) was proved 
represent the electric energy of the system will apply whatever 
nature of the dielectric may he, as will also t lie immediate dedue 
i from it in Art. '13 that, the energy is the same as it would he if 
h Faraday tube possessed nn amount of energy equal per unit 
ffth to one-half the electric intensify. 

The expression for the energy per unit volume however requires 
dification. Consider, as in Art. *13, a cylinder whose axis is parallel 
die electric intensity and whose flat ends are uf right angles to it, 

! be the length of the cylinder, m t he area of one of the ends, /* the 
mzation, li the electric intensity. Then t he portion of eaeh Kara 
tube inside the cylinder has an amount of energy equal ?o 

Ult. 

v the number of such tubes inside the eyhnder e* equal to An, 
ce the energy inside the cylinder is equal to 

IhoPIt 

56 Zcu is the volume of flit* ryiiuder. the energy per unit \ ultimo 
jual to 

J PH ; 

by Art. 0!) /' A A*. 

’Itt 

iattJie energy per unit, volume i« i-iputl i<» 

l< n\ 

Phus, for the same elect ne mfeusitv the energy per unit v<*himo 
te dielectric is A times as great as it is in air, Vuo? her exjne.f.vuM.n 
he energy per unit volume is 


mt^for same polarizat ion the energy per unit volume tn t!*n 
ctric is only 1/A'th part of what it in m air. 
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We see, as in Art. 45, that the pull along each Faraday tube will 
still equal one-half the electric intensity R; the tension across unit 

KR 2 

area in the dielectric will thereloTC be > the lateral pressure 
will also be equal to KR 2 jSrr. 

74. Conditions to be satisfied at the boundary between 
two media of different specific inductive capacities. Suppose 
that the line AB represents the section by the plane of the paper of 
the plane of separation between two different dielectrics; let the 
specific inductive capacities of the upper and lower media respec- 
tively be K x , K 2 . 

Let us consider the conditions which must bold at the surface. In 
the first place we see that the electric intensities parallel to the surface 
must be equal in the two media; for if they were not equal, and that 
in the medium 7v x were the greater, we could get an infinite amount 
of work by making unit charge travel round the dosed circuit PQRS, 

p q PQ being just above, and RS just be- 

A b low the surface of separation. For, if 

s R PQ is the direction of 1\ the tangen- 
ts- 40 tial component of the electric intensity 

in the upper medium, the work done on unit charge as it goes from 
P to Q is T x . PQ\ as QR is exceedingly small compared with PQ 
the work done on or by the charge as it goes from Q to R may 
be neglected if the normal intensity is not infinite; the work re- 
quired to take the unit charge bade from R to B is 7.\ z . RB, if 7\ 
is the tangential component of the electric intensity in the lower 
dielectric, and the work done or spent in going from B to P will be 
equal to that spent or done in going from Q to R and may bo neg- 
lected. Thus since the system is brought back to the state from which 
it started, the work done must vanish, and hence 7\ . PQ - T 2 . RS 
must be zero. But since PQ — RB this requires that 7\ ~~ T 2 or the 
tangential components of the electric intensity must be the same in 
the two media. 

Next suppose that a is the surface density of the free elec- 
tricity on the surface separating the two media. Draw a very flat 
circular cylinder shown in section at PQRB } its axis being parallel 
to the normal to the surface of separation, the top face of this 
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dinder being just, above, (-lie lower (nee just below I bin surface, 

s the length of this cylinder is very small compared with its hmidt h* 

Le area of the curved surface, of tin* cylinder will be very small 

impared with the area of its (aids, and by maldtm the r\ Itnder 

ificiently short we can male 1 , the ratio of the area of the curvet! 

rface to that of the ends as small as we please, Hence in eon 

iering the total oul.ward normal polarisation nvrr the vn\ short 

■Under, we may leave out the. effect of the curved surface and con 

ler only the flat ends of the cylinder. Hut since the rv Under 

closes the charge, era, if co is the area of one end of t hr cv lindn . the 

bal normal polarization over its surface must be equal to ,0,1. If Y t 

the normal polarization in the first, medium measured upward * 

e total normal polarization over the top of the cylinder 1 , 

N 2 is the normal polarization measured upwind* in the ,n»m«l 

idium, the total normal polarization over the lower fare m! the 

finder is — ; hence the total outward normal polarization mo 

i cylinder is Hr 

Ape A'jid). 

Since, by Art. 71, this is equal to mu, we have 

/V, ;V a m 

When there is no charge on the surface separating the two di 
ctrics, these conditions beenme (I) that the tauamhal ej.-cin.- 
ensities, and ( 2 ) (he normal polarizations, mma be rqual m §j lf . 

) media. 

75. Redaction of the lines ol force. Su, u % 
he resultant; electric intensity in the upper medium, h\ 1 1 ,, ;8 ! u \ 
lower; the angles these malm with tli«* manual |m fh» 

face of sopu ratio 11. The tangential intmeutv m ihr m, f lu Mtmn m 
iin^, that in the. Heenud is H, ti m\ (L, and rumm arc rqmd 
/i% Hin f/, , : |j 

The normal intensity in the upper medium r» h\ nn i* f 
normal polarization m the upper medmm is 

h j/i*| cos dj -I 

/ in the second in h t K t him /Jg'-f*, and since, if f rhnti?*' 

he surface, these are equal, we have 

-Itt /< ’ t r<W 11 1 i'J.. 
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dividing (1) by (2), we get 

} r - tan 6, *- tan 0 * . 

A, K 2 

Hence, if A, > Ii 2 , 0 1 is > 0 2 , and thus when a Faraday tube enters 
a medium of greater specific inductive capacity from one of less, it is 
bent away from the normal. 

This is shown in the diagram Fig. 41 (from Lord Kelvin’s Reprint 
of Papers on Electrostatics and Magnetism), which represents the 
Faraday tubes when a sphere, made of paraffin or some material 
whoso specific inductive capacity is greater than unity, is placed in 
a field of uniform force such as that between two infinite parallel 
plates. 



An inspection of the diagram shows the tendency of the tubes 
to run as much as possible through the sphere; this is an example 
of the principle that when a system is in stable equilibrium the poten- 
tial energy is as small as possible. We saw, Art. 73, that when the 
polarization is P the energy per unit volume is 2 rrI rz /K } thus for the 
same value of !\ this quantity is less in paraffin than it is in air. 
Hence when the same number of tubes pass through the paraffin 
they have less energy in unit volume than when they pass through 
air, and there is therefore a tendency for the tubes to flock into the 
paraffin. The reason why all the tubes do not run into the sphere 
is that those which are some distance away from it would have to 
bend considerably in order to reach the paraffin, they would therefore 
have to greatly lengthen their path in the air, and the increase in the 
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consequent upon this would not be compensated for in the 
: the tubes which were far from the sphere by the diminu- 
the energy when they got in the sphere. 

Fig. 42 (from Lord Kelvin’s Reprint of Papers on Electrostatics 
rgnetism) the effects produced on a field of uniform force by a 
iting sphere is given for comparison with the effects produced 
paraffin sphere. It will be noticed that the paraffin sphere 
;es effects similar in kind though not so great in degree as those 
the conducting sphere. This observation is true for all electro - 
phenomena, for we find that bodies having a greater specific 



Fig. 42 


five capacity than the surrounding dielectric behave in a similar 
} 0 conductors. Thus, they deflect the Faraday tubes in the 
way though not to the same extent ; again, as a conductor tends 
)ve from the weak to the strong parts of the field, so likewise 
a dielectric surrounded by one of smaller specific inductive 
ity. Again, the electric intensity inside a conductor vanishes, 
ist inside a dielectric of greater specific inductive capacity than 
irrounding medium the electric intensity is less than that just 
le. As far as electrostatic phenomena are concerned an insulated 
ictor behaves like a dielectric of infinitely great specific in- 
ve capacity. 


E. 


7 
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76, Force between two small charged bodies immersed 
in any dielectric. If we have a small body with a charge e 
immersed in a medium whose specific inductive capacity is E y then 
the polarization at a distance r from the body is c/47 rr 2 . To prove this, 
describe a sphere radius r, with its centre at the small body, then 
the polarization P will be uniform over the surface of the sphere and 
radial; hence the total normal polarization over the surface of the 
sphere will equal P x (surface of the sphere), i.e. P x 477T 2 ; but this, 
by Art. 71, is equal to e, hence 

P x 477T 2 e, 


or 


a 

4t7T 2 


.(1). 


But, if R is the electric intensity, then, by Art. 70, 

477 


R 


K 


,P. 


Iloneo, by (1), R = ; 

the repulsion on a charge e' is lie', or ea f /I\r 2 ; hence the repulsion 
between the charges, when separated by a distance r in a dielectric 
whose specific inductive capacity is 7v, is only 1/Ath part of the repul- 
sion between the charges when they are separated by the same dis- 
tance in air. Thus, when the charges are given, the mechanical 
forces on the bodies in the field are diminished when the charges are 
imbedded in a medium with a large 4 , specific inductive capacity. 
We can easily show that the interposition of a spherical shell of the 
dielectric with its centre at either of the charges would not affect 
the force between those charges. 


77. Two parallel plates separated by a dielectric. Let 

us first take the case of two parallel plates completely immersed in 
an insulating medium whose specific, inductive capacity is K. Let V 
bo the potential diJTorcmco between the plates, or the surface density 
of the electrification on the positive plate, and - a that on the nega- 
tive 1 ,. Let R be the electric intensity between the plates, and d the 
distance by which they are separated; then, by Art. 72, 

4w KR 
AT 
“ "d ‘ 
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The force on one of the plates per unit area is, by Art. 37 , 

_ 27 TCT 2 

~ K 

fence if the charges are given the force between the platen is in 

zrsely proportional to the specific inductive capacity of (he. medium 

1 which they are immersed. 

Again, since 1 1 K P 

a Her u Alt- • : (j /*> » 

2 87 r 877 u- 

e see that, if the potentials of the plates he given, the attraction 
stween them is directly proportional to the specific inductive 
opacity. This result is an example of the following more general 
le which we leave to the reader to work out; if in a system of eon 
rotors maintained at given potentials and originally separated from 
ich other by air wc replace the air by a dielectric whose specific 
ductive capacity is K, keeping the positions of the conductors and 
Leir potentials the same as before, the forces between t he conductors 
ill be increased K times. 

Thus, for example, if we fill the space between the needles mid t he 
radrants of an electrometer with a fluid whose specific inductive 
opacity is K, keeping the potentials of the needles and tpiad rants 
instant, the couple on the needle will be. increased K times by tin* 
troduction of the fluid. If wo measure (.he couples before and after 
Le introduction of the fluid, the ratio of the two will give us the 

lecific inductive capacity of the fluid. This method has applied 

measure the specific inductive capacity of those ihpiid ;, mrnh as 
iter or alcohol, which are not suftioiontiy good insulators to allow 
e method described in Art. 82 to he applied. 

78 . We shall next consider the case in which a slab of dielectric 
placed between two infinite parallel conducting planes, the face* 
the slab being parallel to the planes. 

Let d be the distance between the planes, t the thickness „f (J,„ 
ib, h the distance between the upper face of the slab and the «pj„, r 
me. The Faraday tubes will go straight across from plane to 
me, so that the polarization will be everywhere normal to the eon 

ctmg planes and to the planes separating the slab of dielectric from 
3 air. 


as we pass from one medium to another, and as the tubes are 
straight the polarisation will not change as long as we remain in one 
medium. Thus the polarization which we shall denote by P is con- 
stant between the planes. In air the electric intensity is irrP ; in the 
dielectric of specific inductive capacity K , the electric intensity is 
equal to iirP/K. 

Thus between A and B the electric intensity is dwP, 

B and 0 -J- , 

C and j D 4ttP. 


A 


wmnnmniM 

c 


D 

Pig. 43 

The difference of potential between the plates is the work done on 
unit charge when it is taken from one plate to the other. Now, when 
unit charge is taken across the space AB } the work done on it is 

4-ttP x A; 

when it is taken across the plate of dielectric the work done is 

4c7tP 

~T x t; 

when it is taken across CD the work done is 

47tP {d — (A+ t ) }. 

Hence V , the excess of the potential of the plate A above that of 
D, is equal to 

iirPh + —- t + 4xrP {d - (k + 1)} 

= inP ji - t (l - j)J . 

If o- is the surface density of the electricity in the positive plate, 
a = P, so that 

V = bra (d - t + £) 


( 1 ). 
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ice the capacity per unit area of the plate, i.e. the value of a 

7 = 1, is 1 


4*7 T (d — t + -J^j 


5 the same as if the plate of dielectric were replaced by a plate 
whose thickness was t/K. The presence of the dielectric in- 
the capacity of the condenser. The alteration in the capacity 
ot depend upon the position of the slab of dielectric between 
rallel plates. 

■ us now consider the force between the plates; the force per 
6a - \Bo, 

R is the electric intensity at the surface of the plate; but, 
re surface of the plate is in contact with air, R = and thus 
ce per unit area on either plate 

— 27 TO 2 . 

if the charges on the plates are given, the attraction between 
s not affected by the interposition of the plate of dielectric. 
£t, let the potentials be given; we see from equation (1) that 

V 

— r — ■ — n ; 

4:77 — t + -g-j 

27ra 2 , the force per unit area, is equal to 

V 2 

877 • — t -f- -j~^j 

i force between the plates when there is nothing but air between 


w since K is greater than 1, d — t + t/K is less than d , so that 
t + t/K) 2 is greater than 1/cZ 2 . Thus, when the potentials are 
the force between the plates is increased by the interposition 
dielectric. 

K be very great, t/K is very small, thus d -- i + t/K is very nearly 
to d — t, and the effect of the interposition of the slab of di- 
3 both on the capacity and on the force between the plates is 
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approximately the same as if the plates had been pushed towards 
each other through a distance equal to the thickness of the slab, 
the dielectric between the plates being now supposed to be air. This 
result, which is approximately true whenever the specific inductive 
capacity of the slab is very large, is rigorously true when the slab is 
made of a conducting material. 

Effect of the slab of dielectric on the potential energy 
for given charges. Tire potential energy is, by Art. 23, equal to 

P (BV), 

and thus the energy corresponding to the charge on each unit of area 
of the plates is equal to 

t<rV; 

by equation (1) this is equal to 

2'77’ct" | d — — | , 

and it is thus when K > 1 less than ZrrvW, which is the value of the 
energy for the same charges when no slab of dielectric is interposed. 
The interposition of the slab thus lowers the potential onorgy. We 
can easily see wiry this is the case. When the charges arc given the 
number of Faraday tubes is given: and, when the plate of dielectric 
is interposed, the Faraday tubes in part of their journey between 
the plates are in the dielectric instead of in air, and we know from 
Art. 73 that when the Faraday tubes are in the dielectric their energy 
is less than when they are in air. Since the potential energy of a 
system always tends to become as small as possible, there will be a 
tendency to drag as much as possible of the slab of dielectric between 
the plates of the condenser. Thus, if the slab of dielectric projected 
on one side beyond the plates it would be drawn in until as much 
of its area as possible was within the region between the plates. 

Effect of the slab on the potential energy for a given 
difference of potential. The energy per unit area of the plates 
is as we have seen equal to 

i&V; 

this by equation (1) is equal to 
1 
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;f the potential difference is given the energy when no slab is inter- 
>osed is 

M ’ 

10 that when the potential difference is kept constant; the elec, trie, 
snergy is increased by the interposition of the slab. 


79. Capacity of two concentric spheres with a shell of 
lielectric interposed between them. If we have two eon- 
ientric conducting spheres with a concentric shell of dielectric bo- 
;wecn them, and if c be the charge on the inner sphere, a the radius 
if this sphere and l>, <•■ the radii of the inner and outer surfaces of the 
lielectric shell, and d the inner radius of the outer conducting sphere, 
hen if V he the difference of potential between the conducting 
pheres, and K the specific inductive capacity of the slid!, we may 
asily prove that 



Thus the capacity of the system is equal to 


1 . 



80. Two coaxial cylinders. As another example, we shall 
alee the case of two coaxial cylinders with a coaxed evlindrie shell 
if a dielectric, specific inductive capacity K, placed between (hem. 
f V be the difference of potential between the two conducting 
lylindors, K the charge per unit length on the inner cylinder, a I he 
adius of this inner cylinder, h and c the radii of the inner and outer 
urfacos of the dielectric, shell, and d the inner radius of the outer 
lylindcr, wo easily find by (ho aid of Art. 5,H that. 

V — 2A' Jog j ^ I J.Io gj; I log'll, 

o that the capacity per unit length of this system is 

I 
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81. Force on a piece of dielectric placed in an electric 

field- If a piece of dielectric such as sulphur or glass is placed 
in the electric field, then, when the Faraday tubes traverse the di- 
electric there is, Art. 73, less energy per unit volume than when the 
same number of Faraday tubes pass through air. Thus, as we see 
in Fig. 39, the Faraday tubes tend to run through the dielectric, 
because by so doing the potential energy is decreased. If the di- 
electric is free to move, it can still further decrease the energy by 
moving from its original position to one where the tubes are more 
thickly congregated, because the more tubes which get through the 
dielectric the greater the decrease in the potential energy. The body 
will tend to move so as to make the decrease in the energy as great 
as possible, thus it will tend to move so as to be traversed by as 
great a number of Faraday tubes as possible. It will therefore be 
urged towards the part of the field where the Faraday tubes are 
densest, i.e. to the strongest parts of the field. There will thus bo 
a force on a piece of dielectric tending to make it move from the weak 
to the strong parts of the field. The dielectric will not move except 
in a variable field where it can get more Faraday tubes by its change 
of position. In a uniform field such as that between two parallel 
infinite plates the dielectric would have no tendency to move. 

The force acting upon the dielectric differs in another respect from 
that acting on a charged body, inasmuch as it would not be altered 
if the direction of the electric intensity at each point in the field were 
reversed without altering its magnitude. 

82. Measurement of specific inductive capacity- The 

specific inductive capacity of a slab of dielectric can bo measured in 
the following way, provided we have a parallel plate condenser one 
plate of which can be moved by means of a screw through a distance 
which can be accurately measured. To avoid the disturbance due 
to the irregular distribution of the charge near the edges of th e plates 
(see Art. 57) care must be taken that the distance between the plates 
never exceeds a small fraction of the diameter of the plates. Let us 
call this parallel plate condenser A; to use the method described in 
Art. 63, first take the condenser A and before inserting the slab of 
dielectric adjust the other variable condenser used in that method 
until there is no deflection of the electrometer. If the slab of dielectric 
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dw inserted between the plates of A the capacity will be 
ised, A will no longer be balanced by the other condensers 
he electrometer will be deflected. The capacity of A can be 
iished by screwing the plates further apart, and when the plates 
been moved through a certain distance, the diminution in the 
sity due to the increase in the distance between the plates 
alance the increase due to the insertion of the slab of dielectric ; 
bage when this occurs will be indicated by there being again 
flection of the electrometer. Suppose that when the deflection 
e electrometer is zero before the slab is inserted, the distance 
ien the plates of the condenser is d , while the distance after the 
s inserted, when the electrometer is again in equilibrium, is d f . 
the capacity of A in these two cases is the same. But if A 
i area of the plate of A the capacity before the slab is inserted 

A_ 

4xrd * 

; the thickness of the slab and K its specific inductive capacity, 
apacity after the insertion of the slab is (see Art. 78) equal to 

A 

4 tt (d'-t+^y 

ince the capacities are equal 

d — d r ~~ t + , 

at d f — d = t 

ut (V — d is the distance through which the plate has been moved, 
at if we know this distance and t we can determine K the specific 
rbivc capacity of the slab. It should be noticed that this method 
not require a knowledge of the initial or final distances between 
lates, but only the difference of these quantities, and this can 
ensured with great accuracy by the screw attached to the move- 
plate. 

his method is not applicable unless the substances whose specific 
ytive capacities are required are exceptionally good insulators, 
najority of liquids do not insulate well enough to allow this 
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method to be used. A modification of De Sauty’s method (p. 82) 
has been introduced by Nernst which does not demand such high 
insulation and which can also be used when only small quantities 



of the substances are available. The 
substance to be examined is placed 
in a beaker in which there axe two 
parallel plates forming a condenser 
which is balanced as in De Sauty’s 
method against an air condenser 
whose capacity can be graduated. 
The plates of this condenser as well 
as those of the one in which the 
substances are placed are short- 
circuited by high resistances, R x and 
R 2 respectively; these resistances 
are chosen so that if R s and R, x are 


the resistances in the other arms of the system (Eig. 48 a), then 


R x R 2 

R 3 * 


As the Wheatstone’s Bridge is balanced no current will pass through 
BD the arm in which the electrometer is placed. Unless, however, 
C 1 and C 2 the capacities of the two condensers are connected by the 
relation 


R$ R& 

C 2 ~~ G x 


(1), 


there will be a deflection of the electrometer whenever the connection 
with the source of electromotive force is made or broken. Thus when 
there is a balance both for steady and interrupted currents wo can 
determine C 2 the capacity of the condenser in which the substance is 
placed by the aid of equation (1). 

To determine the specific inductive capacity the following measure- 
ments are made : 

1. y x the capacity of the condenser C 2 when it is empty. 

2. y 2 the capacity when it is filled to a definite level with the 
substance. 

3. y 3 the capacity when it is filled to the same level with a sub- 
stance whose specific inductive capacity K is known. 
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ien if y x is the capacity of the connections, etc. which are not 
sed. Jby the substance 

y 2 = the air-capacity of the parts so enclosed, 
x — the specific inductive capacity of the substance, 

1/1 = 71 + y*> 

— Yi + x y%'> 

Vs =Yi + Ky z . 

at x is determined by the relation 

g — 1 = ih - Vi 
K - 1 Vs ~ Vi ‘ 


CHAPTER V 

ELECTRICAL IMAGES AND INVERSION 
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83. We shall nowproceed to discuss some geometrical 
which we can find the distribution of electricity in fi 
important cases. We shall illustrate the first method by 
a very simple example; that of a very small charged bo< 
front of an infinite conducting plane maintained at po' 
Let P, Eig. 44, be the charged body, AB the condu 
Any solution of the problem must satisfy t 
conditions in the region to the right of tin 
(a) it must make the potential zero over th 
and (8) it must make the total outward n< 
tion taken over any closed surface enclos 
to 47re, where e is the charge at P, while 
surface does not enclosed the total norm 
over it must vanish. We shall now prov 
solution which satisfies these condition 
there were two different solutions, which we shall c 
(2). Take the solution corresponding to (2) and reve: 
of all the charges of electricity in the field, including 
this new solution, which we shall denote by (— 2), will 
to a field in which the electric intensity at any point i 
opposite to that due to the solution (2) at the same poiiv 
tion (— 2) corresponds to a field in which the electric 
zero over AB and at any point at an infinite distance fro 
makes the total normal induction over any closed surf a 1 
P equal to — 47re, that is equal and opposite to the tot 
over the same surface due to the solution (1) ; and the tot 
over any other closed surface in the region to the right 
Now consider the field got by superposing the solutions (1 
it will have the following properties; the potential over 


B 

Pig. 44 

is only one 
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Hero and the total normal induction over any closed surface in the 
region to the right of AB will vanish. Since the normal induction 
vanishes over all closed surfaces in this region, there will in the field 
sorresponding to this solution be no charge of electricity. We may 
regard the region as the inside of a closed surface at zero potential 
[bounded by the plane AB and an equip otential surface at an infinite 
distance) : by Art. 18, however, the electric intensity must vanish 
throughout this region as there is no charge inside it. Thus, the 
electric intensity in the field corresponding to the superposition of the 
solutions (1) and (— 2) is zero: that is, the electric intensity in the 
solution (1) is equal and opposite to that in (— 2). But the electric 
intensity in (— 2) is equal and opposite to that in (2). Hence the 
electric intensity in (1) is at all points the same as (2), in other words, 
the solutions give identical electric fields. Hence, if we get in any way 
a solution satisfying the conditions (a) and (/?), it must be the only 
solution of the problem. 

84. Let P' be a point on the prolongation of the perpendicular 
PN let fall from P on the plane, such that P'N = PN , and let a 
charge equal to — e be placed at P r . Consider the properties, in the 
region to the right of AB, of the field due to the charge e at P and 
the charge — e at P'. 

The potential due to — e at P’ and + e at P at a point Q on the 
plane AB is equal to 

e e 

PQ~PV' 

But since AB bisects PP' at right angles PQ = P'Q , thus the poten- 
tial at Q vanishes. Again, any closed surface drawn in the region 
to the right of the plane AB does not enclose P' , and thus the charge 
at P ' is without effect upon the total induction over any such surface. 
The total induction over such a surface is zero or 47 re according as the 
closed surface does not or does include P. In the region to the right 
of AB the electric field due to e at P and — e at P' thus satisfies the 
conditions (a) and (/?) and therefore represents the state of the elec- 
tric field. Thus the electrical effect of the electricity induced on the 
conducting plane AB will be the same as that of the charge — e at P f 
at all points to the right of AB. This charge at P' is called the elec- 
trical image of the charge P in the plane. 


e i e* 

(2PN) 2 4 PN*' 

Thus the attraction on the charged body varies inversely as the square 
of its distance from the plane. 

To find the surface density of the electricity induced on the plane 
AB we require the electric intensity at right angles to the plane. 
The electric intensity at right angles to the plane AB at a point Q 
on the plane due to the charge e at P is equal to 

e PN 
PQ 2 PQ 3 

and acts from right to left. The electric intensity at Q due to — e 
at P r in the same direction is 

c P'N 

P'WP'Q' 

Hence since PQ *« FQ and PN P'N the resultant normal electric 
intensitv at Q is 

2 ePN 
PQ 3 * 

This, by Coulomb’s law, is equal to 4 to, if a is the surface density 
of the electricity at Q, and hence 

e PN 
° == 2tt PQ 3 ’ 

or the surface density varies inversely as the cube of the distance 
from P. 

The total charge of electricity on the plane is - e, as all the tubes 
which start from P end on the plane. 

The electrical energy is equal to I'LHV, so that if the small body 
at P is a sphere of radios a , the energy in the field is equal to 

1 _ 1 e 2 

2 a ' i FN' 

The dielectric in this case is supposed to be air. The electric 
intensity vanishes in the region to the loft of AB. 
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Electrical images for spherical conductors. In 

ng the method of images to spherical 
tors we make great use of the follow- 
orem due to Apollonius. If ,S, Fig. 45, 
int on a sphere whose centre is 0 and 
a , and P and Q are two fixed points 
;raight line passing through 0, such 
P • OQ = a 2 , then QSjPS is constant 
7 er 8 may be on the sphere, 
isider the triangles QOS , POS. Since 

OQ . OP = OS 2 , 

>hese triangles have the angle at 0 common and the sides about 
gle proportional. They are therefore similar triangles, so that 

QS_PS 
OQ OS 3 

QS_ OQ __ OS 
PS OS OP' 

QS/PS is constant whatever may be the position of S on the 



. Now suppose that we have a spherical shell (Fig. 45) at 
ial zero whose centre is at 0 and that a small body with a charge 
sctricity is placed at P and that we wish to find the electric field 
e the sphere. There is no field inside the sphere, as the sphere 
iquipotential surface with no charge inside it. 
t OP =/, OS = a. Consider the field due to a charge e at P, 
at Q, where OQ . OP = a 2 . The potential at a point S on the 
! due to the two charges is 



the potential at S — 



f 

a 


PS' 


112 ELECTRICAL IMAGES AND INVERSION [OH. V 

Hence, if e' = — eajf ‘ the potential is zero over the surface. Thus, 
under these circumstances the field satisfies condition («) of Art. 83, 
and it obviously satisfies the condition that the total normal in- 
duction over any closed surface not enclosing the sphere is zero or 
4tt€ according as the surface does not or does enclose P, so that, by 
Art. 83, this is the actual field due to the sphere and the charged body. 
Hence, at a point outside the sphere, the effect of the electricity 
induced on the sphere by the charge at P is the same as that of a 
charge — eajf at Q. This charge at Q is called, the electrical image of 
P in the sphere. Since this charge produces the same effect as the 
electrification on the sphere, the total charge on the sphere must 
equal the charge at Q , i.e. it must be equal to — eajf (compare Art. 30). 
Thus of the Faraday tubes which start from P the fraction ajf fall 
on the sphere. 

The force on P is an attraction towards the sphere and is equal to 
a e 2 a e 2 _ a e 2 e*fa 

j pq 2 “ / {op - oqy ~ ' 

We see from this result that, when the distance of P from the 
centre of the sphere is large compared with the radius, the force 
varies inversely as the cube of the distance from the centre of the 
sphere: while when P is close to the surface of the sphere the force 
varies inversely as the square of the distance from the nearest point 
on the surface of the sphere. When P is very near to the surface 
of the sphere, the problem becomes practically identical with that 
of a charge placed in front of a plane at potential zero. We shall 
leave it as an exercise for the student to deduce the solution for the 
plane as the limit of that of the sphere. 

If the body at P is a small sphere of radius b, then since the elec- 
tric energy is equal to it is in this ca.se 

1 (e ea 1 | 

2 e \b~JPQ] 

or l e *(l__L4 

2 \b / 2 -a a j' 

87 . To find the surface density at a point S on the surface of the 
sphere, we must find the electric intensity along the normal. 



;le of forces be resolved into the two components 

( a ) PS 2 F& along 0S ’ 

(P) parallel to PO, 


the electric intensity at S due to the charge — eaff at Q can be 
r ed into the components 


(S) -fwm f “ mMtoPO - 

e the components of the resultant intensity are a -\-y along the 
al OS, and ft + S parallel to PO . 

ow the resultant intensity is along the normal, so that the 
onent ,/3 + § must vanish, and the resultant intensity along the 
al is equal to a -j- y, i.e. to 


e . OS | p5 3 j Q,S 3 } 
e . OS ( a fPS\ z ) 

-p&r-fW) r 


i PS /QS is constant, the quantity inside the brackets is constant. 

: o* is the surface density of the electrification at S, then, by 
Dmb’s law, 


, eOS 
4rra - PS 3 



ea 

~ PS 5 



at the surface density of the electrification varies inversely as the 
of the distance from P, and is, since/ is greater than a , every- 
e negative. 


8 . If the sphere is insulated instead of being at zero potential, 
londitions are that the potential over the sphere should be con- 
: and that the charge on the sphere should be zero. The charge 
le sphere in the last case was — ea / /. Hence if we superpose on 
ast solution the field due to a quantity of electricity equal to eajf 
id at the centre of the sphere, which will give rise to a uniform 




E. 
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potential over the sphere, the resulting field at points outside the 
sphere will have the following properties: (1) the potential over 
the sphere is constant, (2) the total charge on the sphere is zero, 
(3) the total normal induction over any closed surface is equal to 
47 re if the surface encloses P and is zero if it does not. Hence it is 
the solution in the region outside the sphere when a charge e is placed 
at P in front of an insulated conducting sphere. Thus, outside the 
insulated sphere the electric field is the same as that due to the 
three charges, e at P, — eajf at Q , eajf at 0. Let us consider the 
potential of the sphere: the charges at P and Q together produce 
zero potential over the sphere, so that the potential will be that due 
to the charge ea//, at 0; this charge produces at any point on the 
sphere a potential equal to e/f } so that by the presence of e at P the 
potential of the sphere is raised by e//. This result was proved by a 
different method in Art. 29. 

The force on P in this case is an attraction equal to 

e 2 a e 2 a 

PQ 2 f~f-P 

_e 2 ct' f 2 1 ) 

/' t ('/ 2 -« 2 ) 2 / 2 j 

__ e 2 a 3 2 f 2 — a 2 

“ T ' U^-aT 

so that in this case, when / is very large compared with a the force 
varies inversely as the fifth power of the distance. When the point 
is very close to the surface of the sphere the force is the same as if the 
sphere were at zero potential. 

The potential energy, ^SPF, is, if the body at P is a small sphere 
of radius 6, equal to 

1 [e ea ea) 

2 e j b f7PQ + T 2 i 

__ 1 \e e$ 

- 2 e l&~/ 2 (/ 2 -a a l 

To find the surface density at S , we must superpose on the value 
given in Art. 87, the uniform density 

ea 

/. 47ra 2 ‘ 
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■ hus + (I). 

At R the point on the sphere nearest to P, 

PR --/ — a, 

o that the surface density at R is equal to 
_ lef f+a _ll 
4 tt «.{(/- «)“ f) 

<’■ W - «) 

4tt /(./'- a) a ‘ 

.t R f tlie point on the sphere most remote from P, 

Pli'^f+a, 

ad the surface density at R f is equal to 

e (3/ H~ a) 

Shice the total charge on the sphere is zero, the surface density 
E the electricity must bo negative on one part of the sphere, 
ositive on another part. The two parts will be separated by a line 
a the sphere along which there is no elec.trilication. To find the 
Dsition of this line put a equal to zero in equation (1), we get if 
is a point on this line 

PS* -(/»-«»)/-/« 

- OP 2 x PQ, 

nice the points at which tho electrification vanishes will be at a 
stance (OP 2 x PQ$ from P. 

The parts of tho surface of tho sphere whoso clisfcaneos from P 
e less than this value are charged with electricity of the opposite 
;n to that at P, tho othor parts of the sphere are charged with 
jctricity of the same sign as that at P. 

89. If the sphere instead of being insulated and without charge 
insulated and has a charge E, wo can deduce the solution by super- 
sing on the field discussed in Art. 88 that duo to a charge E uni- 
only distributed over tho surface of tho sphere; this at a point 
tside the sphere is the same as that duo to a charge E at O. Thus 


8 -t 
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the field outside the sphere is in this case the same as that due to 
charges 

E + y 0, — j at Q, e at P. 

The repulsive force acting on P is equal to 
(pjl 1 _ 

V /// 2 /.PQ 2 

Pe e*a 3 (2 f 2 - a 2 ) 

~7 2 /* (/ 2 ~a 2 ) 2 ' 

When the point is very near the sphere we may put / == a + x } 
where x is small, and then the repulsion is approximately equal to 

Ee e 2 

a 2 4x 2 ‘ 

and this is negative, i.e. the force is attractive unless 

a 2 


E>e 


4x 2 * 


Thus, when the charges are given, and when P gets within a 
certain distance of the sphere, P will he attracted towards the sphere 
even though the sphere is charged with electricity of the same sign 
as that on P. W'hen we recede from the sphere we reach a place 
where the attraction changes to repulsion, and at this point there is 
no force on P. Thus if P is placed at this point, it will be in equili- 
brium. The equilibrium will, however, be unstable, for if we displace 
P towards the sphere the force on it becomes attractive and so tends 
to bring P still nearer to the sphere, that is to increase its displace- 
ment, while if we displace P away from the sphere the force on it 
becomes repulsive and tends to push P still further away from the 
sphere, thus again increasing the displacement. This is an example 
of a more general theorem due to Earnshaw that no charged body 
(whether charged by induction or otherwise) can be in stable equi- 
librium in the electrostatic field under the influence of electric forces 
alone. 


90. If the potential of the sphere is given instead of the charge, 
we can still use a similar method to find the field round the sphere. 
Thus if the potential of the sphere is V, then the field outside the 
sphere is the same as that due to a charge Va at 0, — ea// at Q , and 
e at P. 
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1. Sphere placed in a uniform field. As the point P 
is further and further away from 0 the Faraday tubes due to 
harge at P get to be in the neighbourhood of the sphere more 
more nearly parallel to OP, thus when P is at a very great 
ace from the sphere the problems we have just considered 
ne in the limit problems relating to the distribution of electricity 
sphere placed in a uniform electric field, 
ippose that; as the charged body P travels away from the 
•e 5 the charge e increases in such a way that the electric intensity 
3 centre of the sphere due to this charge remains finite and equal 
we have thus 



ow consider the problem of an insulated sphere without charge 
d in this uniform field. We see by Art. 88 that the electrification 
Le sphere produces the same effect at points outside the sphere 
mid be produced by two charges, one equal to eajf placed at the - 
e 0, the other equal to — eajf at Q the image of P. If we express 
charges in terms of F we see that they are equal respectively” 
Faf; when / is infinite they are also infinite. Since OQ = a 2 // 
listances between these charges diminishes indefinitely as / 
ases, and we see that the product of either of the charges into 
istance between them is equal to Fa 3 and is finite. The electrifi- 
n over the surface of the sphere when placed in a uniform field 
ices the same effect therefore as an electrical system consisting 
to oppositely charged bodies, placed at a very short distance 
;, the charges on the bodies being equal in magnitude and so large 
the product of either of the charges into 
istance between them is finite. Such a system 
[led an electrical doublet and the product of 
r of the charges into the distance between 
l is called the moment of the doublet. 

2. Electric field due to a doublet. Let 

? be the two charged bodies, let e be the 
2 je at A, — e that at B; let 0 be the middle 
b of AB , M the moment of the doublet. Let C be a point at 
h the electric intensity is required, and let the angle AOC = 6 . 
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The intensity at right angles to OC is equal to 
-jQi sin ACO + ~ sin BCO 


■■ -L= AO sin 6 + BO sin 8 
AC 3 BC 3 


“ OC v ABsine 


_ Main 8 
~~0C^’ 

* 

approximately, since AO is very small compared with OC, 
The intensity in the direction OC is equal to 

~ 2 cos ACO - cos BCO , 

but we bave approximately 


AC = QC — AO cosd, 
BC ^-00+ BO cos 8. 


Hence putting cos ACO = 1, cos BCO = 1 and using the Binomial 
Theorem we find that the electric intensity along OC is approxi- 
mately 


e 

OC 2 




2 BO cos 8\ 
OC ) 


2eAB cos 8 
OC 3 


2M cos 8 
OC 3 


93. Let us now return to the case of the sphere placed in the uni- 
form field: the moment of the doublet which represents the effect of 
the electrification over the sphere is Fa 3 . Hence, when the sphere is 
placed m a uniform field F parallel to PO, the intensity at a point C 
is the resultant of electric intensities, F parallel to PO, Fa 3 sin 6 IOC 3 
at nght angles to OC, and 2 Fa 3 cos 8/OC 3 along CO; 8 denotes the 
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At the surface of the sphere where 00 = a, the resultant intensity 
along the outward drawn normal is 

— F cos 9 — 2 F cos 9, 

Dr — 3F cos 9; 

but by Coulomb’s law, if cr is the surface density of the electrifica- 
tion on the sphere, 

4.7 TCT — 3 F cos 0, 

)r °* 8=3 “ & C0H 

4tt 


Hence wo see, tha.t when an insulated conducting sphere is placed 
n a uniform field, the surface density at any point on the sphere 
s proportional to the distance of that point from a plane through 
lie centre of the sphere at rigid angles to the electric intensity in the 
uniform field.. 

On account of the concentration of the Faraday tubes on the 
sphere the maximum intensity in the field is three, times the. intensity 
n the uniform field. 


94. We have hitherto supposed the electrified body to be outside 
he sphere, but wo can apply the same method when it is inside, 
[hus, if wo have a charge <\ at a point Q 
nside a spherical surface maintained at zero 
)otential, then the effect, inside the sphere, 

>f the electricity induced on the sphere will 
>e the same as that due to a charge 
- e . a/OQ at P, where OP . OQ — a 2 . The 
hargo on the sphere is — c, since all the 
ubes which start from Q cud on the sphere. 

If the sphere is insulated, then the charge*, on the inside of the 
phere and the force inside are the same ns when it is at potential 
;cro; the only difference is that on the outside of the. sphere there 
s a charge equal to e uniformly distributed over the sphere, and the 
ield outside is the same as that due to a charge e at the' centre. 

Again, if there is a charge Ii on the sphere, the effect inside in the 
ame as in the two previous cases, only now them is a charge E f e 
miformly distributed over the surface of the sphere raising its pottm 
ial to (E + e)/a. 
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In all these cases the surface density of the electrification at any 
point on the inner surface of the sphere varies inversely as the cube 
of the distance of that point from P . 

95. Case of two spheres intersecting at right angles and 
maintained at unit potential. Let the figure represent the 
section of the spheres, A and B being their centres, and 0 a point on 
the circle in which they intersect, CD a part of the chord common 
to the two circles: then, since the spheres intersect at right angles 
ACB is a right angle and CD is the perpendicular let fall from C on 
AB. 

Then we have by Geometry 

AD . AB = AC 2 , 

DB.AB = BC\ 



Thus D and B are inverse points with regard to the sphere with 
centre A , and A and D are inverse points with regard to the sphere 
whose centre is B. 

Let AC = a, BC = b, then CD . AB = AC . BC, so that 


Va 2 4- b 2 ' 

Consider the effect of putting a positive charge at A numerically 
equal to the radius AC, a positive charge at B equal to BO, and a 
negative charge at D equal to CD. 

The charges at A and D will together, by Art. 86, produce zero 
potential over the sphere with centre B. For A and D are inverse 
points with respect to this sphere, and the charge at D is to the charge 
at A as - CD is to AC, i.e. as — BC is to AB, so that the ratio 
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charges is the same as that of those on a point and its image, 

. together produce zero potential at the sphere. Thus the value 
> potential over the surface of this sphere is that due to the 
e at B : but the charge is equal to the radius of the sphere, so 
>he potential at the surface, being equal to the charge divided 
e radius, is equal to unity. Thus these three charges produce 
3otential over the sphere with centre B\ we can in a similar 
how that they give unit potential over the sphere with centre A. 
two spheres then are an equipotential surface for the three 
es, and the electric effect of the conductor formed by the two 
es, when maintained at unit potential, is at a point outside the 
e the same as that due to the three charges. 


apacity of the system. The charge on the system is equal 
e sum of the charges on the points inside it which produce the 
effect. The capacity of the system since the .potential is unity 
lal to the charge and therefore is equal to 


a + b — 


ah 

Va 2 j rb 1 2 


3. If & is very small compared with a , the system becomes a 
hemispherical boss on a large 
e as shown in Fig. 49. The capa- 
s equal to 

ab 


cl b ' 


Va 2 -hb 2 ’ 


CL -j 1 + • 


a a 


a 2 


as in this case bja is very small, 
sapacity is approximately equal 

6 b 



b b ( 1 & 2 

1 + a a V 2 a 2 




Fig. 49 


1 & 3 volume of boss_ 

2 cfl ~~ volume of big sphere * 


122 ELECTRICAL IMAGES AND INVERSION [OH. V 

Thus we have, since a is the capacity of the large sphere without 
the boss, 

increase in capacity due to boss volume of: boss 
capacity of sphere volume of sphere * 

97. To compare the charges on the surface of the two 
spheres. The charge on the spherical cap RFC (Kg. 48) is, by 
Coulomb’s law, equal to 1/4 t r of: the total normal induction over EFO. 
Now the total normal induction is the sum of the total normal in- 
ductions due to the charges at /l, B, 1). Since B is the centre of the 
cap OFF the total normal induction due to B over OFIi bears the 
same ratio to 477?; (the total normal intensity over the whole sphere) 
as the area of the cap OFF does to the area of the sphere. But the 
area of the surface of a sphere included between two parallel planes 
is proportional to the distance between the planes, thus 

- area of EFO h \ Bl) 
area of: sphere 2 b 

Hence the total normal induction over OFF due to the charge at B 

- 277 * (h | BD), 

The total normal induction due to the charge A over the closed 
surface OFEL is zero, therefore the total normal induction due to A 
over OFF is equal in magnitude and opposite in sign to the total 
normal induction over CLIi, that is, it is equal to the total normal 
induction over OLE reckoned outwards from the side A, But OLE 
is a portion of a sphere of which A is the centre, therefore the induc- 
tion over OLE is to Amt (the induction over the whole sphere with 
centre A) as the area of OLE is to the area of the sphere, that is as 
DL : 2 a. Thus the induction due to A over OFE is equal to 

2t tDL. 

Next consider the total normal induction over OFE due to the 
charge at ZX Now of the tubes starting from I) as many would go to 
the right as to the left if it were alone in the [Uriel, so that* the induc- 
tion over OFE will be half that due to I) over a closed surface 
entirely surrounding it; the latter induction is equal to Arr times the 
charge at JD, i.o, to Air . CD, hence the induction due to D over the 
surface OFE is 


~ 2tt . CD. 
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Thus the total induction over CFE due to the three charges is 
2tt (6 + BD -1- DL - CD), 
l the charge on CFE is therefore equal to 

1 /, b 2 ^ a 2 ab \ 

2 l ' V a 2 + h 2 V a 2 -|- b 2 V a 2 -|- b 2 -' 

The charge on CGE can be got by interchanging a and b in this 
session, and is thus equal to 


1 / a 2 __ b 2 _ <ib \ 

2 \ Va 2 + b 2 Vet 2 I - Ir V a 2 ■ | • b' 1 ) 


(2). 


98. In the case of a hemispherical boss on a large sphere, h is very 
ill compared with a\ in this case the expression (I) becomes 
>roximately 


1 f, , b 2 , /- 1 b 2 \ . 


4 a ‘ 


This is equal to the. charge on the boss. The moan density on the 
s is this expression divided by Swl 2 , the area of the surface of the 
s, and is therefore ^ 

87 T(t * 


When hja is very small the expression (2) in approximately equal 
i 3 thus the charge on the sphere is a and the mean density is got, 
dividing a by Aim 2 the area of the sphere. Thus the mean density 
the sphere is ^ 

47ra * 

nee the mean density on the boss is to the mean density on the 
ere as 8:2. 


99. Since a plane maybe regarded asa sphere of infinite radius, this 
alt applies to a hemispherical boss of any radius on a plant', surface, 
'has applies to the case shown in Fig. fi(). Since the mean density 
>r the boss is 8/2 of that over the plane, and since the area of the 
s is twice the area of its base; there is three times as much elec- 
dty on the surface occupied by the boss as there is, on the average, 
an area of the plane equal to the base of the boss. 
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100. "Wien b is very small compared with a, the points B and D, 
Fig. 48, are close together, the distance between them being approxi- 
mately £> 2 /a, ‘which is small compared with b ; the charge at B is 6, 

that at D is 7 

ab 

“V^TT 2 ’ 

and, when b is very small compared with a, this is approximately 
equal to — b . Thus the charges at B and D form a doublet whose 
moment is b*ja. The point A is very far away and the force at B or D 
due to its charge is 1/a. Thus the moment of the doublet is b s times 
this force. This as far as the sphere is concerned is exactly the case 
considered in Art. 93. Hence if F is the force at the boss due to the 
charge A alone, the surface density at a point P, Fig. 50, on the boss 
3F 

is — cos 6 , where 9 is the angle OP makes with the axis of the 



Kg. 50 

doublet. Now if o* 0 is the surface density on the plane at some distance 
from the boss F = 477 o- 0 . Hence, the surface density at P, a point on 
the boss, is equal to 

3cr 0 cos 9, 

where 9 is the angle OP makes with the normal to the plane. 

The electric intensity at Q, a point on the plane due to the 
loublet, is (Art. 92) equal to the moment of the doublet divided by 
0Q 3 and is at right angles to the plane, thus the normal electric 
intensity at Q is 

'(;-£) 

md a, the surface density at Q, is given by the equation 



We have thus found the distribution of electricity on a charged 
nfinite plane with a hemispherical boss on it. 



ELECTRICAL IMAGES AND INVERSION 


125 


. In the general case when the two spheres are of any sizes 
face density on the conductor can be got by calculating the 
electric intensity due to the three charges. We shall leave 
an example for the student, remarking that, since the poten- 
tlie conductor is the highest in the field, there can be no 
r e electrification over the surface and that the electrification 
is along the intersection of the two spheres. 

i. Effect of dielectrics. We have hitherto only con- 
the case when the field due to the charge at P was disturbed 
presence of conductors, but by applying the principle that a 
i which satisfies the electric conditions is the only solution, 
find the electric field in some simple cases when dielectrics are 


P' 


Fig. 51 


1. The first case we shall consider is that of a small charged 
laced in front of an infinite mass of uniform dielectric bounded 
ane face. Let P be the charged body, AB the A 

sparating the dielectric from air, the medium 
right of AB being air, that to the left a di- 
whose specific inductive capacity is K. From 
r PN perpendicular to AB; produce PN to P', 

PN — P'N. Then we shall show that the field 
right of AB can be regarded as due to e at P 
harge e’ at P', and that to the left of AB as due 
; P ; these charges being supposed to produce the same field as 
was nothing but air in the field. 

;he first place this field satisfies the conditions that the poten- 
an infinite distance is zero, also that the induction over any 
surface surrounding P is 4vre } while the induction over any 
surface not enclosing P is zero. This is obvious if the surface 
m entirely to the left or entirely to the right of AB. If it 
this plane it can be regarded as two surfaces, one entirely 
left bounded by the portion of the surface to the left and the 
. of the plane AB intersected by the surface, the other entirely 
right bounded by the same portion of the plane and the part 
surface to the right. 

i only other conditions we have to satisfy are that along the 
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plane AB the electric intensity parallel to the surface is the same 
in the air as in the dielectric, and that over this plane the normal 
polarization is the same in the air as in the dielectric. 

At a point Q in A B the electric intensity parallel to AB is in the 


air 


e QN u' QN 
PQ* PQ + P'Q~ P'Q ' 


This, since PQ == P'Q, is equal to 


(« + «') 


« QN 


PQ »■ 


Tho electric intensity at Q parallel to AB in tlio dielectric is 

QN . 


a > 


PQ 

this is equal to that in air if 

( 1 ). 

Again, the polarization at Q at right angles to A B reckoned from 
right to loft is in air j , PN 


'It r (l ) PQ S ’ 


and that in the dielectric is 


these are equal if 


K ,, PN 
-It/ PQ'" 

n-u' An" 


.( 2 ). 


Hence both tho boundary conditions arc satisfied if o' and «" satisfy 
(1) and (2), i.e. if t) 

6 ‘ l I A' ’ 

6 A I- 1 

The attraction of P towards the plane is equal to that between 
e and e' and is thus 

on' A' ■ • 1 e* 

(2/hV) a Ah 1 A PN~' 

If K is iniinito this equals 

e» 

APN*’ 

which is the same aB when the dielectric to the left of AB is replaced 
by a conductor. 



the attraction when P is placed in front of a conducting plate. 
iide the mass of dielectric the tubes are straight and would if 
>longed all pass through P; the effect of the dielectric is, while 
j affecting the direction of the electric intensity, to reduce its 
gnitude to 2/(1 + K) of its value in air when the dielectric is ro- 
ved. The lines of force when K — 1-7 are shown in Fig. 52. 

104. Case of a dielectric sphere placed in a uniform 

Id. We have seen that, when a conducting sphere is placed in 



iniform field, the effect of the electricity induced on the surface 
the sphere can be represented at points outside the sphere by a 
iblet (see Art. 92) placed at the centre of the sphere. Since we have 
n that the effects of a dielectric are similar in kind though different 
degree to those due to a conductor, we are led to try if the dia- 
■bance produced by the presence of the sphere cannot be ropre- 
ited at a point outside the sphere by a doublet placed at its centre, 
th regard to the field inside the sphere we have as a guide the 
ult obtained in the last article, that in the case when the radius 
the sphere is infinitely large the field inside the dielectric is not 
ered in direction but only in magnitude by the dielectric. 


128 EL ECTRICAL IMAGES AND INVERSION [CH. V 

We therefore try if we can satisfy the conditions which must hold 
when a sphere is placed in a uniform electric field by supposing the 
field inside the sphere to be uniform. 

Let the uniform field before the insertion of the sphere be one 
where the electric intensity is horizontal and equal to II. 

After the insertion of the sphere let the field outside consist of 
this uniform field plus the field due to a doublet whose moment is M. 
placed at the centre of the sphere, the dielectric being removed. 

Inside the sphere let the intensity be horizontal and equal 
to#'. 

We shall see that it is possible to satisfy the conditions of the 
problem by a proper choice of M and H'. 

The field at P due to the doublet is, by Art. 92, equivalent to an 
o M M 

intensity cos $ along OP, and an intensity Qp% @ right 

angles to it, where 6 is the angle OP makes with the direction of the 
uniform electric intensity. Thus at a point Q just outside the sphere 
the intensity tangential to the sphere is equal to 

H sin 6 — ~ sin 6, 
a 3 


where a is the radius of the sphere. 

The intensity in the same -direction at a point close to Q but just 
inside the sphere is 

H' sin 6. 

The normal intensity at Q outside the sphere is 

H cos 9 H T cos 9 } 

a 3 

and at a point just inside the sphere it is H' cos 9, 

The first boundary condition is that the tangential intensity 
at the surface of the sphere must be the same in the air as in the 
dielectric; this will be true if 

M 

H sin 9 r- sin 9 = H' sin 9 , 

a 3 



or 


a). 
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The second boundary condition is that the normal polarization 
the surface of the sphere must be the same in the air as in the 
dectric, thus 


477 


II cos 9 • 


II \ 


2 M 


cos 9 


K 

47T 


IV cos 9 , 


2 M 


Kir 


.( 2 ). 


Equations (1) and (2) will bo satisfied, if 


IV 


WE 

AH- 2* 


d if 


M 


II (K - 1) 
A-h 2 


Tims, since, if //' and M have tliese valuta the conditions a re 
jisfied, this will bo the solution of the ]>robl(‘m. We see that the 
;cnsity inside the sphere is W/(K 1- 2) of that in. the original held, 
that the intensity of the held is less inside the sphere than outside; 
the other hand the number of Faraday tubes which pass through 
it area inside the sphere is WK/{K -f- 2) times the number passing 
rough unit area in the original uniform field. When K is very great 
:/(K + 2) is approximately equal to 3, so that the Faraday tubes 
this case will be 3 times as dense inside the sphere as they are 
a great distance away from it. This illustrates the crowding of the 
radav tubes to the sphere. 

The diagram of the lines of force for this case whs given in Fig. 4 1 , 


Method of In version . 

105, This is a method by which, when wo have obtained the 
ution of any problem in electrostatics, we can by a geometrical 
)ccss obtain the solution of another. 

Definition of inverse points. If 0 is a fixed point, P a 
riable one, and if we take P f on OP, so that 

OP . OP' » k\ 

ere & is a constant, then P f is defined to be the inverse point of P 
:h regard to 0, while 0 is called the centre of inversion, and k 
) radius of inversion. 


T. E. 


9 


it me point Jr moves about so as to trace out a suriace, men Jr 
will trace out another surface which is called the surface inverse 
to that traced out by P. 

We shall now proceed to prove some geometrical propositions 
about inversion. 

106. The inverse surface of a sphere is another sphere. 

Let 0 be the centre of inversion, P a point on the sphere to be in- 
verted, C the centre of this sphere. Let the chord OP cut the sphere 
again in P f , let Q be the point inverse to P, Q r the point inverse to 
P', P the radius of the sphere to be inverted, then 

OP.OQ -7c 2 . 
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But 

OP . OP' = OO 2 - R 2 , 

and thus 

■ 7,2 

~ OO 2 - R 2 0P ’ 

similarly 

~ OO 2 - R 2 ° P ’ 

and 



oc^-fiy 

Thus OQ bears a constant ratio to OP' ; hence the locus of ( 
is similar to the locus of P\ and is therefore a sphere. Thus a sphere 
inverts into a sphere. If 

Jc 2 = OQ 2 - R 2 
the sphere inverts into itself. 
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To find the centre of the inverse sphere, let the diameter OQ cut 
ie sphere to be inverted in A and B. Let A', B' be the points inverse 
> A and B respectively and O' the centre of the inverted sphere; 
len 

00' = ~ ( OA ' -I- OB') 

2 \00-R 00 + It) 

00 

" • 00" - IP ' 



id 

FiK. n i 


If D is the point whore tlio chord of contact of tangents from O 
) the sphere cuts 00, then 


01 ) 


00 2 - IP 

00 


Hence D inverts into the centre of the sphere. 
The radius of the inverse sphere 

- I (OA' - OB') 

OC* — IP ' 


107 . Since a plane is a particular case of a -sphere a plane will 
ivertinto a sphere; this can be proved independently in the follow- 
ig way: 


9 •« 


132 ELECTRICAL IMAGES AND INVERSION [CH. V 

Let AB be the plane to be inverted, P a point on that plane, N the 
foot of the perpendicular let fall from 0 on the plane and Q and N' 
the points inverse to P and N respectively. Then since 

OQ.QP = ON ' . ON, 

OQ -°J V ’ 

ON' OP ; 

thus the two triangles QON ', PON have the angle at 0 common 
and the sides about this angle proportional, they a, re therefore 
similar, and the angle OQN' is equal to the angle ONP. Hence OQN' 
is a right angle and therefore the locus of Q is a sphere on ON' as 
diameter. 

108. Let 0 be the centre of inversion^ PQ two points andP'Q' 
the corresponding inverse points. 



Then 


OP' = 0£ 

OQ' OP ; 


thus the triangles- POQ, Q'OP' are similar, so that 


PQ __ P'Q' 
OP OQ' • 


If we have a charge e at Q } and a charge e' at Q f , then if V j> is 
the potential at P due to the charge at Q , and Y' P > the potential at P' 
due to the charge at Q', 


Take 


pr -rri & £ 6 & 

p ‘ r ~PQ-p T Q'~ OP ' OQ" 


e:e' = OQ 


7V=Fp 


: h 

h 

OP' 


( 1 ), 


then 
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If we have any number of charges at different points and take 
inverse of these points and place there charges given by the 
ression (1), then, if Fp be the potential at a point P due to the 
;inal assemblage of charges, Fj» the potential at P' (the point 
3 rse to P) due to the charges on the inverted system, 


Fp'= Fp 


A 

OP' * 


.s, if the original assemblage of charges produces a constant 
mtial F over a surface S, tlie inverted system will produce a 
V/c . 

mtial Qjpi at a point P ' on the inverse of S. Hence, if we add 

he inverted system a charge — JcV at the centre of inversion, 
potential over the inverse of S will be zero. 

[f the charges on the original system are distributed over a 
ace instead of being concentrated at points the charges on the 
nted system will also be distributed over a surface. Let o* be the 
;ace density at Q , a place on the original system, a the surface 
sity at Q\ the corresponding point on the inverted system, a a 
11 area at Q, a ' the area into which it inverts; then by (l) 

era : a a’ -- OQ : k 
, since a and a' are similar figures, 

a : a! - OQ 2 : 0Q'\ 

ice cr : a *= OQ' 2 : kOQ 


thus 


, WQ B 
a ~~ (J OQ ri ~~ <y 0Q'* 


( 2 ). 


Phis expression gives the surface density of the inverted figure 
lerms of that at the corresponding point of the original figure. 


109. As an example of the use of the method of inversion lotus 
nt the system consisting of a sphere with a uniform distribution 
lectricity over it, the surface density being V /irra ; where a is the 
lus of the sphere. We know in this case that the potential is 
3tant over the sphere and equal to F. Take the centre of inversion 
side the sphere and choose the radius of inversion so that the 
ere inverts into itself. Then, if to the inverted system we add a 
rge — kV at the centre of inversion the inverse sphere will bo at 
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potential zero. By equation (2) a the surface density in the inverted 
system at Q' is given by the equation 

CT ina'OQ' 3 ' 

If we put e = — TcY, this equals 

-e k 2 -e. (OG 2 -a z ) 

4 7ra ' OQ' 3 ina . OQ' 3 

where C is the centre of the sphere. 

Thus a charge e at 0 induces on the sphere at zero potential a 
distribution of electricity such that the surface density varies in- 
versely as the cube of the distance from 0. In this way we get by 
inversion the solution of the problem which we solved in Art. 87 by 
the method of images. 


110. As an example illustrating the uses of the method of inver- 
sion as well as that of images, let us consider the solution, by the 
method of images, of a charged body placed between two infinite 
conducting planes maintained at potential zero. 

Let P be the charged point, AB and CD the two planes at 
potential zero, & the charge at P. Then if we place a charge — e at P r 
where P' is the image of P in AB the potential over AB will be zero, 
it will not however be zero over CD; to make the potential over 
CD zero we must place a charge — e at Q, the image of P in CD, and 
a charge e at Q l3 the image of P' in CD. These two charges will 
however disturb the potential of AB ; to restore zero potential to AB 
we must introduce a charge + e at P x , the image of Q in AB, and 
a charge — e at P ", the image of Q 1 in AB. The charges at P-, and P" 
will disturb the potential over the plane CD; to restore it to zero 
we must place a charge ~ e at Q', the image of P x in CD, and a 
charge + e at Q 2 , the image of P" in CD, and so on; we get in this 
way two infinite series of images to the right of AB and to the left 
of CD. 


The images to the right of AB are (1) charges — e, at P', P", 
P " f . . . ; and (2) charges -b e, at P x , P 2 , P 3 . . . . 

Now P" is the image of Q ± in AB, which is the image of P' in CD 
and hence 




ELECITKICAL IMAGES A’MD INVERSION 


110 ] 


135 


thus FP" — FP' = P'P" 2FFJ =* 2c, if c is the distance between 
the plates. 

Similarly P'P" — P"P'" 2n and we can show in a simi- 

lar way that PP-, = P X P 2 = P 2 P 3 ~ - 2c. Thus on the right of 
AB we have an infinite series of charges equal to — e at the distance 
2 c apart, beginning at P f the image of P in A. /?, and a series of positive 
images at the same distance 2c apart, beginning at P l9 a point distant 
2c from P. 

Similarly to the left of CD we have an infinite series of images 
with the charge — e at the distance 2c apart, beginning at Q, the 
image of P in CD } and an infinite series of images each with the 
charge + e, at points at a distance 2c apart, beginning at Q ,, a point 
distant 2c from P. 


J) A 


- 1 — 1 

1 

1 1 - - - 1 

s 

-c? 

.w r 

■v j 

v j,- j : ,y 


0 Ji 


PiR. 50 


Now invert this system with respect to IK The two plant's invert 
into two spheres touching each other at /\ and maintained at a 
potential — ejh, the images to the right of A B invert into a series of 
charged points inside the sphere to the right of P and the image* 
to the left of CD invert into a system of charged points inside the 
sphere to the left of P. 

The system of charged points inside the sphere* will produce 
a constant potential -- ejk over the surface of the spheres, and there- 
fore at a point outside the spheres the electric? field due to the two 
spheres in contact will bo the same as that due to the. system of the 
electrified points. 
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If a,b are the radii of the spheres into which the planes AB, CD 
invert, and if PF = d, then 

M ~J lfJfe* 

c 2 (a bj- 

2b = 7 

c — a 

Consider now the series of images to the right of AB. The series 
of positive charges at the distance 2c apart invert into a series of 
charges inside the sphere, whose radius is a, of magnitudes 

eh eh eh 
2c’ Tc’ 6c’ **’’ 

since 

charge at inverted point 
charge at original point 

= h 

distance of original point from centre of inversion * 

The series of negative images at the distance 2c apart invert into 
a series of negative charges 

eh eh eh 

~2 V ~2cT2S’ ~4c + 2 d 9 '"‘ 

Similarly, inside the sphere into which the plane CD invex*ts, 
we have a series of positive charges 

eh eh eh 
2c’ 4c’ 6c’ 

and a series of negative ones 

eh eh eh 

~2 \o-dy ~ic^ 2 d’ 

Thus E 1} the sum of the charges on the points inside the first 
sphere, is given by the equation 
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] 

le E 2 , the sum of the charges inside the second sphere, is given 
the equation 


E * = ek {{kc + Tc + b + - 


-f-± 

\ 2c- 


i + 


2 d 4c — 2 d 


+ 




Rearranging tlie terms, we may write 


E 1 = . 


eh\\ - 


d 


d 


2 [d c(e+d) 2c (2c + d) 3c(3c + d) 


v 1 , d ( 1 1 1 

2 ~ 2 ctc-d' l "2(2c-d) + 3(3c-d) + 

Expanding the expressions for E t and E 2 in powers of d/c we get 


-}• 




1 

d a 


r2^ + ^3-^ 4 +...)...:.....(3), 


ire 


^=-^7 C ~(5 2 + ^ 3 +g^ + J^ + ...), 
5 -1 + JL + 1 + JL+ 


The values of S n are given in De Morgan’s Differential and Integral 
cuius , p. 554, 


^ = ^= 1-645, 

£3 = 1-202, 

S 4 -~= 1 - 082 , 


8 S = 1-037, 


So = 


£,= 


945 

1-008. 


1-017, 


Since 7i\ can be got from 7? 2 by writing e — d for d, we get 


E, 



(«-$ 

c 2 




Now, the total charge spread over the surface of the first sphere 
iqual to the sum of the charges at the points inside the sphere 
}hese produce the same effect at external points as the electrifica- 
i over the surface of the sphere : thus, ■»! will be the charge on 
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the. first sphere, that on the second. Tf V is the potential of the 

c 


spheres 
lienee 

Va I ] 


V- 


k’ 


L\ - Vb 


h- 

\ a »|- - 

(l - -y 

V a H- 


b h h 

b a !• 2b 2 (a \ b) 2a |* 2b 
b b 

8 {a h b) 2a ■ | • 4 b 
a a a 

b 2a -|« b 2 {a *!• /;) 2a |- 2b 
a a 

2 (d'|‘ b) 4a |' 2b 


■••) ...(B), 


...( 6 ), 


Ih 

and. also 

M 


(u 


Tlio viiluo of /£> van bo ^ot by iutoroluiu^ing a and b in tlio ox- 
pimsionH (7) and (8). 

Lot uh now oonmdor Homo npooial canon, Taka fmdi tho ohho wlion 
a b } them from equation (R) wo have 

n ir f ( 11 11 II ) 

/l >" ’“{ "2S ~.l li - 0 7 -f 

r r (, 1.1 1,1 1,1 1 

1 V ”2 3 v '1 1 r> (i 1 7 “‘I 

Va log 2, 

tho logarithm being tho Napierian logarithm. 

Since log 2 •01)3 

fi x .(11)3 Va. 

The charge on the. second sphere is also li x \ thus the total charge 
on tho two spheres is 

1-380 Va. 


When V - 1 the charge on the two spheres Sh equal to the capacity 
of the system; lienee tho capacity of two equal spheres in contact 
is 2» log 2 or 1-386 a. 
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If the spheres had been an infinite distance apart, the capacity 
the two would have been 2a; if there had only been one sphere the 
pacity would have been a. 

We can find from this the work done on an uncharged sphere 
Len it moves under the attraction of a charged sphere of equal 
3ms from an infinite distance into contact with the charged sphere, 
t a be the radius of each, sphere and e the charge on the charged 
here; then, when the spheres are at an infinite distance apart, the 
tential energy is « a /2 a and when the spheres are in contact the 
tential energy is c 2 /2 x l*38(kr.. Hence the work done by the electric 
Id while the uncharged sphere falls from an infinite distance into 
itact with the charged sphere is 


le* 
2 a 




If one sphere has a charge Iti, the other the charge c, then, when 
uy are at an infinite distance apart, the potential energy is 


1 

2a 


{ffH- c 2 }. 


When the spheres are in contact the potential energy is 

1 


2 x l-38Ga 


{% -h «}«. 


Hence the potential energy is greater in the second case than in 
3 first by 

(!l) - 

If E e, this is equal to 

! 'A An* 
a 

This is tho work required to push tho spheres together against 
3 repulsions exerted by their like charges. 

The expression (9) vanishes when life is approximately f> or 1/5; 
this case the potential energy is the same when the spheres are in 
ataet as when they are an infinite distance apart; thus no work is 
mt or gained in bringing them together. Tho attraction due to the 
luced electrification on the average balances the repulsion due to 
i like charges. 


uy jo; we nave 


Ei- 


Vba 2 
= '( a +&) 2 


a -I- b 




or approximately, when b/a is largo, 



Ei - 



- V 


« a TT a 
/, (> 


1-045 


K« a 
ft • 


Interchanging a and ft in (7) wo got 


• 1 - f“? ,y*'a 

v f a . 

)\ ■ 

...[ 

1 V« -l" b) 

\a \ i 


J 


or approximately, when b/a is large, 

*•- v (" 

The mean surface density over the small sphere in 

Bi L V 7T» V 
Amt? "* 4.77*/; ' 0 -Itt/j * 

The mean surface density over the large sphere is approxi- 
mately 

H % V 

Airly 1 Airh 

and hence the mean surface density on the small sphere is rfij 0 or 
1*645 times that on the large sphere. We saw in Art,. 98 that, when 
a small hemisphere was placed on a large sphere, tin* mean density 
on the hemisphere was Hi times that cm the sphere. 

Since a plane may be regarded as a sphere of infinite radius, we 
see that if a sphere of any si m is placed cm a conducting plane the 
mean surface density of the electricity on the sphere is v *li\ of that 
on the plane. 
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> have 

= Vb jl + 2-404 pj- approximately, 
as, the capacity of the system of two spheres is approximately 
&{l+ 2-404^}. 

i have thus 

rease of capacity due to small sphere 
„ Capacity of large sphere 

. volume of small sphere 

— 2*404 1 =-= 

volume of large sphere ' 

us in this case, as in that discussed in Art. 96, the increase of 
by due to the small body is proportional to the volume of the 
body. 

om this result we can deduce the work done on a small un- 
)& sphere of radius a when it moves from an infinite distance 
a large sphere of radius b with a charge E. 
r, when they arc at an infinite distance apart, the potential 
-is equal to \ E * 

2 ¥’ 

the spheres are in contact the potential energy is 

1 

2 6 jl 4- 2 - 404pj * 

.e work done on the small sphere by the electrical forces is the 
>nce between these expressions, or approximately, 

E z 1-202 n- 
b 4 


CHAPTEK VI 


MAGNETISM 

111. A ininoml called c lodontiono ? or magnetic oxide of iron, 
which is a compound of iron and oxygon, in often found in a state 
in which it possesses the po\vcr of attracting small pieces of iron such 
as iron filings; if the lodestone is dipped into a mass of iron filings 
and tlven withdrawn, some of the iron filings will cling to the lode- 
stone, collecting in tufts over its surface. The behaviour of the lode- 
stone is thus in some respects analogous to that of the rubbed sealing- 
wax in the experiment described in Art. 1. There are however 
many well-marked differences between the two cases; thus the 
rubbed sealing-wax attracts all light bodies indifferently, while the 
lodestone does not show any appreciable, attraction for anything 
except iron and, to a much smaller extent, nickel and cobalt. 

If a long steel needle is stroked with a piece of lodestone, it will 
acquire tluvpower possessed by the lodestone of attracting iron filings; 
in this case the iron filings will congregate chiefly at two places, 
one at each end of the needle, which are called the poles of the needle. 

The piece of lodestone and the needle are said to be magnetized; 
the attraction of the iron filings is an example of a large class of 
phenomena known as magnetic. Bodies which exhibit the properties 
of the lodestone or the needle are ('.ailed nutf/miHy and the region around 
them is called the 'magnetic field 

The property of the lodestone was known to the ancients, and is 
frequently referred to by Pliny and Lucretius. The science of Magne- 
tism is indeed one of the oldest of the sciences and attained con- 
siderable development long before the closely allied science of 
Electricity; this was chiefly clue to (filbert of Colchester, who in his 
work de Magneto published in 1600 laid down in an admirable manner 
the cardinal principles of the science, 

112. Forces between Magnets. If we take a needle which 
has been stroked by a lodestone and suspend it by a thread attached 
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Bntre it will set itself so as to point in a direction which is not 
ir from north and south. Let us call the end of the needle 
points to the north, the north end, that which points to the 
the south end, and let us when the needle is suspended mark 
i which is to the north; let us take another needle, rub it with 
estone, suspend it by its centre and again mark the end which 
the north. Now bring the needles together; they will be found 
t forces on each other, and the two ends of a needle will be 
to possess sharply contrasted properties. Thus if we place 
gnets so that the two marked ends are close together while 
nmarked ends are at a much greater distance apart, the marked 
ill he repelled from each other; again, if we place the magnets 
i the two unmarked ends are close together while the marked 
'e at a much greater distance apart, the unmarked ends will be 
to bo repelled from each other; while if we place the two 
fcs so that the marked end of one is close to the unmarked end 
other, while the other ends are much further apart, the two 
hich are near each other will be found to be attracted towards 
her. We see then that poles of the same kind are repelled from 
(her, while poles of opposite kinds are attracted towards each 
Thus the two ends of a magnet possess properties analogous 
jg shown by the two kinds of electricity. 

We shall find it conduces to brevity in the statement of 
vs of magnetism to introduce the term charge of magnetism , 
express the property possessed by the ends of the needles in 
needing experiment by saying that they arc charged with 
tism, one end of the needle being charged with positive 
tism, the other end with negative. We regard the end of the 
which points to the north as having a charge of positive 
tism, the end which points to the south as having a charge 
ative magnetism. It will be seen from the preceding experi- 
diat two charges of magnetism are repelled from or attracted 
Is each other according as the two charges are of the same or 
to signs. It must be distinctly understood that this method 
irding the magnets and the magnetic field is only introduced 
rding a convenient method of describing briefly the phenomena 
t field and not as having any significance with respect to the 
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constitution of magnets or the mechanism by which the forces are 
produced: we saw for example that the same terminology afforded 
a convenient method of describing the electric field, though we 
ascribe the action in that field to effects taking place in the dielectric 
between the charged bodies rather than in the charged bodies them- 
selves. 

114. Unit Charge of Magnetism, often called pole of unit 
strength. Take two very long, thin, uniformly magnetized needles, 
equal to each other in every respect (we can test the equality of 
their magnetic properties by observing the forces they exert on a 
third magnet), let A be one end of one of the magnets, B the like 
end of the other magnet, place A and B at unit distance apart in 
air, the other ends of the magnets being so far away that they exert 
no appreciable effect in the region about A and B : then each of the 
ends A and B is said to have a unit charge of magnetism or to be 
a pole of unit strength when A is repelled from B with the unit 
force. If the units of length, mass and time are. respectively the 
centimetre, gramme and second the force between the unit poles is 
one dyne. 

A charge of magnetism equal to 2, or a pole of strength 2, is one 
which would be repelled with the force of two dynes from unit charge 
placed at unit distance in air. 

If m and m' are the charges on two ends of two magnets (or the 
strengths of the two poles), the distance between the charges being 
the unit distance, the repulsion between the charges is mm ' dynes. 
If the charges are of opposite signs mm' is negative: we interpret 
a negative repulsion to mean an attraction. 

115. Coulomb by means of the torsion balance succeeded in 
proving that the repulsion between like charges of magnetism varies 
inversely as the square of the distance between them. We shall 
discuss in Art. 132 a more delicate and convenient method of proving 
this result. 

Since the forces between charges of magnetism obey the same 
laws as those between electric charges we can apply to th.e magnetic 
field the theorems which we proved in Chap. n. for forces varying 
inversely as the square of the distance. 
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The Magnetic Force at any point is the force which 
jt on unit charge if placed at this point, the introduction 
harge being supposed not to influence the magnets in the 

Magnetic Potential. The magnetic potential at a 
is the work which would be done on unit charge by the 
3 forces if it were taken from P to an infinite distance. We 
r e as in Art. 17 that the magnetic potential due to a charge 
istanco r from the charge is equal to m/r. 

The total charge of Magnetism on any magnet 

This is proved by the fact that if a magnet is placed 

form Held the resultant force upon it vanishes. The earth 

a magnet and produces a magnetic field which may be 

L as uniform over a space enclosed by the room in which 

niments are made. To show the absence of any horizontal 

t force on a magnet, we may mount the magnet on a piece 

. and let this float on a basin of water, then though the 

will set so as to point in a definite direction, there will be 

me y for the magnet to move towards one side of: the basin. 

i a couple acting on the magnet tending to twist it so that 

jnet sets in the direction of the magnetic force in the field, 

e is no resultant horizontal force on the magnet. The absence 

/erfcioal force is shown by the fact that the process of mag- 

:m has no influence upon the weight of a body. Hither of 

suits si lows that the total charge on the body is zero. For 

m% 3 m 3 , Sc c. be the magnetic, charges on the body, F the 

I magnetic force, then the total force acting on the body in 

civic n of F is v „ 

hPm. 

aoo the field is uniform, is equal to 

his vanishes 'Em — 0, i.o. the total charge on the body is 
fence on any magnet the positive charge is always equal to 
ativo one. 

m considering electric phenomena we saw that it was im- 
> to get a charge of positive electricity without at the same 
itting an equal charge of negative electricity. It is also 
ble to get a charge of positive magnetism without at the 

IO 
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same time getting an equal charge of negative magnetism; but 
whereas in the electrical case all the positive electricity might be 
on one body and all the negative on another, in the magnetic case 
if a charge of positive magnetism appears on a body an equal charge 
of negative magnetism must appear on the same body. This difference 
between the two cases would disappear if we regarded the dielectric 
in the electrical case as analogous to the magnets; the various charged 
bodies in the electrical field being regarded as portions of the surface 
of the dielectric. 

119. Poles of a Magnet. In the case of very long and 
thin uniformly magnetized pieces of iron and steel we approximate 
to a state of things in which the magnetic charges can be regarded 
as concentrated at the ends of the magnet, which are then called its 
poles; the positive magnetism being concentrated at the end which 
points to the north, which is called the positive pole, the negative 
charge at the other end, called the negative pole. 

In general however the magnetic charges are not localized to 
such an extent as in the previous case, they exist more or less over 
the whole surface of the magnet; to meet these cases we require a 
more extended definition of 'the pole of a magnet. 5 

Suppose the magnet placed in a uniform field, then the forces 
acting on the positive charges will be a series of parallel forces all 
acting in the same direction, these by statics may be replaced by a 
single force acting at a point P called the centre of parallel forces 
for this system of forces. This point P is called the positive pole of 
the magnet. Similarly the forces acting on the negative charges may 
be replaced by a single force acting at a point Q. This point Q is 
then called the negative pole of the magnet. The resultant force 
acting at P is by statics the same as if the whole positive charge 
were concentrated at P; this resultant is equal and opposite to that 
acting at. Q. 

120. Axis of a Magnet. The axis of a magnet is the line 
joining its poles, the line being drawn from the negative to the 
positive pole. 

121. Magnetic Moment of a Magnet is the product of 
the charge of positive magnetism multiplied by the distance between 
the poles. It is thus equal to the couple acting on the magnet when 
placed in a uniform magnetic field where the intensity of the magnetic 
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ce is unity, the axis of the magnet being at right angles to the 
ection of the magnetic force in the uniform field. 

122. The Intensity of Magnetization is the magnetic 
mient of a magnet per unit volume. It is to be regarded as having 
ection as well as magnitude, its direction being that of: the axis 
the magnet. 

123. Magnetic Potential due to a Small Magnet. Let 

md B , Mg. 57, represent the poles of a small magnet, m the charge 
magnetism at B , — m that at A. 
fc 0 bo the middle point of AB. 
nsider the magnetic potential at 
due to the magnet AB. The mag- 
ic potential at P due to m at B is 

j , that due to — m at A is — , 

:icc the magnetic potential at P duo 
bli.c magnet is 

m m 
BP " AB ’ 

Prom A and B let fall perpendiculars AM and BN on OP: since 
i angles BBC), ABO are very small and tlio angles at M and N are 
lit angles, the angles PBN and PAM will be very nearly rigid; 
glcs, so that approximately 

BP PN PO ~ ON, 

AP PM : PO \0M PO \ ON. 

rp] m m m m 

lhm BP ~ AP ~ PO ON PO | ON 

"Im . ON 
OP* ON*' 

\ this, since ON is very small compared with OP, is approximately 
lal to 

2 m . ON 
OP* 

mAB cos 0 
OP* ’ 

.ere 9 is the angle BOB. 

10 -2 
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If M is the magnetic moment of the magnet 
M = mAB, 

hence the potential due to the magnet is equal to 

M cos 8 

124. Resolution of Small Magnets. 

We shall first prove that the moment of a small magnet may be 
resolved like a force, i.e. if the moment of the magnet is M, and if 
a force M acting along the axis of the magnet be resolved into forces 
M Xi M 2 , M 3 , &c. acting in directions OL x , OL 2 , 0L 3 , &c., where 
0 is the point midway between the poles, then the magnetic action 
of the original magnet at a distant point is the same as the combined 
effects of the magnets whose moments are M x , M 2 , M 3 , &c., and 
whose axes are along OL v 0L 2 , OL 3 , &c. 

Now suppose a force M in the direction AB , Fig. 57, is the 
resultant of the forces M Xi M 23 M s in the directions 0B X> OB 2 , OJ? 3 , 
&c., let OB x , 0B 2i 0B 3 make angles 8 ls 8 2) d 3 with OP, then 

M cos 6 = M x cos 9 X + M 2 cos d 2 + . . . 3 
, M cos 8 _ M x cos 9 3 M 2 cos 9 2 

and —Qp 2 - Qpz + ... . 

Now M x cos 8 x /OP 2 is the magnetic potential at P due to the 
magnet whose moment is M x and whose axis is along OB X) 
M 2 cos 8JOP 2, is the potential due to the magnet whose moment is 
M 2 and whose axis is 05 2 , and so on; hence we see that the 
original magnet may be replaced by a series of magnets, the original 
moment being the resultant of the moments of the magnets by 
which the magnet is replaced. In other words, the moment of a 
small magnet may be resolved like a force. 

By the aid of this theorem the problem of finding the force due 
to a small magnet at any point may be reduced to that of finding 
the force due to a magnet at a point on its axis produced, and at 
a point on a fine through its centre at right angles to its axis. 

125. To find the magnetic force at a point on the axis 
produced. Let AB } Fig. 58, he the magnet, P the point at 
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ich the force is required. The magnetic force at P due to the 
urge m at B is equal to 

m 

(OP - QBf' 

The magnetic force due to — m at A is equal to 

m 

~ (OP + OBf' 

The resultant magnetic force at P is equal to 

m m Am .OB . OP 

(OP-'OWf ~ (OP q. OBf ' (OP 2 ~ OB 2 f 

Am . OB . OP 
OP* 

>roximatoly, since OB is small compared with OP. 


Q 



Fig. r>H 


If M is the moment of the magnet M 2 inOli, thus the magnetic 
30 at P is equal to 

2 nr 
op a : 

The direction of this force is along OP. 


126. To find the magnetic force at a point Q on the 
e through O at right angles to AB. Mince Q is equidistant 
na A and B, Fig. 58, the forces due to A and li are equal in 


MAGNETISM 


150 


[CH. VI 


magnitude; the one being a repulsion, the other an attraction. The 
resultant of these forces is equal to 

2 m 0B_ M 
BQ*BQ~BQ* 

_M_ 

~OQ*' 

since BQ is approximately equal to OQ. 

The direction of this force is parallel to BA and at right angles 
to OQ. 

If Q, a point on the line through 0 at right angles to AB, is the 
same distance from 0 as P, a point on AB produced, we see from 
these results that the force at P is twice that at Q . This is the 
foundation of Gauss’s method (see Art. 132) of proving that the 
force between two poles varies inversely as the square of the distance 
between them. 


127. Magnetic force due to a small magnet at any 
point. Let AB, Fig. 59, represent the small magnet, let M be 

its moment, 0 its centre, P the point 
at which the force is required, let OP 
make an angle 9 with AB, the axis of 
the magnet. By Art. 124 the effect of 
M is equivalent to that of two mag- 
nets, one having its axis along OP 
and its moment equal to M cos 6 , 
the other having its axis ab right 
angles to OP and its moment equal 
to M sin 6. Let OP = r. 

The force at P due to the first is, 
by Art. 125, along OP and equal to 2 M cos 6/r 3 , the force at P due 
to the second magnet is at right angles to OP and equal to 
M sin 0/r 3 , hence the force due to the magnet AB at P is equiva- 
lent to the forces 



Fig. 59 


2 M cos 9 


along OP, 


M sin 9 


at right angles to OP. 


and 
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Let the I'esijJtant magnetic force at P make an angle <j> with OP, 
n . 


M sin 9 


tan 6 = r-ir* 3 = A tan 

Y 2 M cos 0 2 


r 3 

Let the direction of the resultant force at P cut AB produced in 
draw TIL, arb right angles to OP, then 


tan </> = 


TL 

PL' 


tan0 = oT’ 

1 since "ban. <56 = | tan 0, Pi = 20L. Thus OL — |0P. Thus, to 
i the direction of the magnetic force at P, trisect OP at i, draw 
at right b angles to OP to cut AB produced in T , then PP will 
the direction of the force at P. 

The magnitude of the resulting force is 

JkT , M y 

a/ 4 cos 2 0 4- sin 2 0 = VT + 3 cos 2 6 ; 


a given value of r it is greatest when 9 = 0 or tt, i.e. at a point 
>ng the axis, and least when 6 = tt/ 2 or 3 tt/ 2, i.e. at a point on 
i line at .right angles to the axis. The maximum value is twice 
3 minimxxxn one. 

The curves of constant magnetic potential are represented by 

nations of blie form „ „ n 

cos 9 ~ 

- o , 

r 2 

3 lines of force which cut the equipotential curves at right angles 
3 given b y *bhe equations 

r=0 sin 2 <9, 


tore C is a. -variable parameter. 

The radius of curvature of the line of force at a point P can 
sily be proved to equal 

2 r 

3 sin </> ( 1 + sin 2 cf>) 3 

lere cf> is tire angle the line of force makes with OP. Thus the 
dius of cixrvature at points on the line bisecting the magnet at 
jht angles is one-third of the distance of the point from the magnet. 
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128. Couple on a Magnet in a Uniform Magnetic Field. 

If a magnet is placed in a uniform field the couple acting on tdb-© 
magnet, and tending to twist it about a line at right angles 'both, 
to the axis of the magnet and the force in the external field, is 

MH sin 8 , 

where M is the moment of the magnet, H the force in the uniform 
field, and 8 the angle between the axis of the magnet and the direction 
of the force. 

Let AB be the magnet, the negative pole being at A , the positive 
one at B. Then if m is the strength of the pole at B , the forces on 
the magnet are a force mH at B in the direction of the external 
field and an equal and opposite force at A. These two forces are 



equivalent to a couple whose moment is HmNM , where NM is tlx© 
distance between the lines of action of the two forces. But 
NM — AB sin 9, 

if 9 is the angle between AB and H\ hence the couple on the magnet is 
HmAB sin 9 = HM sin 9. 


129. Couples between two Small Magnets. 

Let AB, CD, Fig. 60, represent the two magnets; 
moments; r the distance between their centres 0, O'. 
make respectively the angles 8, 8' with 00 / . 

Consider first the couple on the magnet CD. 

The magnetic forces due to AB are 

2 " c ° s9 .l0 ng 00', 


fpo 

M sin 9 
r 3 


at right angles to 00'. 


M, M' their 
Let AB, CD 


These may he regarded as constant over the space occupied by 
the small magnet CD. 
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The couple on CD tending to produce rotation in the direction 

Jhe hands of a watch, due to the first component, is 

2M cos 9 „ . , 

-- -3 ill sm 9 , 

t due to the second is 

M sin 0 ~ , 

- .. M cos 0 ; 

ice the total couple on CD is 
MM/ 

■ $ (2 cos 0 sin 0' -|- sin 9 cos O'). 

This vanishes if tan 9' «=* — \ tan 6 , i.o. if CD is along the line 
,orce due to A 8 , sec Art. 127. 

We may show in a similar way that the couple on AB duo to 
1 tending to produce rotation in the direction of the hands of a 
teh is j|f jjf ' 

3 - (2 cos 0' sin 0 H* sin O' cos l9). 

For hotli these couples to vanish, 0 0 or 77, -- 0 or tt, or 

rjT 

: d o > — d* o 5 14 ° that the axes of the magnets must be parallel 

A A 

each other, and either parallel or perpendicular to the line joining 
1 centres of the two magnets. 

We shall find it convenient to consider four special positions of 
1 two magnets as standard eases. 


A Ji 


Casio I. 

t 1 1 t t 1 t t 1 1 t 1 1 1 t 

Fig. (U 


a t> 


0 M 0, Q ’ m (), couples vanish, equilibrium stable; 

Casio II. 


Ji 


I) 


•1 1 


1% 02 


9 ~ O' « g, couples vanish, oquilibrium tmNt.abh>, 
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Case III. 

D 

A B ' ' " " ' ' ' ' ' • [ 

a 

Kg. 63 

w , 2 MM' , MM' 

8 = 0 , ^ = g ’ C0U P le on CD = y 3 ~~~ j couple on /I.B = — 3 • 

Wien the magnets are arranged as in this case, AB is said to he 
‘end on’ to CD, while CD is ‘broadside on 5 to AB. 

Case IV. 

B 


„ 7T A , nr , MM' , , D 2MM' 

8 = — , 6 =0, couple on CD = — , couple on AB — — ^ — . 

2 f T 

In this case AB is broadside on to CD. We see that the couple 
exerted on CD by AB is twice as great when the latter is end on as 
when it is broadside on. 

It will be noticed that the couples on AB and CD are not in 
general equal and opposite; at first sight it might appear that this 
result would lead to the absurd conclusion that if two magnets were 
firmly fastened to a board, and the board floated on a vessel of 
water, the board would be set in rotation and would spin round 
with gradually increasing velocity. The paradox will however be 
explained if we consider the forces exerted by one magnet on the 
other. 


130, Forces between two Small Magnets- Let AB, CD 

(Pig. 60) represent the two magnets, 0, 0 r the middle points of AB, 
CD respectively, 9, 6' the angles which AB, CD respectively make 
with 00'. Let f be the angle DOO r — 00' ; m, m' the strengths 
of the poles of AB and CD. 

The force due to the magnet AB on the pole at D consists of the 
component 


2 Mm' 

w 


cos (6 — (/>), 



30] 

long OD, and 
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Mm . a , 

Qjyi sm (6 ~ </>), 

fc right angles to OD. 

These are equivalent to a force equal to 

2Mm' cos (9 — cf>) cos <j> Mm 1 sin (9 — <•/>) sin gS 

on* ' OD* ’ 

long 00', and a forco equal to 

2 Mm' cos (0 — (f>) sin <f> Mm' sin (6 — c/j) cos $ 

OD 3 " ~~ O D* ’ 

cting upwards at right angles to 00' . 

Neglecting squares and higher powers of. ODjOO' we have 

OD 

cos <■/> = 1, sin c/> sin 6', 

on c« If. ^ -*-* ^ c,» 

Substituting these values wo hoc that the force exerted by AB 
»n D is approximately equivalent to a component 

2 Mm' oofl 0 )\Mm' CD com 0 cos O' 3 Mm' OD sin 0 sin O' 

2 r* 

Jong 00', and a component 

Mm'rnxO HMm' OD sin 0 cob O' 3 M.m' CD cos 0 Bin 0' 

~~ 2 r 4 ‘ 2 r 4 9 

acting upwards at right angles to 0(/. 

We may show in a similar way that the forco exerted by AB on 
1 is equivalent to a component 

2Mvi' cos 0 \)Mm' (ID cos 0 cos 0' 3 Mm' ODm\ 0 sin O' 

~~ r 4 ’ ! "2 * 

Jong 00', and a component 

Mm' sin 0 3 Mm' OD sin 0 cos 0' 3 Mm' OD cos 0 sin 0' 

r® '''2 r* 2 r* * 

icting upwards at right angles to 00*. 
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Hence the force on the magnet VI) 9 which in the resultant of the 
forces acting on the poles (•, I), in equivalent to a component 

Ail/ it/ 0 « .j, . .1 . 

4 (2 cos 0 com // sm 0 sin 0 ), 

along 00 ' , and a component 

mi/' . .. . fit\ 

4 (sint/eosi/ | cost/ sm (/), 

acting upwards at right angles to 00'. 

The foroo on the magnet AH is equal in magnitude and opposite 
in direction to that on (7), 

ft wo consider the two magnets as forming one system, the two 
forces at* right angles to 00' are equivalent to a couple whose moment 
is 

U/1//I/' 

(vmOinnO' I sinflrnstf'), 

* v 

this couple is equal in magnitude and opposite in direction to the 
algebraical sum of the couples on the magnets AH, (7! found in 
Art. 120; this result explains the paradox alluded to at the end of 
that article. 

131. Force between the Magnets in the four standard 
positions. In the positions described in Art. 120, the forces 
between the magnets have the following values. 

Cask I. Kig, OK 

0 0, f) f o. Korea between magnets is an attraction along the 

line joining their centres equal to 

dl/d/' 
r 4 * 


CJahk II. Kig. 02. 

0 O' ™ . Forets is a repulsion along the' line joining the 
cenfcroH equal to 

WMM' 

r* 



MAGNETISM 


157 


2 ] 

Case TIT. Pig. t>«P 

8 — 0, O' -- Poi’c’.o is a!; right angles to the line joining the 
itres and equal to 

3MM’ 

t* - 

Casio TV. Pig. 04. 

0 « ”, 8' = o. Puree is at right angles to the line joining the 
itres and equal to 

WMM' 

The forties between the magnets vary inversely as the fourth 
wer of the distance between their centres, while the couples vary 
fOi'Holy as only the cube of this distance. The directive influence 
deli the magnets exert on each other thus diminishes less quickly 
tli the distance than the translatory forties, so that when the 
ignets are far apart the directive influence is much the more 
portant of the two. 

132. Gauss’s proof that the force between two magnetic 
les varies inversely as the square of the distance between 

em, We saw, Art. I2i), that, the distance between the magnets 
naming the same, the couple exerted by the first magnet on the 
icmd was twice as great when the first magnet was ‘end on* to 
3 second as when it was 'broadside on.* This is equivalent to the 
mlt proved in Art. 127, that when P and Q are two points at the 
no distance from the centre*, of the magnet, P being on the axis 
the magnet and Q on the line through the centre at right angles 
the axis, the magnetic force at P is twice that at Q. This result 
ly holds when the force, varies inversely as the square of the 
itanco; we shall proceed to show that if the force varied inversely 
the pth power of the distance the magnetic force at P would be 
times that at Q. 

If the magnetic force, varies inversely as the ptk power of the 
Jtance, then if m is the strength of one of the poles of the magnet, 
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the magnetic 
equal to 


force at P , Fig. 58, due to the magnet AB 
m m 


is 


BPv APv 


m m 

= (OF^OWf ~ {OP + OB)* 

2 mp . OB 

= op^+i ’ 

approximately, if OB is very small compared with OP; if M is the 
moment of AB this is equal to 

pM 

Of**- 

m 05 , m OJ. 

The force at AQ P AQ 

M 

approximately. 

Thus the magnetic force at P is p times that at Q. We see from 
this that if we have two small magnets the couple on the second 
when the first magnet is 'end on 5 to it is p times the couple when 
the first magnet is 'broadside on.’ Hence by comparing the value 
of the couples in these positions we can determine the value of p. 

This can be done by an arrangement of the following kind. 
Suspend the small magnet which is to be deflected so that it can 
turn freely about a vertical axis: a convenient way of doing this 
and one which enables the angular motion of the magnet to be 
accurately determined, is to place the magnet at the back of a very 
light mirror and suspend the mirror by a silk fibre. When the 
deflecting magnet is far away fche suspended magnet will under the 
influence of the earth’s magnetic field point magnetic north andsouth. 
When this magnet is at rest bring the deflecting magnet into the 
field and place it so that its centre is due east or west of fche centre 
of the deflected magnet, the axis of the deflecting magnet passing 
through the centre of this magnet. The couple due to the deflecting 
magnet will make the suspended magnet swing from the north and 
south position until the couple with which the earth’s magnetic force 
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;o bring the magnet back to its original position just balances 
Meeting couple. 

; II be the magnetic force in the horizontal plane due to the 
magnetic field. Then when the deflected magnet has twisted 
h an angle 9 the couple due to the earth’s magnetic field is 
3. 128, equal to 

HM f sin 6 } 

M' is the moment of the deflected magnet. 

3 other magnet may be regarded as producing a field such that 
Lgnetic force at the centre of the deflected magnet is east and 
nd equal to 

Mp 


M is the moment of the deflecting magnet, r the distance 
in the centres of the deflected and deflecting magnets. Thus 
iple on the deflected magnet due to this magnet is 

MM r p cos 9 

f 2H-1 


tspended magnet will take up the position in which the two 
* balance: when this is the case 


II M/ sin 9 


MM'p cos 9 

yjH-'r ■ 


tan 9 * 


Mp 
: Hr 73 - > ;i 


( 1 ). 


w place the deflecting magnet so that its centre is north or 
of that of the suspended magnet, and at the same distance 
: as in the last experiment, the axis of the deflecting magnet 
xgain east and west. Let the suspended magnet be in equili- 
when it has twisted through an angle 9 \ The couple due to 
rth’s magnetic field is 

HM' sin 9\ 

3 couple due to the deflecting magnet is 
MM' cos 9' 
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Since the suspended magnet is in equilibrium these couples must 
be equalj hence 


HM'smB'-- 


MM' cos O' 

5 


hence 

Thus 


‘“O'-ffiBi < 2 >- 

tan 9 __ 
tan 9' 


Hence if we measure 6 and 6' we can determine p. By experiments 
of this kind Gauss showed that p = 2, i.e. that the force between 
two poles varies inversely as the square of the distance between 
them. 

If we place the deflecting magnet at different distances from the 
deflected we find that tan 6 and tan 6' vary as 1/r 3 , and thus obtain 
another proof that p = 2. 


133. Determination of the Moment of a Small Magnet 
and of the horizontal component of the Earth's Magnetic 
Force. Suspend a small auxiliary magnet in the same way as 
the deflected magnet in the experiment just described, and place 
the magnet A whose moment is to be determined, so that its centre 
is due east or west of the centre of the auxiliary magnet, and its 
axis passes through the centre of the suspended magnet. Let 9 be 
the deflection of the suspended magnet, II the horizontal component 
of the earth’s magnetic force, M the moment of A : we have, by 
equation (1), Art. 132, putting p = 2 

M 

-g r = -|r 3 tan#; 

hence if we measure r and 9 we can determine MjlL 

To determine MR suspend the magnet A so that it can rotate 
freely about a vertical axis, passing through its centre, taking care 
that the magnetic axis of A is horizontal. When the magnet makes 
an angle 9 with the direction in which II acts, i.e. with tiro north 
and south line, the couple tending to bring it back to its position of 
eqnihbrium is equal to 


MR sin 9. 
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mce if K is the moment of inerbia of the magnet about the 
al axis the equation of motion of the magnet is 

K^+MH sin 0*0, 

is small 


£%* + MH0 = 0 . 

at 2 


i T y the time of a small oscillation, is given by the equation 

T = 2wVJL, 

V ME 


MR- 


irrMl 
T l 5 


if we know K and T we can determine ME; and knowing 
from the preceding experiment we can find both M and H. 
alue of H at Cambridge is about *18 c.G.s. units. 


4. Magnetic Shell of Uniform Strength. A magnetic 
is a thin sheet of magnetizable substance magnetized at 
point in the direction of the normal to the sheet at that 

L e strength of the shell at any point is the product of the 
ity of magnetization into the thickness of the shell measured 
the normal at that point, it is thus equal to the magnetic 
nt of unit area of the shell at the point. 

» find the potential of a shell of uniform strength. Consider 
11 area a of the shell round the 
Q , Kg, 65, let 1 be the intensity 
ignetization of the shell at Q, 
thickness of the shell at the same 
The moment of the small magnet 
area is a is I at, hence if 6 is the 
which the direction of magnetiza- pig. (35 

nakes with PQ , the potential of 
nail magnet at P is by Art. 123 equal to 



E. 


I at cos 6 

w • 


II 
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If 4> is the strength of the magnetic shell 

It = </>, 

hence the potential at P is 

<pa cos 6 

~~W~' 

This, by Art. 10, is numerically equal to the normal induction 
over a due to a charge of electricity equal to <j> at P. Hence if </> is 
constant over the shell the potential of the whole shell at P is 
numerically equal to the total normal electric induction over it due 
to a charge at P. This, by Art. 10, is equal to <£<n, where co is the 
area cut off from the surface of a sphere of unit radius with its 
centre at P by lines drawn from P to the boundary of the shell; 
co is called the solid angle subtended by the shell at P ; it only depends 
on the shape of the boundary of the shell. 

If the shell is closed, then if P is outside the shell the potential’ 
at P is zero, since the total normal electric induction over a closed 
surface due to a charge at a point outside the surface is zero; if the 
point P is inside the surface and. the negative side of the shell is on 
the outside, then since the total normal electric induction over the 
shell due to a charge ^ at P is 47 r</>, the magnetic potential at P is 
4:7T(f>; as this is constant throughout the shell, the magnetic force 
vanishes inside the space bounded by the shell. 

The signs to be ascribed to the solid angle bounded by the shell 
at various points are determined in the following way. Take a 
fixed point 0 and with it as centre describe a sphere of unit radius. 
Let P be a point at which the magnetic potential of the shell is 
required. The contribution to the magnetic potential by any small 
area round a point Q on the shell, is the area cut off from the surface 
of the sphere of unit radius by the radii drawn from 0 parallel to 
the radii drawn from P to the boundary of the area round Q. The 
area enclosed by the lines from 0 is to be taken as positive or negative 
according as the lines drawn from P to Q strike first against the 
positive or negative side of the shell. By the positive side of the 
shell we mean the side charged with positive magnetism., by the 
negative side the side charged with negative magnetism. 

With this convention with regard to the signs of the solid angle, 
let us consider the relation between the potentials due to a shell at 
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two points P and P f ; P being close to the shell on the positive side, 
P f close to P but on the negative side of the shell. Consider the 
areas traced out on the unit sphere by radii from 0 parallel to those 
drawn from P and P f . The area corresponding to those drawn from 
P will be the shaded part of the sphere, let this area be the 
potential at P is </>&>. The area corresponding to the radii drawn 
from P' will bo the unshaded portion of the sphere whose area is 
4 t r — n>, but inasmuch as the radii from P' strike first against the 
negative side of the shell the solid angle subtended at P ; will be 
minus this area, i.e. w — dw; hence the magnetic potential due to 
the shell at P' is </> (co - - 47i). The potential at P thus exceeds that 
at P f by 47r<j6. 




Eig. 06 

In spite of this finite increment in the potential in passing from 
P' to the adjacent point P, there will be continuity of potential in 
passing through the shell if we regard the potential as given in the 
shell by the same laws as outside. 

Consider the potential at a point Q in .the shell, and divide the 
original shell into two, one on each side 
of Q. Then as the whole shell is uniformly 
magnetized the strength of the shells will 
be proportional to their thicknesses. Thus 
if (f> is the strength of the original shell the 

PQ 

strength of the shell between Pand Q will be</> , and that of 

()[>* 

the shell between Q and P' will be , 

QP f 

The potential at; Q due to the shell next to P' is a ><f> ppn that 

OP 

duo to the shell next to P is (<o Air) </) , the potential at Q is 

the sum of these, i.e. qj> 

axf> i mf> pp , ; 



Fig. 07 


II— 2 
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this changes continuously as we pass through the shell from 
(j) (a> — 4ir) at P' , 

to c f >aJ si* P- 

135. Mutual Potential Energy of the Shell and an 
external Magnetic System. Let I be the intensity of magneti- 
zation at a point Q on the shell; consider a small portion of the shell 
round Q, a being the area of this portion. Let P, P' be two points 
on its axis of magnetization, P being on the positive surface of the 
shell, P’ on the negative. Then we have a charge of positive magnet- 
ism equal to la at P, a negative charge — la at P'. If V P , V T y are 
the potentials at P and P' respectively due to the external magnetic 
system, then the mutual potential energy of the external system 
and the small magnet at Q is equal to 

V P Ia-V P ,Ia (1). 

If (f> is the strength of the shell 

4> = 1 x PP, 

hence the expression (1) is equal to 

4>{v P - v F )u 

PP' 

But (V P — Vpj/PP' is the magnetic force due to the external 
system along PP', the normal to the shell. Let this force be denoted 
by— E„, the force being taken as positive when it is in the direction 
of magnetization of the shell, i.e. when the magnetic force passes 
from the negative to the positive side through the ah ell, then the 
mutual potential energy of the external system and the small magnet 
at Q is equal to 

— cf>H n a. 

Since the strength of the shell is uniform the mutual potential energy 
of the external system and the whole shell is equal to 

I*H n a being the sum of the products got by dividing the surface of 
the shell up into small areas, and multiplying each area by the 
component along its normal of the magnetic force due to the 
external system, this component being positive when it is in the 
direction of magnetization of the shell. This quantity is often called 
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mber of lines of magnetic force due to the external system 
pass through the shell. 

3 analogous to the total normal electric induction over a surface 
strostatics, see Art. 9. 

5. Force acting on the shell when placed in a mag- 
field. If X is the force acting on the shell in the direction 
L if the shell is displaced in this 
on through a distance 8a;, then Xhx 
work done on the shell by the 
tic forces during the displacement ; 
by the principle of the Conservation 
irgy, XBx must equal the diminution 
energy due to the displacement, 
se that A , Fig. 68, represents the 
m of the edge of the shell before, 
position after the displacement, 
iminntion in the energy due to the 
cement is, by the last paragraph, 
to 

4>{N'-N) (1), 

N and N' are the numbers of lines of magnetic force which 
hrough A and B respectively. Consider the closed surface 
y as ends the shell in its two positions A and B, the sides of 
rface being formed by the lines PP' See. which join the original 
m of a point P to its displaced position. We see, as in Art. 10, 
mless the closed surface contains an excess of magnetism of 
gn 2 H n a taken over its surface must vanish, H n denoting the 
etic force along the normal to the surface drawn outwards, 
it 2 H n a over the whole surface 

_ jv -7 — N + 2Z?„cc taken over the sides, 

N' -N~-m n a .....(2); 

immation on the right-hand side of this equation being taken 
he sides. Consider a portion of the sides bounded by PQ, P Q ; 
' being the displaced positions of P and Q respectively. Since 
PP' = QQ' = Sx, 
rea PQP'Q' is equal to 

8 x x PQ x sin 6, 
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where 6 is the angle between PQ and PP'. If H is the magnetic 
force at P due to the external system, the value of H v a for the 
element PQQ'P' is equal to 

Bx x PQ x sin 6 x H cos x> 

where x is the angle which the outward-drawn normal to PQQ'P' 
makes with H. Hence since X8x=<f>{N' - N) we have by equa- 
tion (2) 

X8x = - fix x PQ x sin 6 x H cos x}, 

or since Sx is the same for all points on the shell 

X = — </>2 {PQ x sin 8 x H cos *}. 

Thus the force on the shell parallel to x is the same as it would 
be if a force parallel to x acted on the boundary of the shell, equal 
per unit length to 

— cf>H sin 8 cos 

Since x is arbitrary this gives the force acting on each element 
of the boundary in any direction; to find the resultant force on the 
element, we notice that the component along x vanishes if x is 
parallel to PQ, for in this case 0 = 0, the resultant force is thus at 
right angles to the element of the boundary. Again, if x is parallel 
to H, x = tt/: 2, and the force again vanishes, thus the resultant force 
is at right angles to H. Hence the resultant force on PQ is at right 
angles both to PQ and H. In order to find the magnitude of this 
force we have only to suppose that x is parallel to this normal, in 

this case 9 = 7rj 2 and x ” % — & where iff is the angle between PQ 
and E; the resultant force is therefore 

— (f>H sin if/. 

Thus the force on the shell may be regarded as equivalent to 
a system of forces acting over the edge of the shell, the force acting 
on each element of the edge being at right angles to the element and 
to the external magnetic force at the element, and equal per unit 
length to the product of the strength of the shell into the component 
of the magnetic force at right angles to the element of the edge. 

The preceding rule gives the line along which the force acts; the 
direction of the force is, in any particular case, most easily got from 
the principle that since the mutual potential energy of the shell and 
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eternal magnetic system is equal to — <f>N, where N is the 
3r of lines of magnetic force due to the external system which 
hrough the shell in the direction in which it is magnetized, 
bich enter the shell on the side with the negative magnetic 
s and leave it on the side with the positive charge: the shell 
md to move so as to make N as large as possible, for by so 
it makes the potential energy as small as possible. The force 
h element of the boundary will therefore be in such a direction 
tend to move the element of the boundary so as to enclose 
ter number of lines of magnetic force passing through the shell 
positive direction. 

lus if the direction of the magnetic force at the element PQ is 
i direction PT in Fig. 69, the force on 
ill be outwards along PS as in the figure, 

PQ were to move in this direction the 
would catch more lines of force passing 
£h it in the positive direction, 
ice- XS x = cf>(N'-N) 



X = cj> 


dN 
dx * 


3?ig. 69 


is expression is often very useful for finding the total force on 
ell in any direction. 


•7. Magnetic force due to the shell. Suppose that the 
lal field is that due to a single unit pole at a point A, the result 
; preceding article will give the force on the shell due to the 
this must however be equal and opposite to the force exerted 
3 shell on the pole. If however the field is due to a unit pole 
H the magnetic force due to the external system at an element 
the shell is equal to ljAP 2, and acts along AP: hence by the 
rticle the magnetic force at A due to the shell is the same as 
supposed each unit of length of the boundary of the shell to 
a force equal to 

J’piSme, 

9 is the angle between AP and tbe tangent to the boundary 
cf> is the strength of the shell. This force acts along the line 
is at right angles both fco AP and the tangent to the boundary 
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at P. The direction in which the force acts along this line may he 
found by the rule that it i» oppemito to the force acting on the element 
of the boundary at P arising from unit, magnetic pole at A\ this 
latter force may be found by Mm method given at the end of the 
preceding article. 

138. If the external magnetic field in Art. 135 in due to a second 
magnetic shell, then the mutual potential energy of the two shells is 
equal to _ ( ^y 

where </> is the strength of the first shell, and N the number of lines 
of force which puss through the first shell, and are produced by the 
second. It is also equal to 

0 P * 


Fig. 70 

where <// is the strength of the second shell, and A*' the number of 
lines of force which pass through the second shell, ami are produced 
by the first. Hence by making t/> *// we see that, if we have two 

shells a and ft of equal strengths, tin* number of lines of force which 
pass through a and are duo to ft is equal to the number of lines of 
force which pass through ft and are due to a. 

139. Magnetic Field due to a uniformly magnetized 

sphere. Let the sphere be magnetised parallel to a?, and let I 
be the intensity of magnet mat hm. We may regard the sphere as 
made up, as in Fig, 70, of a great number of uniformly magnetized 
bar magnets of uniform crons section u t the axes of these magnets 
being parallel to the axis of jt. On the ends of each of these magnets 
we have charges of magnet ism equal to j la. Now consider a sphere 
whose radius is equal to that of the magnetized sphere and built up 
of bars in the same way, each of these bars being however wholly 
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ill positive magnetism whose volume density is p : consider 
ther equal sphere divided up into bars in the same way, 
these bars being however filled with negative magnetism 
Dlume density is ~~ p; suppose that these spheres have their 
it O' and 0, Mg. 71, two points very close together, 00' being 
l jO the axis of x. Consider now 
[It of superposing these two 
take two corresponding bars; 

;s of the bars which coincide 
[realize each other's effects, but 
tive bar will project a distance 
the left, and on this part of 
there will be a charge of nega- 
pictism equal to 00' x a x p : 
tive bar will project a distance 
lie right, and on this part of the bar there will be a charge 
ive magnetism equal to 00' x a x p. If 00' is very small 
regard these charges as concentrated at the ends of the 
that if 00' x p - I the ease will coincide with that of the 
[y magnetized sphere. 

an easily find the effects of the positive and negative spheres 
Kiint cither inside or outside. Let us first consider the effect 
ternal point P. 

potential due to the positive sphere is equal to 
< 1 : 7 Ttfip 

3 O'P 

lc radius of the sphere. 

potential duo to the negative sphere is equal to 
4 7 T(fip 

~~ 3 OP ' 

io the potential duo to the combination of the spheres is 



4 8 f 1 1 ) 

3 7IW p \OT OP] 

4 , 00' cos 0 

” 3 "^- Or*' 

tiately, if 00' is very small, and 6 is tlie angle which OP 
nth 00'. 
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Now we have seen that this case coincides with that of the 
uniformly magnetized sphere if p X 00' = I, where I is the intensity 
of magnetization of the sphere; hence the potential due to the 
uniformly magnetized sphere at an external point P is 

4 „ r cos# 

3 na l - 

where r = OP. 

Comparing this result with that given in Art. 123 we see that 
the uniformly magnetized sphere produces the same effect outside 
the sphere as a very small magnet placed at its centre, the axis of 
the small magnet being parallel to the direction of magnetization of 
the sphere, while the moment of the magnet is equal to the intensity 
of magnetization multiplied by the volume of the sphere. 

The magnetic force inside the sphere is indefinite without further 
definition, since to measure the force on the unit pole, we have to 
make a hole to receive the pole and the force on the pole depends 
on the shape of the. hole so made: this point is discussed at length 
in Chapter viil 

For the sake of completing the solution of this case, we shall 
anticipate the results of that chapter and assume that the quantity 
which is defined as c the magnetic force" inside the sphere is the force 
which would be exerted on the unit pole if the sphere were regarded 
as a spherical air cavity over the surface of which there is spread 
the same distribution of magnetic charge as actually exists over the 
surface of the magnetized sphere. We may thus in calculating the 
effect of the charges on the surface suppose that they exert the same 
magnetic forces as they would in air. 

To find the magnetic force at an internal point Q, Fig. 71, we 
return to the case of the two uniformly charged spheres. 

The force due to the uniformly positively charged sphere at Q 
is equal to 

and acts along O'Q; the force due to the negatively charged sphere 
is equal to 

to P ■ OQ, 

and acts along QO. 

By the triangle of forces the resultant of the forces exerted by 
the positive and negative spheres is equal to 

top • 00', 
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1 is parallel to 00 ' . We have seen that the case of the positive 
1 negative spheres coincides with that of the uniformly magnetized 
Lere if 00' x p -- /. Hence the force inside the uniformly mag- 
ized sphere is uniform and parallel to the direction of magnetiza- 
n of the sphere and equal to 

■|J-7 r/. 

The lines of force inside and outside tlio sphere are given in 
r. 72. 



Fig, 72 


CHAPTER, VII 

TURK IOSTIMATj MAONKTISM' 


140 . Tho pointing of tiio compass in a definite direction was at 
first ascribed to the special attraction for iron possessed by the pole 
star. Gilbert, however, in his work Dr Mtit/nrfc , published in 1000, 
pointed out that it showed that the euri-h was if self a magnet. Since 
Gilbert’s time the study of Terrestrial Magnetism, i.e. the state of 
the earth’s magnetic field, Iirh received a great deal of attention and 
forms one of tho most important, and undoubtedly one of llio most 
mysterious departments of .Physical Science, 

141 . To fix the state of the earth's magnetic field we recpiiro to 
know the magnetic force over the whole of t he surface of the earth; 
the observations made at a number of magnetic observatories, 
scattered unfortunately somewhat irregularly at very wide intervals 
over tho earth, give us an approximation to this. 

To determine tho magnitude and direct ion of t he eart h's magnetic 
force we require to know three t ilings: the three usually taken arc 
(1) tho magnitude of the horizontal component of the earth’s 
magnetic force, usually called the earth's horizontal force; (2) tho 
angle which the direction of the. horizontal force makes with the 
geographical meridian, this angle is called the declination; the vertical 
plane through tho direction of the earth's horizontal force is called 
the magnetic meridian; (.‘S) the dip, that is the complement of tho 
angle which tho axis of a magnet, suspended ho hh to he able, to turn 
freely about an axle through its centre of gravit y at right angles to 
the magnetic meridian, makes with the vertical. The fact that a 
compass needle when free to turn about a horizontal axis would not 
settle in a horizontal position, Imt. ‘dipped,' so that, the north end 
pointed downwards, was discovered by Norman in Ifi7<i. 

For a full description of the methods and precautions which must 
be taken 'to determine accurately the values of the magnetic elements 
the student is referred to the article on Terrest rial Magnetism in the 
Encyclopedia Brilannica: we shall in what follows merely give a 
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>ral account of these methods without entering into the details 
;h must be attended to if the most accurate results are to be 
ined. 

Che method of determining the horizontal force has been described 
rt. 133. 

L42. Declination. To determine the declination an in- 
orient cuvlloil a declinometer may be employed; this instrument 
presented in Fig. 73. The magnet-—' which is a hollow tube with 



;k;o of plane glass with a scale engraved on it at the north end 
a lens at the south end is suspended by a single long silk thread 
i which the torsion has been removed by suspending from it 
ummot of the. same weight- as the magnet: the suspension and 
mding telescope can rotate about a vortical axis and the azimuth 
ie system determined by means of a scale engraved on the fixed 
2 on tal base. The observer looks through the telescope and 
rvos the division on the scale at the end of the magnet with 
*,h a cross wire in the telescope coincides; the magnet is then 
ed upside down and resuspended and the division of the scale 
. which the cross wire coincides again noted; this is done to 
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correct for the error that would otherwise ensue if the magnetic axis 
of the cylinder did not coincide with the geometrical axis. The mean 
of the readings gives the position of the magnetic axis. If now we 
take the reading on the graduated circle and add to this the known 
value in terms of the graduations on this circle of the scale divisions 
seen through the telescope, we shall find the circle reading which 
corresponds to the magnetic meridian. Now remove the magnet and 
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turn the telescope round until some distant object, whose azimuth 
is known, is in the field of view; take the reading on the graduated 
circle, the difference between this and the previous reading will give 
us the angular distance of the magnetic meridian from a plane whose 
azimuth is known : in other words, it gives us the magnetic declina- 
tion. 

143. Dip- The dip is determined by means of an instrument 
called the dip-circle, represented in Fig. 74. It consists of a thin 
magnet with an axle of hard steel whose axis is at right angles to 
the plane of the magnet, and ought to pass through the centre of 
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avity of the needle; this axle rests in a horizontal position on two 
;ate edges, and the angle the needle makes with the vertical is read 
f by means of the vertical circle. The needle and the vertical circle 
,n turn about a vertical axis. To set the plane of motion of the 





Fig, 70 

)edlo in the magnetic meridian, the plane of the needle in turned 
)out the vertical ax in until the magnet stands exactly vertical; 
hen in thin position t he plane of the needle must he at right angles 
► the magnetic meridian. Tim instrument is then twisted through 
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90° (measured on the horizontal circle) and the magnet is then in 
the magnetic meridian; the angle it makes with the horizontal in 
this position is the dip. To avoid the error arising from the axle of 
the needle not being coincident with the centre of the vertical circle, 
the positions of the two ends of the needle are read; to avoid the 
error due to the magnetic axis not being coincident with the line 
joining the ends of the needle, the needle is reversed so that the face 
which originally was to the east is now to the west and a fresh set 
of readings taken ; and to avoid the errors which would arise if the 



Rig. 77 


centre of gravity were not on the axle, the needle is remagnetized 
so that the end which was previously north is now south and a fresh 
set of readings taken. The mean of these readings gives the dip. 

144. We can embody in the form of charts the determinations 
of these elements made at the various magnetic observatories : thus, 
for example, we can draw a series of lines over the map of the world 
such that all points on one of these lines have the same declination, 
these are called isogonic lines.; we may also draw another set of lines 
so that all the places on a line have the same dip, these are called 
isoclinic lines. The lines however which give the best general idea 
of the distribution of magnetic force over the earth’s surface are the 
lines of horizontal magnetic force on the earth’s surface, i.e. the 
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i whicli would bo traced out by a traveller starting from any 
t and always travelling in the direction in whicli the compass 
.ted; they were first used by Duperrey in 1836. 

[lie isoclinic lines, the isogenic lines and Duperrey 5 s lines for the 
bhern and Southern .Hemispheres for 1876 are shown in Mgs. 75, 
17 , and 78 respectively. 

145. The points to which Duperroy’s lines of force converge are 
id c poles, 5 they are places where the horizontal force vanishes, 
i is where the needle if freely suspended would place itself in a 
ical position. 
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dauss by a very thorough and laborious reduction of magnetic 
novations gave as the position in (836, of the pole in the Northern 
insphore, latitude 70° 3f/ s longitude 26*2° 1/ K., and of the polo 
lie Southern Hemisphere, latitude 78° 35', longitude 150° 10' K, 
poles are thus not nearly at opposite ends of a diameter of the 

h. 

146. An approximation, though only a very rough one, to the 
o of the earth’s magnetic field, may be got by regarding the 
h as a uniformly magnetized sphere. 

On this supposition, we luivo by Art. 139, if 6 is the dip at any 
;e, i.e. the complement of the angle between the magnetic force 
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and the line joining the place to the centre of the earth, l the magnetic 
latitude, i.e. the complement of the angle this line makes with the 
direction of magnetization of the sphere, 

tan 6 — 2 tan l, 

while the resultant magnetic force would vary as 

[1 + B sin 2 if. 

These are only very rough approximations to the truth but are 
sometimes useful when more accurate knowledge of the magnetic 
elements is not available. 

If M is the moment of the uniformly magnetized sphere which 
most nearly represents the earth’s magnetic field, then in c.G.S. units 
M = -323 (earth’s radius) 3 . 

147. Variations in the Magnetic Elements. During 

the time within which observations of the magnetic elements have 
been carried on the declination at London has changed from being 
11° 15' to the East of North as in 1580 to 24° 38' 25" to the West 
of North as in 1818. It is now going back again to the East, bub is 
still pointing between 14° and 15° to the West. The variations in 
the declination and dip in London are shown in the following table : 


Date 

Declination 

Dip 

1576 


71° 50' 

1580 

11° 15' E. 


1600 


72° 0' 

1622 

6° 0'E. 


1634 

4° 6'E. 


1657 

0° O' E. 


1665 

1° 22' W. 


1672 

2° 30' W. 


1676 


73° 30' 

1692 

6° 30' W. 


1723 

14° 17' W. 

74° 42' 

1748 

17° 40' W. 


1773 

21° 9'W. 

72° 19' 

1787 

23° 19' W. 

72° 8' 

1795 

23° 57' W. 


1802 

24° 6'W. 

70° 36' 
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Date 

Declination 

Dip 

1820 

24° 34' 30" W. 

CO 

o 

O 

1830 

24° 

69° 38' 

1838 


69° 17' 

1860 

21° 39' 51" 

68° 19'-29 

1870 

29° 18' 52" 

67° 57'-98 

1880 

18° 57' 59" 


1893 

17° 27' 

67° 30' 

1900 

16° 52'-7 

“ 

1919 

14° I8'-2 

66° 53 '-6 


This slow change in the magnetic elements is often called the secu- 
lar variation. Tho points of zero declination seem to travel westward. 

The rates at which these changes take place show considerable 
variations. The following table gives tho mean annual change at 
Kew in the Declination D and Dip I. 



D. 

I. 

1890-1895 

- 0'-8 

- l'-8 

1895-1900 

. .. 4'.g 

- 2'-7 

1900-1905 

... 4/.0 

- l'*6 

1905-19 L0 

- 5'-9 

- r-o 


148 . Besides these slow changes in the earth’s magnetic force, 
there arc other changes which take place with much greater rapidity. 

Diurnal Variation. A freely suspended magnetic needle 
does not point continually in one direction timing the whole of tho 
day. In England in the night from about 7 p.m. to 10 a.m. it points 
to tho East of magnetic North and South (i.o. to the East of the 
moan position of the needle), and during the day from 10 a.m. to 
7 p.m, to the West of magnetic North and South. It reaches tho 
westerly limit about 2 in the afternoon, its easterly ouo about 8 in 
the morning, the arc, travelled over by the compass being about 
10 minutes. This arc varies however with the time of the year, being 
greatest at midsummer and least at midwinter. There are two 
maxima in summer, one minimum in winter. 

Tho diurnal variation changes very much from one place to 
another, it is exceedingly small at Trevandrum, a place near the 
equator, on the other hand in Arctic and Antarctic regions the 
variations arc very large. 





the morning. 

In the following diagram, due to Prof. Lloyd, the radius vector 
represents the disturbing force acting on the magnet at different 
times of the day in Dublin, the forces at any hour are the average 
of those at th§t hour for the year. The curve would be different for 
different seasons of the year. 



Fig. 79 


There is also a diurnal variation in the vertical component of 
the earth’s magnetic force. In England the vertical force is least 
between 10 and 11 a.m., greatest at about 6 p.m. 

The extent of the diurnal variation depends upon the condition 
of the sun’s surface, being greater when there are many sun spots. 
As the state of the sun with regard to sun spots is periodic, going 
through a cycle in about eleven years, there is an eleven-yearly 
period in the magnitude of the diurnal variation. 

149. Effect of the Moon. The magnetic declination shows 
a variation depending on the position of the moon with respect to 
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leridian, the nature of this variation, varies very much in 
>nt localities. 

10. Magnetic Disturbances. In addition to the periodic 
egular disturbances previously described, rapid and irregular 
es in tlie earth’s magnetic field, called magnetic storms, 
mtly take place; these often occur simultaneously over a large 
>n of the earth’s surface. 

iroroo are mostly accompanied by magnetic storms, and there 
•y strong evidence that a magnetic storm accompanies the 
n formation of a sun spot, 

11. Very important evidence as to the locality of the origin of 
^rth’s magnetic field, or of its variations, is afforded by a method 
o (lams which, enables us to determine whether the earth’s 
otic field arises from a magnetic system above or below the 

of the earth. The complete discussion of this method requires 
so of Spherical Harmonic Analyses. The principle underlying 
vcvcr can he illustrated by considering a simple case, that of 
Eormly magnetized sphere. 

d PQ bo two points on a spherical surface concentric with the 
e, then by observation of the horizontal force at a series of 
>ns between P and Q , we can determine the difference between 
nignetic potential at P and Q. If £l P and Q. q are the magnetic 
dials at P and Q respectively these observations will give us 
■ Q q . 'By Art. 139 if 0 X , 6 2 arc the angles OP and OQ make with 
iroction of magnetization of the sphere 

M 

L2 V ~ Qq - r2 (cos 0 l — COS d 2 ) (1). 

a M is the magnetic moment of the sphere and 
r ■■■■■ OP - OQ, 

o 0 is the centre of the sphere. 

: Z r> Z Q are the vertical components of the earth’s magnetic 
, i.e. the forces in the direction OP and OQ respectively, then 

„ 2 M . 

Z Q ,. r3 cos 0 2 


(2)j 
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Zp and can of course be determined by observations made at 
P and Q. By equations (1) and (2), we have 

Up Lly | {Zp Zq) r ( 3 ), 

lienee if the held over the surface of the sphere through P and Q 


were due to an infernal uniformly magnet ized sphere, the relation 
(3) would exist between the horizontal and vertical components of 
the earth’s magnet ie force. 

Now suppose t-lmt l } and Q are points inside a uniformly mag- 
netized sphere, the bare inside tin* sphere is uniform ami parallel 
to the direction of magnetization* let // In* (In' value of this force, 
then in this ease 

lip Ll Q //r (eos (Kj, cos f/j), 

Zp // condj, 

Z Q //road,, 

lienee in this ease 

Up U v r (Zp Z Q ) (4). 

Tims if the magnetic system were uhnve tin' places at which the 
elements of the magnet ie field were determined, t he relation (4) 
would exist between t he horizontal ami vertical components of the 
earth’s magnetic force. Conversely if we found that relation (3) 
existed between these components we should conclude that the 
magnets producing the field were below the surface of the earth, 
while if relation (•!) existed we should conclude the*, magnets were 
above the surface of the earth: if neither of these relations was true 
we should conclude that the magnets were partly above and partly 
below the surface of the earth. 

Gauss showed that no appreciable part of the invan values of 
the magnetic elements was due to causes above the surface of the 
earth. Schuster has however shown by the application of the same 
method that the diurnal mriuiiun must he largely due to such 
causes, Balfour Stewart had previously suggested the magnetic 
action of electric currents flowing through rarefied air in the upper 
regions of the earth’s atmosphere ns the probable cause of this 
variation. 


CHAPTER VIII 


MAGNETIC INDUCTION 

152. When a piece of unmagnetized iron is placed in a magnetic 
field it becomes a magnet, and is able to attract iron filings; it is 
then said to be magnetized by induction . Thus if a piece of soft iron 
(a common nail for example) is placed against a magneb, it becomes 
magnetized by induction, and is able to support another nail, while 
this nail can support another one, and so on until a long string of 
nails may be supported by the magnet. 

If the positive pole of a bar magnet be brought near to one end 
of a piece of soft iron, that end will become charged with negative 
magnetism, while the remote end of the piece of iron will be charged 
with positive magnetism. Thus the opposite poles of these two 
magnets arc nearest each other, and there will therefore be an 
attraction between them, so that the piece of iron, if freo to move, 
will move towards the inducing magnet, i.e. it will move from the 
weak to the strong parts of the magnetic Hold due to this magnet. 
If, instead of iron, pieces of nickel or cobalt are used they will tend 
to move in the same way as the iron, though not to so great an 
extent. If however wo use bismuth instead of iron, wc shall find 
that the bismuth is repelled from the magnet, instead of being 
attracted towards it; the bismuth tending to move from the strong 
to the weak parts of the field; the effect is however very small 
compared with that exhibited by iron; and to make the repulsion 
evident it is necessary to use a strong electromagnet. When the 
positive pole of a magnet is brought near a bar of bismuth the end 
of the bar next the positive pole becomes itself a positive pole, while 
the further end of the bar becomes a negative pole. 

Substances which behave like iron, i.e. which move from the 
weak to the strong parts of the magnetic field, are called paramagnetic 
substances; while those winch behave like bismuth, and tend to 
move from the strong to the weak parts of the field, are called 
diamagnetic substances. 
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When tested in very strong fields all substances are found to be 
para- or dia-magnetic to some degree, though the extent to which 
iron transcends all other substances is very remarkable. 

153. Magnetic Force and Magnetic Induction. The 

magnetic force at any point in air is defined to bo tho force on unit 
pole placed at that point, or — -what is equivalent to this— the couple 
on a magnet of unit moment placed with its axis at right angles to 
the magnetic force. When however we wish to measure tho magnetic 
force inside a magnetizable substance, wo have to make a cavity in 
the substance in which to place the magnet used in measuring the 
force. The walls of the cavity will however become magnetized by 
induction, and this magnetization will affect the. force inside the 
cavity. The magnetic force thus depends upon the shape of the 
cavity, and this shape must bo specified if the expression m tgnelio 
force is to have a definite meaning. 

Let P be a point in a piece of iron or other magnel izal do substance, 
and let us form about P a cylindrical cavity, the axis of the cylinder 
being parallel to the direction of magnetization at P. Let us first 
take the case when the cylinder is a very long and narrow one. 
Then in consequence of the magnetization at P, there will he a 
distribution of positive magnetism over one ond of tho cylinder, and 
a distribution of negative magnetism over tlio other. Lot / be the 
intensity of the magnotization at P, roekonod positive when the axis 
of the magnet is drawn from left to right, then when the cylindrical 
cavity has been formed round P there will ho, if a is the cross-section 
of the cavity, a charge la of magnetism on tho ond to tho loft, and 
a charge — la on the end to the right. If 2 1, tho length of tho cylinder, 
is very great compared with tho diameter, then tho force on unit 
pole at the middle of tho cylinder due to the magnetism at the ends 
of the cylinder will be 2Iajl 2 , and will be indefinitely small if the 
breadth of the cylinder is indefinitely small compared with its length. 
In this case the force on unit pole in the cavity is independent of 
the intensity of magnetization at P. The force in this cavity is 
defined to be ‘ tie magnetic force at PI Let us denote it by If. 

Let us now take another co-axial cylindrical cavity, but in this 
case make the length of the cylinder very small compared with its 
diameter, so that the shape of the cavity is that of a narrow crevasse. 
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rite left end of this crevasse there' is a charge of magnetism of 
ice density / , and on the right end of the crevasse a charge of 
netism of surface density -I. If a unit pole he placed inside 
crevasse the force on it due to this distiibution of magnetism 
he the same as the force on unit charge of electricity placed 
?een two infinite plates charged with electricity of surface 
;ity + I and — I respectively, i.e. by Art. 14, the force on the 
pole in this case will be irrl. Thus in a crevasse the total force 
he unit pole at P will he the resultant of the magnetic force at 
ad a magnetic force 4ittI in the direction of the magnetization 
The force on the unit pole in the crevasse is defined to be the 
jnetic induction 5 at ; P, we shall denote it by B. If we had taken 
vity of any other shape the force due to the magnetization at 
muld have been intermediate in value between zero for the long 
ader and 4-7rJ for the crevasse ; thus if the cavity had been spherical 
force due to the magnetization would (Art. 139) have been 
/3. 

rhc magnetic induction is not necessarily in the same direction 
he magnetic Jorce, it will only be so when the magnetization at 
parallel to the magnetic force. 

154. Tubes of Magnetic Induction. A curve drawn such 
j its tangent at any point is parallel to the magnetic induction at 
3 point is called a line of magnetic induction : in non -magnetizable 
stances the lines of magnetic induction coincide with the lines 
nagnetic force. We can also draw tubes of magnetic induction 
i as we draw tubes of magnetic force. 

We shall choose the unit tube so that the magnetic induction at 
place whether in the air or iron is equal to the number of tubes 
induction which cross a unit area at right angles to the 
uction. 

Let us consider the case of a small bar magnet, the magnetism 
rg entirely at its ends. Suppose A and B are the ends of the 
gnet, A being the negative, B the positive end, then in the air 
lines of magnetic induction coincide with those of magnetic force 
L go from B to A. To find the lines of magnetic induction at a 
nt P inside the magnet, imagine the magnet cut by a plane at 
it angles to the axis and the two portions separated by a short 
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distance, the linos of magnetic force in this short air space w 

the lines of magnetic induction in tlm section through P. I 

magnet is out as in the figure 1 lien the end (! will ho a positive 

of the same strength ns /I, the end I) a negative polo of the 

strength as //. Tims through the short air space between C a; 

tubes of induel ion will pass running in the direction AR Dr 

closed Huvfaee passing through the 

between ( 1 and I) and enclosing A 

DH. The magnetic fmee at any poh: 

this surface is cipuil to the magnofci 

duet ion at the same point duo to 

undivided magnet. Since this bui 

encloses as much positive ah mgt 

magnetism, we see as in Art. 10 that 

total magnetic force over its sin 

4 vanishes. lienee we see that the t 

Fig, HO 

of induct ion mside the magnet are e 
in number at ouch cross section and this number is the saui 
tilt' number of those winch leave the pole li and cuter A. In 
the lines of magnetic induction due to the magnet form a sera 
closed curves all passing through the magnet and then sproai 
out in the air, the lines running from H to A in the air and frot 
to H in the magnet. 

Thus we may regard any small magnet, whose intensity is I 
area of cross sect ion a, as t he origin of a bundle of closed tube 
induction, the number of tubes being hrta\ every tube in this but 
passes through the magnet, running through the magnet in 
direction of the magnetization. 

It is instructive to compare the differences between the proper 
of the tidies of electric polarization in electrostatics and thorn 
magnetic induction in magnetism: the most striking dilleronei 
that whereas in electrostatics the tidies are not closed but begin 
positive electrification and end cm negative, in magnetism the tu 
of induction always form closed curves and have neither beginn 
nor end. 

A surface charged with electricity of surface density cr is ’ 
origin of cr tubes of electric polarization per unit area. A am 
magnet whose intensity of magnetization is / is the origin of 4 
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tubes of magnetic induction per unit area of cross-section of the 
magnet, all these tubes passing through the magnet which acts as 
a kind of girdle to them. 

The properties of these tubes are well summed up by Faraday 
in the following passage (Experimental Researches , § 3117): “there 
exist lines of force within the magnet, of the same nature as those 
without. What is more, they are exactly equal in amount to those 
without. They have a relation in direction to those without and in 
fact are continuations of them, absolutely unchanged in their nature 
so far as the experimental test can bo applied to them. Every line 
of force, therefore, at whatever distance it may be taken from the 
magnet, must he considered as a closed circuit passing in some part 
of its course through the magnet, and having an equal amount of 
force in every part of its course.” Faraday’s lines of force are what 
we have called tubes of induction. 

155. We shall now proceed to consider the special case, including 
that of iron and all non-crystalline substances when magnetized 
entirely by induction, in which the direction of the magnetization 
and consequently of the magnetic induction is parallel to the 
magnetic force. Let TI be the magnetic force, B the magnetic 
induction, and I the intensity of magnetization, then we have by 
Art. lHS, 

B II | 

The ratio of I to II when the magnetization is entirely induced 
is called the magnetic susceptibility and is usually denoted by the 
letter k. The ratio of B to II under the same circumstances is called 
the magnetic permeability and is denoted by the letter /a. 

We thus have I ■■■ kll, 

Ii fill, 

and since B \ 

we have /* I | Arrk, 

The quantity /a which occurs in magnetism is analogous to the 
specific inductive capacity in electrostatics; but while as far as our 
knowledge at present goes, the specific inductive capacity at any 
time does not depend much, if at all, upon the value of the electric 
intensity at that time, nor on the electric intensity to which the 
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dielectric has previously been exposed; the permeability, on the 
other hand, if the magnetic force exceeds a certain value (about 
1/10 of the earth’s horizontal force), depends very greatly upon the 
magnitude of the magnetic force, and also upon the magnetic forces 
which have previously been applied to the iron. The variations in 
the magnetic permeability are most conveniently represented by 



curves in which the ordinate represents the magnetic induction, the 
abscissa the corresponding magnetic force. If P be a point on such 
a curve, PN the ordinate, ON the abscissa, then the magnetic 
permeability is PN/ON. 

Such a curve is shown in Fig. 81, in which the ordinates represent 
for a particular specimen of iron the values of B , the magnetic 
induction, the abscissae the values of H , the magnetic force. For 
small values of H the curve is straight, indicating that the perme- 
ability is independent of the magnetic force. When however the 
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ic force increases beyond about of the earth’s horizontal 
r about *018 in o.g.s. units, the curve begins to rise rapidly, 
i value of fi is greater than it -was for small magnetic forces, 
rve rises rapidly for some time, the maximum value of jj, 
ag when the magnetic force is about 5 c.g.s. units, then it 
to get flatter and there are indications that for very great 
of the magnetic force the curve again becomes a straight line 



Induction B. 


Fig. 82 

l an angle of 45° with the axis along which the magnetic 
3 measured. The relation between B and H along this part of 
eve is 

B = H -f constant: 
ring this with the relation 

B = JI + tTrl, 

^ that it indicates that the intensity of magnetization has 
e constant. In other words, the intensity of magnetization 
ot increase as the magnetic force increases. When this is the 
lc iron or other magnetizable substance is said to be c saturated. 5 
iron seems not to be able to be magnetized beyond a certain 
ity. In a specimen of soft iron examined by Prof. Ewing, 
tion was practically reached when the magnetic force was 
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about 2000 in o.o.s. units. For stool tho magnetic force required for 
saturation is very muck greater than for soft iron, and in some 
specimens of steel examined by Prof. Kwing saturation was not 
attained even when the magnetizing: force was as great as 10,000. 
Fox a particular kind of steel called Iladfteld'H manganese steel the 
value of fi was practically constant oven in the strongest magnetic 
fields, this steel however is only slightly magnetic, the value of ^ 
being about 14. The greatest value of /t which has been observed 
is 20,000 for soft iron, in this case however the iron was tapped 
when under tho influence of the magnetic force. Fig. 82 represents 
the results of Ewing’s experiments on the relation between magnetic 
permeability and magnetic induction in very intense magnetic 
fields. 

156. Effect of Temperature on the Magnetic Perme- 
ability. The permeability of iron depends very much upon the 
temperature. Dr J, Hopkitmou found that as the temperature 
increases, starting from about HV'U, tho magnetic, permeability at 
first slowly increases; this slow rate of increase is however exchanged 
for an exceedingly rapid one when tho temperature approaches a 
‘critical temperature 3 which for clilTorout samples of iron and steel 
ranges from 090° 0. to 870° ( at this temperat ure the value of the 
permeability is many times greater than that, at 1 5° (!. ; after passing 
this value the permeability falls oven more rapidly than it previously 
rose. Indeed so fast is the fall that at a few degrees above the critical 
temperature iron practically ceases to be magnetic, .lust below this 
temperature iron is an intensely magnetic substance, while above 
that temperature it is not magnetic at all. There are other indications 
that iron changes its character in passing through this temperature, 
for hero its thermo- electric properties as well as its electrical resistance 
suffer abrupt changes. This temperature is often called the tempera- 
ture of rocalGHcenco from the fact that a piece of iron wire heated 
above this temperature to redness and then allowed to cool, will got 
dull before reaching tins temperature and will glow out brightly 
again when it passes through it. 

Though the value of fi at higher temperatures (lower however 
than that of recalescence) is for small magnetic forces greater than 
at lower temperatures, still as it is found that at the higher tempera- 
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tures iron is much more easily saturated than at lower ones, the 
value of / j , for the hot iron might be smaller than for the cold if the 
magnetic forces were large. 

Hopkinson found that some alloys of nickel and iron after being 
rendered non-magnetic by being raised above the temperature of 
recalescence remained non-magnetic when cooled below this tem- 
perature; ib was not until the temperature had fallen far below the 
temperature of recalescence that they regained their magnetic 
properties. Thus these alloys can at one and the same temperature 
exist in both the magnetic and non-magnetic states. 



Fig. 83 


157. Magnetic Retentiveness, Hysteresis. When a piece 
of iron or steel is magnetized in a strong magnetic field it will retain 
a considerable proportion of its magnetization even after the applied 
field lias been removed and the iron is no longer under the influence 
of any applied magnetic, force. This power of remaining magnetized 
after the magnetic force has been removed, is called magnetic 
retentivenoas; permanent magnets are a familiar instance of this 
property. This effect of the previous magnetic history of a substance 
on its behaviour when exposed to given magnetic conditions has 
been studied in great detail by Prof. Ewing, who has given to this 
property the name of hysteresis. To illustrate bids properly, let us 
consider the curve (Fig. 83) which is taken from Prof. Ewing’s paper 
on the magnetic properties of iron ( Phil Trans. Part n. 3 1885), and 
which represents the relation for a sample of soft iron between the 
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intensity of magnetization (the ordinate) and the 
(the abscissa), when the magnetic force increases 
ON, then diminishes from ON through zero to 
increases again up to its original value. When 
applied we have the state represented by the p 
curve, which begins by being straight, then increa 
bends round and finally reaches P, the point cor] 
greatest magnetic force applied to the iron. If 
diminished it will be found that the magnetization 
is greater than it was when the magnet was initially 
of the same force, i.e. the magnet has retained soi 
magnetization, thus the curve PE, when the for< 
will not correspond to the curve OP but will be at 
magnetization retained by the magnet when fre 
force; in some cases it amounts to more than 9C 
greatest magnetization attained by the magnet. "V 
izing force is reversed the magnet rapidly loses ; 
and the negative force represented by OK is suf 
it of all magnetization. When the negative mag 
creased beyond this value, the magnetization is ne 
magnetic force is again reversed it requires a posit 
OL to deprive the iron of its negative magnetiz; 
force is again increased to its original value the reh 
force and induction is represented by the portion 1 
If after attaining this value the force is again din 
and back again, the corresponding curve is the cm 
From the fact that this curve encloses a finite ai 
a certain amount of energy must be dissipated ar 
heat when the magnetic force goes through a coi 
show this let us suppose that we have a small magm 
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then taking this direction as the axis of x, the force 
pole of the magnet is 


that on the negative pole is 
Thus the force on the magnet is 


the work done on the magnet when it moves througl 


la I d f . Sx 
ax 


or lalMi. 

Since la is the volume of the magnet the work done 
per unit volume is IM1. 

If in Fig. 84 OS = H, OT = H + MI and SP = 
represented on the diagram by the area SPQT. 

Thus the total work done by the magnet when ; 
place where the force is OK to one where it is OL is 
the area CKLDE. Let the magnet 
now be pulled back from the place 
where the force is OL to the place 
from which it started where the 
force is OK, work has to be done / 

on the magnet and this work is re- f p 

presented by the area DPOKL . 

Thus the excess of the work done 

on the magnet over that done by the _ _____ 

magnet, when the magnetic force 0 K s 
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Another proof of this is given in Cin 
If instead of a curve showing the 
we use one showing the relation betw( 
similar loops in this second curve an 
will be 477 times the area of the eorres; 
H curve. 

For the area of a loop on the first ci 

-SIdH, 

this is equal to — j (B —H) i 

since jHdH = 0, as the initial and final 
area of a loop on the B and H curve is 

- J BdH. 

Hence we see that this area is 477 times t' 
loop on the I and H curve. 

157 *. A good deal of light is thrown 
magnetic intensity and the magnetic foi 
of temperature on this relation by coi 
whose molecules are little magnets. In 
field the directions of the axes of these 
distributed and the number of molecules 
angles between 6 and 8 + 89 with a fix 
to sin 6 dd. If however an external mi 
molecules it will tend to make their ax 
the magnetic force; it will not however 
direction because the collisions between t 
knock the axes out of line. We can ( 
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tiber of magnets whose axes make angles between 9 and 6 -+ 
h the direction of the magnetic force will be 

11 M oos 6 

C € RT sin 6 . dd , 
sin 9 dO, 
a = HM/RT; 

moment of these magnets m the direction of the magnetic fore 
CM cos 0 € «cob 0 ^ QdQ' 

nee if N is the number of magnets per unit volume and I 
gnetic moment of unit volume 

N = C [V cos * sin Q.d6, 

Jo 


ice 


= CM j cos 9€ aQOs9 sinddd; 

1 = NM ( ~ ~ -l) .... 


(1 


\€ — e a ; 

The curve representing the relation between I and a is shove 


;.84 a. 



Since a MII/RT, a is proportional to H so that the cur 
e I and II curve for the gas. 
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and is thuB inversely proportional to 
(■uric showed that this relation betvw' 
existed for a considerable number of * 
The preceding relation between I a 
hysteresis, this will however occur if 
acting on the molecules is made up of t 
the external Held the other a held due ■ 
molecules and proportional to /, where j 
netizulion: let this part of the magnetic 
the external held II x , then if // is the, 1 

II II x | A 



and since 
we have 

tt r.M.l Hi,* %*«*! 


Fig. 84 h 
RT 
a ‘ M 

nr i 
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Suppose Q (Fig. 84 b) is the point of intersect! 
ternal field is = OL , let the field diminish to OM 
magnetization will be the ordinate of Q' where M 
LQ, let now the external field become zero, then i 
be Q " where OQ" is parallel to LQ ; hence in this c 
magnetization when the force is removed, i.e. ther< 
magnetization. The line corresponding to the zei 
intersect the curve if like the dotted line it is steeper 
to the curve at the origin. The equation to this tange 

y — \N. M . a, 

hence for the tangent to be steeper than the line 


or 


-NM> — 

3 AM’ 


T< 


1NM 2 X 
3 R~ 3 


thus if T is greater than this value there will be 1 
netism, while if T is less there will; hence if 

___ 1 NM*\ 

0 3 R 5 


T 0 will be a critical temperature for the magnetic ] 
substance. 

For small values of the magnetic force 


and also 
or 


y=\NM.a~^a, 

RT II , 

~\M a A ’ 
y{T-T 0 ) flj 
T 0 ~ X 5 


so that 
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1. The magnetic force parallel to the surface 
in the two media. 

2. The magnetic induction at right angles t 
be the same in the two .media. 

To prove the first condition, let P and Q be 
the surface of separation, Q being in the first; 
medium. Now the magnetic force at a point h 
Art, 153) the force on a unit pole placed in a cavi 
when the magnetism on the walls of the cavity 
hence since this magnetism is to be disregar 
between the magnetic forces at P and Q mi 
magnetism on the surface between P and Q: bu 
at right angles to this portion of the surface du 
are different at P and Q, the forces parallel to 
same. Hence we see that the tangential magneti 
same at P as at Q. 

We shall now show that the normal magneti 
tinuous. All the tubes of magnetic induction f 
Hence any tube must cut a closed surface an eve 
half these times it will be entering the surface, I 
contributions of each tube to the total normal mag 
be the same in amount but opposite in sign whim 
it leaves the surface. Hence the total contribul 
zero, and thus the total normal magnetic, induct i 
surface vanishes. Consider the surface of a very si 
sides are parallel to the normal at P, one end b< 
(1), the other in (2). The total normal imluctio 
is zero, but as the area of the sides is negligible < 
of the ends, this implies that the total normal ii 
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. When there is do free electricity on the surface the norn 
ric polarization must be the same in both. That is, if F, F' j 
lormal electric intensities in the media whose specific induct: 
cities are respectively K and IF, 

KF - IFF'. 

£ we compare these conditions with those satisfied at 1 
ulary of two media in the magnetic field and remember t] 
ti the magnetization is induced, the magnetic induction is eq 
times the magnetic 1 , force, we see that we have complete analc 



ween t he disturbance of an electric field produced by the presc 
uncharged dielectrics and the disturbance in a magnetic j 
dticed by para, or dia magnetic bodies in which the magnei 
ntirely induced. 

Hence from the solution of any electrical problem we can dec 
t of the corresponding magnetic one by writing magnetic f 
electric intensity, and /i for A\ 
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this case /x is greater than 1 ; when they go from a 
substance they are bent towards the normal, sin 
less than 1. 

The effects produced when paramagnetic and <1 
are placed in a uniform field of force are shown ii 

159. If /x is infinite tan 8 X vanishes, and the 
in air are at right angles to the surface, so tlm 
substance of infinite permeability is a surface 
potential. The surface of such a substance corresp 
of an insulated conductor without charge in elec 
problem relating to such conductors can be at e 
corresponding case in magnetism. In particular 
principle of images (Chap, v.) to find the effect 
distribution of magnetic poles in presence of a 
magnetic permeability. 


160. Sphere in uniform field. We sh 

that if a sphere, whose radius is a , and whose 
capacity is I\, is placed in a uniform electric fie 
electric intensity before the introduction of tie 
field when the sphere is present will at a point P 
consist of II and an electric intensity whose, com 


equal to 
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(l< 1 ) 
K 1 ■ 2 


ar 

COM 0 , 

T** 


and whose component at right angles to PO in th 
to increase 0 is 



in these expressions OP r, 0 is the angle. 0 
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A very important special case is when fi is very large compa 
h unity. In this case the magnetic forces due to the sphere 
iroximately 


2 // 


r* 


cos 0 


lg PO, and 


If 


sin 0 


•iglit angles to it. 

Inside the sphere. the magnetic force is 


P 

I is very small compared with that outside. The magn 
action inside the sphere is 'Ml. Thus through any area in 
tore at right, angles to the magnetic force, three times as m 
>es of induction puss us t hrough an equal and parallel area at 
nitc distance from the. sphere. 

The resultant magnetic force in air vanishes round the e.qtu 
the sphere, and at any other point on t he sphere is along 
anal and equal to 'MI e os fh 


161. Magnetic Shielding. .lust as a conductor is ah I 
old oil the electric disturbance which one electrical system \vt 
since on another, so musses of magnetizable material, for wi 
uis a larger value, will shield otT from one system magnet io fo 
e to another, Inasmuch howo\ cr as /* has a finite value, foi 
^stances the magmatic shielding will not he so complete as 
etrieul. 

162. Iron Shell. We shall consider the pro! eel ton afToi 
a snherieal iron shell against n uniform magnetic field. We 
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Let a be the radius of the inner surface o: 
the outer surface. Let II be the force in the un 
shell was introduced. Let the magnetic forces c 
on the outer surface of the shell consist, at a 
sphere, of a radial force 

2^ cos 8 


a tangential force 


M 1 sin 0 

where r = OP and 8 is the angle OP makes wit 
The magnetic force due to this disi.ribut.ion o 
uniform inside the sphere whose radius is />, it w: 
of II and be equal to — MJlfl, 

Let the magnetization on the inner surface 
to magnetic forces given by similar expressions 
M x and a for b. 

This system of forces, whatever be the vai 
satisfies the condition that as we cross the sur 
tangential components of the magnetic force 
must now sec if wc can choose M l , M z so as 
magnetic induction continuous. 

The normal magnetic induction (reekonet 
outward drawn normal) in the air just. outsi< 
equal to 


II cos 6 


2 M t 
IP 


cos 8 


m. 


CO 


the normal magnetic induction in the iron j 
surface of the shell is equal to 
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5 ] 


The normal magnetic induction in the iron just outside the inn 
face of the shell is 


^ (h cos e - cos 9 -j- cos 0 ^ , 

' normal magnetic induction in the air just inside the shell 
lal to 

H cos 9 — ^ cos 9 — ^ cos 6: 
o 3 a 3 

ise are equal if 

0*-i)|r-(2^+l)5 a = (M-i )B (2). 

Equations (1) and (2) are satisfied if 

M x = - 1) H -J jL-, 

(2 At +l)( /i + 2)-2( Al -l) 2 p 

M 2 = — — H — 5. 

(2 / ,+ l)( / x + 2)-2( i a-l) 2 ~ 


The magnetic force in the hollow cavity is equal to 

TJ _ ^1 __ ^2 

6 3 a 3 * 

Substituting the values of M x and M 2 we see that this 
[ual to 

9 [jlH 

9^ + 2(/*-l)*(l-p) 

If fj, is very large compared with unity this is approximal 
mal to 

H 
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In the cases where /x = 1000 and /x = 100, tl 
force inside the sphere, to II for different value* 
the following table. 

ii'/n ir/n 

a/b (x = 1 000 fM = 100 

•99 3/23 9/15 

•9 1/07 1/7 

•8 1/109 1/12 

•7 1/MO 1/15 

•6 1/175 1/18 

•5 1/195 1/20 

•4 1/209 1/22 

•3 1/210 1/22 

•2 1/221 1/23 

•1 1/223 1/23 

•0 1/223 1/23 

Galvanometers which have to be used in pin 
action of extraneous magnets are sometimes protoe 
them with a thick-walled tube made of soft iron. 

We may regard the shielding effect; of the she 
the tendency of the tubes of magnetic induction 
possible through iron; to do this they leave, the 
into the shell. 

163. Expression for the energy in the 

We shall suppose that the field contains permane 
as pieces of iron magnetized by induction. When 
the permanent magnets is given, the magnetic I 
minate. We may regard the lines of magnetic f< 
starting from the permanent magnets their dial 
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:> the magnetic potential at that pole. Thus if Q is the poten 
rgy of the magnetic*, field 

Q UZmil, 

ere m is the strength of a permanent pole and Q the magi* 
ontial at that pole. Wet may regard the pole an the origin 
mit tubes of magnetic forces These. will have similar proper 
die tubes of electric force; we can show just as we did in Art. 
t in air the magnetic force is An times the number of unit tu 
(High unit area, while the equation H fill indicates that throi 

Att 

medium of permeability ft the force* in time's the number 

ft 

>ca, or if N be the number of tubers A' . 

4rr 

Hence by exactly the. same method as in Art. 7b we can si 
t the energy of the system is the same, as if it, were distribu 
ough the field in such a way that at a place where the magn 
*.e is // the energy per unit volume is equal to 

/(//’ 

Hjr 


164. When a tube of induction enters a paramagnetic substa 
in air tin 1 resulfant magnetic force is when the magnet iza I io 
irelv induced less in the paramagnetic substance than in 
■ energy per unit length will be less in the magnetic substa 
<n in Hu* air since t In* energy* per unit length of a t ube of induct 
proportional to the resultant magnetic force along it. Thus 
ordance with tin* principle that when a system is in equilibr 
i potential energy is a minimum, the tubes of induction will t 
halve the air and crow*! info the maenet. u ben this urt ihn*« 
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A small piece of iron placed in a magnetic fie 
is not uniform will tend to move from the weak i 
of the field, since by doing so it encloses a great* 
of induction and thus produces a greater decre; 
The direction of the force tending to move the iroi 
along which the rate of increase of ft 2 is great* 1 
general the direction of the magnetic force. TI 
a bar magnet AB, the greatest rate of increase i 
equidistant from A and B is along the perpendi 
C on AB , and this is the direction in which a si 
at C will tend to move; it is however at right ang 
of the magnetic force at 0. 

There will be no force tending to move a piece 
in a uniform magnetic field. 

A diamagnetic substance will tend to move i 
the weak parts of the field, since by so doing il 
number of tubes of magnetic, induction encloses 
also the energy, for the tubes of induction haw 
unit length when they are in the diamagnetic su 
they are in air. 

165. Ellipsoids. We have hitherto on! 
case of spheres placed in a uniform field, Bodh 
longer in one direction than another have very ini 
which are conveniently studied by invest.iga.tinj 
ellipsoids placed in a uniform magnetic field. 

We saw in Art. 139 that the magnetic*, fielc 
uniformly magnetized in the direction of the a 
regarded as due to two spheres, one of uniform 
centre at O', the other of uniform density p w 
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zation, it will coincide with the positive body if pg = A, A be: 
intensity of magnetization of the body. 

Let us suppose that the body is uniformly magnetized w 
snsity /I in the direction of the axis of x , and lot pQ be ' 
ential of the positive body at the point P, then the potential 
negative body at P will be equal to - pQ,\ where p£l' is 
initial of the positive body at P\ if PP' is parallel to the axis 
nd equal to £. 

But since P’P is small, 

i potential of the negative body is therefore 

<ILI\ 


(“ • O- 


A 


,is tiu* potential of (Ik* positive and negative bodies together, : 
refore of the magnetized bodv, will be 

\<IL> 

~ ,>h ,lx’ 

<ILI 

(U ‘ 

/>£ * t • 

If the body instead of being magnetized parallel to x is unifor 
gnet ized so t hut the components of the intensify parallel to x, 
respectively .1, H % ( \ the magnetic potential is 
da .jin ,jin\ 


*e 


n 


\ ( x 


(i 


i ^ tlx dtf ’ ' (L , 
show that if an ellipsoid is placed in a unif 


We shall now 

gpefie field it will la* uniformly magnetized by induction. 
>ve this if will be sufficient to show that if we superpose on to 
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attraction of an ellipsoid of uniform unit densit; 
Analytical Statics , vol. n. p. 112, equal to 

Lx, My, Nz 

respectively, where L , M, N are constant as long 
coordinates are x, y, z is inside the ellipsoid. 
Hence by (1) since 

f «-Z05,&C., 
ax 


the magnetic potential inside the ellipsoid due t< 
will he 

(ALx + BMy + CNz), 


so that the magnetic forces parallel to the axes o 
magnetization of the ellipsoid will be 

-Ah, -BM, -ON 

respectively. 

Hence if N x is the component of these forces 
drawn normal to the surface of the ellipsoid, 


'N^-iALlV BMm \ ONn) 

where l, m, n are the direction cosines of tin 1 , outw 
If 2V 2 is the force due to the magnetization on ' 
same direction just outside the ellipsoid, then 
N % = N x + irr (U 1 m B | nO) 


~~ l A (4 77 — L) 1* mB (Air — M) I n( 1 


Let X , Y, Z be the components of the force 
field. Then N x , the total force inside the ellipsoit 
drawn normal, will be given by the equation 

- IX | mY p nZ | N l% 
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But this condition will be satisfied if 


1 (/*-!)* 

477 + L {fX — 1 ) 

p_ (M-I)r 

4t7+M(/X-1) 

477 + iV(jL6— 1), 

These equations give the intensity of magnetization of an ellij 
aced in a uniform magnetic field. 

The force inside the ellipsoid due to its magnetization has — 
BM, — GN for components parallel to the axes of x, y , z res 
vely; these components act in the opposite direction to the ext< 
dd and the force of which these are the components is callec 
magnetizing force. We see from equations (2) that the compoi 
the demagnetizing force are 

(p-l)iZ 

47r-b£Gu,-l)’ 

(ijl-I)MY 
4:77 + M (fJU — 1) ’ 

(n-l)NZ 
4:77 “J~ N (jLG — 1) 

We shall now consider some special cases in detail. Let us 
.e case of an infinitely long elliptic cylinder, let the infinite ax 
bxallel to z, let 2a, 2b be the axes in the direction of x and y ; 
Louth’s Analytical Statics , vol. n. p. 112) 

L = M = 4:tt - 4 t » N = 0 ■ 

a -i-b a + b 
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We see from this equation that AjX is appro: 
when (fji — 1) bj(a -f b) is very small, but only the) 
way of measuring h is to measure A jX in the on 
solid, magnetized along the long axis; but we see tl 
elongated cylinder this will be equal to k only who 
is very small. Now for some kinds of iron fi is 
hence if this method were to give in this ease ms 
per cent., the long axis would have to be 100,00 
the short one. This extreme ease will show the it 
very elongated figures when experimenting with ^ 
permeability. Unless this precaution is taken the 
determine the value of a/b and not any magnetic pr 
When the body is an elongated ellipsoid of r< 
of the long to the short axis need not, be so enom 
of the cylinder, but it must still be very consult' 
of x is the axis of revolution, then (Routlfs Anahit 
p. 112) we have approximately 


L 




M N 


Thus 


A 

X 


k 


I | {ft 


i \ ^ i i 

‘W"* ft 


Thus if //, were 1000, the ratio of a to ft would 
900 to 1 in order that the assumption AjX k si 
one per cent. 


166. Couple acting on the Ellipsoid, 
the couple tending to twist the ellipsoid round f.I 
direction from x to ?/, is equal to 

(volume of ellipsoid) ( I'.l A7i 
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:<• >b , M is greater than L. Thus the couple tends to make 
ig axis coincide in direction with the external force, so that 
psoid, if free to turn, will set with its long axis in the direct 
the external force. This will be the case whether /z is greatei 
* than unity, i.o. whether the substance is paramagnetic or ( 
gnetic., so that in a. uniform field both paramagnetic and < 
gnetic, needles point along the lines of force. It generally hupp 
,t a diamagnetic. substance plaeeB itself athwart the lines 
gnetic force, this is due. to the want of uniformity in the field 
wequone.o of which the diamagnetic substance tritvs to get as mi 
itself as possible in the. weakest; part of tin*, field. This tendei 
•ies as (ft I); the couple we are investigating in this article va 
(ft l) 2 , and as (ft 1) is exceedingly small for bismuth, i 
iple will he overpowered unless the field is exceptionally unifo 

167, Ellipsoid in Electric Field, The investigation 
Ido enables us to iind tin* dist ribution of electrification iudui 
a conducting ellipsoid when placed in a uniform electric fn 
do this wet must, make! ft infinite in the expressions of Art. I 
a quantity IA I mH ! it(' whieh occurs in the magnetic probl 
responds to o*, the surface density of the electrification. Putt 
co in equations (2) we find 

<r 

•he force in the electric, field is parallel to the axis of ,r 

IX 

ir L ' 

us when the electric field is parallel to one of the. axes of 
psoid, the density of the electrification is, as in the cane <i 
ten*, tmmorfioiml to the cosine of the a mile whieh the norma 


\l X mV nZ) 

( l, 1 .1/ ! A' f • 
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If the ellipsoid is a very elongated one with its longer axis in t 
section of the electric force, then by Art. 165 


477 

~L' 


a* 


b 2 


\ 2 a ' 

log 7T ~ 1 


ms, when a/b is large, irr/L is a large quantity, and the elect 
bensity at the end of the ellipsoid is very large compared with 1 
bensity in the undisturbed field. Thus if a/b = 100, the elect 
bensity at the end is about 2500 times that in the undisturt 
Id. This result explains the power of sharply pointed conduct' 
discharging an electric field, for when these are placed in e\ 
moderate field the electric intensity at the surface of the conduc 
great enough to overcome the insulating power of the air, ; 
rt. 37, and the electrification escapes. 

If. an ellipsoidal conductor is placed in a uniform field of for 
right angles to the axis c and making an angle 9 with the a 
we see from § 166 that the couple round the axis of c tending 
ake the axis of a move towards the external force is equal to 


277 jjn , {M. j Tj) . 


hen F is the external electric force. 

When the ellipsoid is one of revolution round the axis of a, s 
is large compared with 6, the couple is approximately 
1 a z F 2 sin 29 


CHAPTER IX 

ELECTRIC CURRENTS 

168. Let two conductors A and B be at different potentia 
being at the higher potential and having a charge of positi 
ctricity, while B is at a lower potential and has a charge 
jative electricity; then if A is connected to B by a metallic w 
\ potential of A will begin to diminish and A will lose some of 
sitive charge, the potential of B will increase and B will lose so: 
its negative charge, so that in a short time the potentials of A a 
will be equalized. During the time in which the potentials 
and B are changing the following phenomena will occur: the w 
meeting A and B will be heated and a magnetic field will 
educed which is most intense near the wire. If A and B 
uely charged conductors, their potentials are equalized so rapid 
d the thermal and magnetic effects are in consequence so transie 
at it is somewhat difficult to observe them. If, however, 
lintain A and B at .constant potentials by connecting them w 
e terminals of a voltaic battery the thermal and magnetic effe 
11 persist as long as the connection with the battery is maintain 
d are then easily observed. 

The wire connecting the two bodies A and B at different potent: 
said to be conveying a current of electricity, and when A is los 
i positive charge and B its negative charge the current is said 
>w from A to B along the wire. 

Let us consider the behaviour of the Faraday tubes during 
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was one in which there was equilibrium bctwe< 
the tubes and the lateral repulsion they exert 
after the tubes in the wire have shrunk the 1 
exerted is annulled and there will there! on 
pressure tending to push the surrounding tul 
into the wire, where they will shrink like th< 
wire. This process will go on until all the la 
stretched from A to B have been forced ink 
effects annulled. 



The discharge of the conductors is thus 
movement of the tubes in towards the wire i 
ends of these tubes along the wire. The posit 
move on the whole from A towards B along 1 
ends from B towards A . 

169. Strength of the current. If w 
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170. Electrodes. Anode, Cathode. If the ends R, 
a body through which a current is flowing are portions of eq 

)tential surfaces, then R and S are called the electrodes, and if 1 
irrent is in the direction RS, R is called tbe anode and S the catho< 

171. Electrolysis. In addition to the thermal and magne 
Eects mentioned in Art. 168, there is another effect characteris 

the passages of the current through a large class of substam 
lied electrolytes. Suppose for example that a current pass 
itween platinum plates immersed in a dilute solution of sulphu 
id, then the solution suffers chemical decomposition to some ext€ 
id oxygen is liberated at the platinum anode, hydrogen at t 
atinum cathode. There is no liberation of hydrogen or oxygen 
ie portions of the liquid not in contact with the platinum plai 
>wever far apart these plates may be. Substances whose cc 
ituents are separated in this way by the current are called electrolyt 
>d the act of separation is called electrolysis. Electrolytes may 
lids, liquids, or, as recent experiments have shown, gases. Iodi 
silver is an example of a solid electrolyte, while as examples 
juid electrolytes we have solutions of a great number of mine: 
Its or acids as well as many fused salts. 

The constituents into which the electrolyte is separated by t 
irrent are called the ions : the constituent which is deposited 
ie anode is called the anion , that which is deposited at the cathc 
Le cation. With very few exceptions, an element, or such a gro 
: elements as is called by chemists a 'radical, 5 is deposited at i 
me electrode from whatever compound it is liberated; thus : 
cample hydrogen and the metals are cations from whatever co 
)unds they are liberated, while chlorine is always an anion. 

The amount of the ions deposited by the passage of a cum 
iron an electrolvte was shown bv Faradav to be connected 
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passes as a very intense current for a short time or 
current for a long time. 

173. Faraday's Second Law of Electi 

same quantity of electricity passes through dijferen 
weights of the different ions deposited will be proportion 
equivalents of the ions . 

Thus, if the same current passes through a serk 
from which it deposits as ions, hydrogen, oxygen, sib 
then for every gra mm e of hydrogen deposited, 8 grai 
108 gr amm es of silver and 35*5 grammes of chlorine v 

If we de fin e the electro-chemical equivalent of a £ 
number of grammes of that substance deposited du 
of the unit charge of electricity, we see that Faradaj 
comprised in the statement that the number of gra 
deposited during the passage of a current through , 
equal to the number of units of electricity which have 
the electrolyte multiplied by the electro-chemical e< 
ion, and that the electro-chemical equivalent is pro 
chemical equivalent. 

Elements which form two series of salts, such a 
forms cuprous and cupric salts, or iron, which fo] 
ferric salts, have different electro-chemical equivale] 
they are deposited from solutions of the cuprous oi 
or ferric salts. The electro-chemical equivalents of a 
are given in the following table; the numbers repre 
in grammes of the substance deposited by the passag 
magnetic unit of electricity (see Chap. xn.). 

Hydrogen -0001C 

Oxygen *00082 

Chlorine . ... -00367 
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rent. Imagine a plane drawn across the electrolyte, there n 
is in any time towards the cathode across the plane an amo 
the cation chemically equivalent* to that of the anion depos: 
die saints time at the anode; while, a corresponding amount of 
on must cross the plane towards the anode. Thus in every ] 
die elect;! olyte the cation is moving in the direction of the chit 
; anion in the opposite direction. 

Faraday’s laws of electrolysis give a method of measuring 
uitity of electricity which has passed through a conductor in 
ie and hence of measuring the average current. For if we p] 
electrolyte in circuit with the conductor in such a way that 
rent through the electrolyte is always equal to that through 
iduetor, then the amount of the electrolyte decomposed will 
portional to the quantity of electricity which has passed thro 
conductor; if we divide the weight in grammes of the deposi 
\ of the ions by the electro chemical equivalent of that ion 
the number of electro magnetic units of electricity which 
ised through tin* conductor, dividing this by the time we get 
wage current in electro magnetic units. 

An electrolytic cell used in this way is called a voltameter; 
ms most frequently used aie those* in which we weigh the amo 
•upper deposited from a solution of copper sulphate, or of si 
m a solution of silver nitrate, or measure the* amount of hydro 
‘rated by the passage of the current through acidulated wale 

174, Halation between Electromotive Force i 
rrent. Ohm’s Law. The work done bv the electric foi 
unit charge of electricity in going from a point A to another p< 
4 called the rltrirumotiw ft tree from A to U, It is frequently writ 
the K.M.K. from A to IL 
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Ohm’s Law is that the quantity R defined by 
pendent of the strength of the current flowii 
and depends only upon the shape and size of t 
of which it is made, and upon its temperature , 
The most searching in vestigations have beer 
of this law when currents pass through metals 
have all failed to discover any exceptions to 
accuracy with which resistances can be measur 
gations an accuracy of one part in 100,000 In 
tests to which it has been subjected are except 
Ohm’s Law does not however hold when the 
rarefied gases. 

175. Resistance of a number of Coi 

Suppose we have a number of wires AB , Cl), 

a —itc ~\ e F f< 

Fig. S7 

nected togetlier so that B is in contact with ( L 
so on. This method of connection is (‘.ailed putt 
Let r l9 r 2 , r 3 ... be the resistances of the \ 
and let i be the current entering the circuit A 
the current i will flow through each of the 
consider the case when the field is steady, th< 
denote the potentials at A, B, 0, &e, respeeti 
A to B is v A — Vjj] tluis we have by Ohm’s 1 

v a >\u 
v a- v i> 

v f hh 
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nparing this expression with the preceding, we see that 
R - r 1 + r 2 + r 3 + .... 

nee when a system of conductors are put in series, the resista 
bhc series is equal to the sum of the resistances of the indivic 
doctors. 

176. Resistance of a number of Conductors arranj 
Parallel. If the wires instead of being arranged so that 
l, of one coincides with the beginning of the next, as in the 
Ltnple, are arranged as in Kig. 88, the beginnings of all the w 
ng in contact, as are. also their ends, the resistances are sai( 
arranged in parallel, or in multiple are.. 


E 



We proceed now to find the resistance of a system of wire; 
ang'ed. Let / be the e.urreut flowing up to A, let this divide il 
i) currents i u / 2 , i n ... flowing through the circuits A('B, A, 
'B ... whose resistances are /q, /*.», respectively. Tlu*s 

v lt are the potentials of A and B respectively, we have, by Oil 
N 

r i f '/i L-Pa* 
r a r tt r n ho 
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or the reciprocal of the resistance of a numbei 
parallel is equal to the sum of the reciprocals 
resistances. The reciprocal of the resistance of a < 
its conductivity , hence we see that we may expres 
investigation by saying that the conductivity of 
ductors in parallel is equal to the sum of the co] 
individual conductors. 

In the special case when all the wires conned 
arc have the same resistance, and if there are n wii 
when in multiple arc is Ijn of the resistance of on 
wires. 

177. Specific resistance of a substanc 

wire whose length is l and whose cross section 
area a, we may regard it as built up of cubes v 
unit length, in the following way; take a filament 
l of these cubes in series and then place a of 
parallel; the resistance of this system is evidently 
of the wire under consideration. If a is the resist 
cubes the resistance of the filament formed by pi 
in series is la, and when a of these filaments are 
the resistance of the system is laja\ hence the resis- 

la 
a * 

Since a only depends on the material of which th 
see that the resistance of a wire of uniform cr< 
portional to the length and inversely proportional 
cross section. 

The quantity denoted by cr in the preceding e 
the specific resistance of the substance of which 
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fc positive charge when it goes from A to B, and on unit negai 
rge when it goes from /> to A ; hence if in unit time N units 
itive charge go from A to /> and N' units of negative charge fi 
K) A, the work done is E (N 1 N'). But N |~ N' is equal to 
strength, of the. current flowing from A to B, thus the work d 
k(uh 1 to EC. I f U is the resistance of the conductor betweer 
1 B, E RC ; thus the. work done in unit time is equal to h 
\ see that the same*. amount of work would be spent in drrv 
urrenfc of Mu 1 - same intensity in the reverse*. direction, viz. fi 
;o A. 

By the principle of tin* Oonservution of Knergy th(*. work hj 
the ele-ctric forces in driving the current caimot be lost, it n 
e rise to an e-cjuivalent amount of energy of some kind or ot 
u passage' of the current heats the conductor, but if the lies 
ised to leave the conductor as soon as produced the states of 
iductor is not alien'd by the ’passage*, of the current, 
chanical equivalent of the heAt produe k .eei in the conductor 
iwn by Joule to be equal to the work spent in driving the*, cun 
otigh the conductor, so I hat Mu*, work done' in driving the euin 
n this ease entirely converted into heat. Thus if II is the medlar 
livaleut of tin* heat produced in time 

// R( '~t. 

e law expressed by this etpiation is eallt'd Joule's Law. It st 
it. the heat produced in a given time is proportional to the sqi 
t in* strengt h of t he current. 

Since', by Ohm's Law E R(\ the heat produced in Mu*, t 
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total amount of heat produced by the battery cell (a) must 
ivalent to that developed by the combination of the amount 
} consumed in the cell while the current is passing with 
ivalent amount of sulphuric acid. 

180. Electromotive Force of a Cell. I f (1 is the currc 

he resistance of the wire*, between the plates, r that of the liq 
ween the plates, t t.he time the current has been (lowing, tJ 
Joule's law the mechanical equivalent of the heat generated 
wire is R ( ,2 /, ( hat of the heat generated in the liquid is rt 
shall see in Phapter xm, that when a current (lows across 
ction of two different metals, heat is produced or absorbed 
junction; this effect is called the 1 . Peltier effect. The h 
T-ming l.h**! thermal effects at the junction of two metals di 
y materially from .Joule’s law. Tin 4 heat developed in accords 
h Joule’s law in a conductor Alt is, as long as the strengtl 
; current remains unaltered, the same, whether the current fl 
m A to It or from H to A. The thermal effects at (lie junctioi 
) metals ( 1 and t) depend upon the direction of the current; t 
liere is a development of heat when the current flows across 
lotion from (' to t>, (-here will be an absorption of heat at 
lotion, if the current flows from /> to ( \ These heat effects wl 
inge sign with t he current are called reversible heat effects, 
it developed at the junction of two substances in unit tim 
eetly proportional to the strength of the current and not to 
uire of the strength. 

In the ease of the voltaic cell formed of dilute acid and zinc 
)per plates, the current passes across the junctions of the 
d acid and of t he acid and copper as well ns across the met 
‘ i < t / • 1 1 t ukiH I' tti I Kit II tl'it Itutu) lit tlti till* I » ill 
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have been converted into zinc sulphate. Let w b 
equivalent of the heat produced when one gramim 
into zinc sulphate, then the mechanical equivalent 
would be developed by the chemical action whicl 
in the cell is eGtw ; but this must be equal to the mecl 
of the heat developed in the cell, and hence we ha 

ROH + rCH + PCt = eGtw, 
or (R -f r) C = ew — P. 

The quantity on the right-hand side is called the el 
of the cell. 

We see that it is equal to the sum of the produ 
through the external circuit and the external re 
current through the battery and the battery resi 

We shall now prove that if the zinc and copper 
being joined by a wire are connected to the plate 
then if these plates are made of the same materia 
different potentials, and the difference between th< 
equal the electromotive force of the battery. For 
has got into a state of equilibrium, and any chan£ 
electrical conditions, the increase in the electrical ei 
the energy lost in making the change. Suppose t] 
of the plate of the condenser in connection with th 
the battery exceeds by E the potential of the ol 
condenser in connection with the zinc plate of t 
suppose now that the electrical state is altered l 
electricity equal to SQ passing from the plate of i 
low potential to the plate at high potential thro 
from the zinc to the copper. The electrical energy 
is increased by E8Q, while the passage of this quani 
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) x w, and this must bo equal to tho heat produced plus 
reaso in the electrical energy, .hence wo have 
I48Q h P8Q eSQxw, 

K ew f\ 

;t is, the difference of potential between the plates of the eondei 
Xjirnl. to the electromotive force of the battery. Hence we 
ermine this electromotive force by measuring the difference 
iontial. 

Tho simple form of voltaic cell just. described does not giv 
Lstant electromotive force, as the hydrogen produced by 
miical action does not all escape from the cell; some of it a,dh 
the copper plate, forming a gaseous film winch increases 
[stance and diminishes the electromotive fore.e of the cell. 
The copper plate with the hydrogen adhering to it is said t< 
arizcd and to be tin*, send, of a back electromotive force wl 
Ices the electromotive force* of the battery less than its maxim: 
oretical value. We shall perhaps ge*t a clearer view of the e 
on of the copper plate with its film of hydrogem from the follow 
isidorations. Tim hydrogem in an electrolyte follows the*, cun 
l thus behaves us if it had a positive charge of electricity; if i 
hydrogem ions when they come up fo the copper plate, do 
mice give 1 ! up their charges to the plate*, but remain charged 
mall distance from it; we shall have* what is equivalent t 
rgetl parallel plate* com tenser at the copper plate, the posit iv 
Tged hydrogen atoms corresponding to flu* positive* plate* of 
demscr, ami tin* copper to the* negative* plate*. If the posith 
rged hydre >gon ions charge up tin* positive plate* of this condem 
zing ofT by induct ion an equal positive* charge* from tho co|i 
to. inst<‘ad of nivimx un their charm* direct! v to this nlate; 
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Another cause of inconstancy is that the zinc 
acts as an electrolyte and carries some of the c 
trav ellin g with the current, is deposited against 
and alters the electromotive force of the cell. 

The deposition of hydrogen against the posi 
battery, and its liberation as free hydrogen, can be 
ways; in the Bichromate Battery the copper pla 
carbon, and potassium bichromate is added to tl 
as the bichromate is an active oxidising agent it oxic 
as soon as it is formed, and thus prevents its ace 
positive plate. 


ZINC ROD' 
SULPHURIC ACID 
POROUS POT 
CORPER SULPHATE SOL- 

COPPER CYLIND 


Fig. 89 

181. DanielPs Cell. In DanielFs cell, t 
phuric acid are enclosed in a porous pot (Fig. 89) : 
earthenware; the copper electrode usually takes 
cylindrical copper vessel, in which the porous pc 
space between the porous pot and the copper is fillet 
solution of copper sulphate, in which crystals of co 
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mge takes place in the condition of the positive pole and there 
polarization. 

182. Calculation of E.M.F. of DanielPs Cell. T3 

unical energy lost in the cell during the passage of one unit 
ctricity may be calculated as follows : in the porous pot we ha' 
b electro-chemical equivalent of zinc sulphate formed while o: 
divalent of sulphuric acid disappears ; in the fluid outside this p 
e equivalent of sulphuric acid is formed and one equivalent 
pper sulphate disappears, thus the chemical energy lost is th 
rich is lost when the copper in one electro-chemical equivale 
copper sulphate is replaced by the equivalent quantity 

1C. 

Now the electro-chemical equivalent of copper is *003261 gramm 
d when 1 gramme of copper is dissolved in sulphuric acid the h< 
ven out is 909*5 thermal units, or 909*5 x 4*2 x 10 7 mechani 
lits, since the mechanical equivalent of heat on the c.G.s. syst 
4*2 x 10 7 . Thus the heat given out when one electro-chemi 
[uivalent of copper is dissolved in sulphuric acid is 

•003261 x 909*5 x 4*2 x 10 7 = 1*245 x 10 8 

echanical units. 

The electro-chemical equivalent of zinc is *003364 grammes, s 
Le heat developed when 1 gramme of zinc is dissolved in sulphi 
rid is 1670 x 4*2 x 10 7 mechanical units. Hence the heat develo] 
hen one electro-chemical equivalent of zinc is dissolved in sulphi 
-id is *003364 x 1670 x 4*2 x 10 7 = 2*359 x 10 8 mechanical uni 
Thus the loss of chemical energy in the porous pot is 2*359 x 
hile the gain in the copper sulphate is 1*245 x 10 8 , thus the t< 
>ss is 1*114 x 10 8 . Thus ew in Art. 180 = 1*114 x 10 8 . The elec 
lotive force of a Daniell’s cell is about 1*028 x 10 8 . We see fi 
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acid are placed in a porous pot, and this is placed ir 
glazed earthenware containing nitric acid; the positk 
of platinum foil dipping into the nitric acid. This 
electromotive force, viz. T97 x 10 8 . 

. Bunsen’s cell is a modification of Grove’s, 
platinum is replaced by hard gas carbon. 

184. Clark’s cell, which on account of it 
very useful as a standard of electromotive force, is r 

The outer vessel (Fig. 90) 
tube containing a glass ti 
a platinum wire passes; 
pure redistilled mercury su 
the end of this wire is tb 
the tube; on the mercur 
made by mixing mercurous 
rated zinc sulphate and a 
to neutralize it; a rod of 
into the paste and is hel< 
passing through a cork it 
the test-tube. The electromotive force of this coll ii 
15° Centigrade. 

Cadmium cell. In this cell the zinc of th 
replaced by Cadmium, the negative electrode inster 
is an amalgam containing twelve parts by weight 
100 of the amalgam; the zinc sulphate solution is 
saturated solution of Cadmium sulphate; the rest o 
same as in the Clark cell. This cell has a smaller tempei 
than the Clark cell and is the one now most frequ 

fltfl.nrJa.’rrl • if, a a! rvfivA. f ay'AA n.f, f° fl is 



5] 


ELECTRIC CURRENTS 


current enters the cell, while hydrogen adheres to the ot 
te B, by which the current leaves the cell. If these plates are r 
connected from the battery and connected by a wire, a curr 
l How round the circuit so formed, the current going from 
te B to the plate A through the electrolyte and from A t( 
ougli the wire. This current is thus in the opposite directior 
,t which originally passed through the cell. The plates are s 
1)0 polarized, and the k.m.e. round the circuit, when they are f 
mooted by the wire, is called the electromotive force of polar: 
ii. When the plates are disconnected from the battery and c 
ited by 1.1k 1 . wire the hydrogen and oxygen gradually disapp 
in the plates as the current passes. In fact we may regard 
arized plate* as forming a voltaic battery, in which the chem 
ion maintaining the current is the combination of hydrogen i 
Agon to form water. Though hydrogen and oxygen do not com! 
ordinary temperatures if merely mixed together, yet the oxy 
i hydrogen condensed on the platinum plates combine readilj 
u as these plates are connected by a wire so as to make 
/gen and hydrogen part* of a closed electrical circuit. There 
nerouB other examples of the way in which the formation of s 
ircuit facilitates chemical combination. 

186. A Finite Electromotive Force is required 
erate the Ions from an Electrolyte. This follows at o 
the principle of the Conservation of Energy if we assume 
till of Faraday's Law of Electrolysis. Thus suppose for exan 
.t. wo have a single. 1 huiiell's cell placed in series with an electro! 
I containing acidulated water; then if this arrangement cc 
since a current which would liberate hydrogen and oxygen fi 
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to 1 114 x 10 s mechanical units. Hence we see tt 
the electrolytic cell were decomposed, 3*56 x 10 
would be gained for each unit of electricity that p 
cell: as this is not in accordance with the principle 
tion of Energy the decomposition of the water c 
see that electrolytic decomposition can only go oi 
energy in the battery is greater than the gain of ene 
lytic cell. 

If we attempt to decompose an electrolyte, aci 
example, by an insufficient electromotive force the 
mena occur. When the battery is first connected tc 
of electricity runs through the cell, hydrogen tr 
current to the plate where the current leaves 
travelling up against the current to the other p 
hydrogen nor the oxygen, however, is liberated i 
adheres to the plates, polarizing them and produc 
which tends to stop the current ; as the current cor 
amount of gas against the plates increases, and wi 
tion, until the e.m.f. of the polarization equals th 
when the current sinks to an excessively small frac 
value. The current does not stop entirely, a v< 
continues to flow through the cell. This current ! 
shown by v. Helmholtz to be due to hydrogen and 
in the electrolytic cell and does not involve any sc 
into free hydrogen and oxygen. The way in w 
current is carried is somewhat as follows. Suppose 
with its small e.m.f. has caused the current to flo^ 
until the polarization of the plates is just sufficie 
e.m.f. of the battery; the oxygen dissolved in t] 
hydrogen coated plate will attack the hydrog< 
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lus in consequence of the depolarizing action of the dissofr 
ses there will be a continual current tending to keep the e.m.f. 
e polarization equal to that of the battery; the current howe^ 
not accompanied by the liberation of free hydrogen and oxyg 
d its production does not violate the principle of the Conservati 
Energy. 

187. Cells in series. When a series of voltaic cel 
miell’s cells for example, are connected so that the zinc pole 
e first is joined up to the copper pole of the second, the zinc pi 
the second to the copper pole of the third, and so on, the ce 
e said to be connected up in series. In this case the total elect 
Dtive force of the cells so connected up is equal to the sum of 1 
ictromotive forces of the individual cells. We can see this at oi 
we remember (see Art. 180) that the electromotive force of a 
stem is equal to the difference between the chemical energy lc 
len unit of electricity passes through the system, and themechani 
uivalent of the reversible heat generated at junctions of differ* 
bstances: when the cells are connected in series the same chemi 
anges and reversible heat effects go on in each cell when unit 
ictricity passes through as when the same quantity of electric 
,sses through the cell by itself, hence the e.m.f. of the cells in sei 
tlie sum of the e.m.f.’s of the individual cells. 

The resistance of the cells when in series is the sum of th 
3istances when separate. Thus if E is the e.m.f. and r the resistai 
a cell, the e.m.f. and resistance of n such cells arranged in sei 
e respectively nE and nr. 

188. Cells in parallel. If we have n similar cells a 
nnect all the copper terminals together for a new terminal and 
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consisting of n cells in series, and let these m sets be c 
parallel. The e.m.e. of the battery thus formed v 
resistance nr/m, where E and r are respectively t 
resistance of one of the cells. The current through 
resistance R will be equal to 

nE E_ 

r + E~K + L 

m n m 

Now nm = N, hence the denominator of this express 
of two terms whose product is given, it will therefore 
the terms are equal, i.e. when 

R __ r 

n m > 

T> n 

or R = —r. 

m 

Since the denominator in this case is as small as possi 
will have its maximum value. Since nrjm is the re 
battery we see that we must arrange the battery so 
possible, the resistance of the battery equal to the 
resistance. This arrangement, though it gives the lar 
not economical, for as much heat is wasted in the 
produced in the external circuit. 

190. Distribution of a steady current in 
Conductors. 

KirchhofFs Laws. The distribution of a ste* 
a network of linear conductors can be readily determ 
of the following laws, which were formulated by Kii 

1. The algebraical sum of the currents which me 
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The second follows at once from the relation (see Art. 180) 

III -| rl^ E, 

ere It is the external resistance, T the resistance of the bath 
ose k.m.f. is K, and / the current through the battery. For 
'he difference of potential between the terminals of the batte 
1 by Ohm’s law this is equal to the sum of the products of 
mgth of the current and the resistance for a series of conduct 
ming a, continuous link between the terminals of the battery. 

191. Wheatstone’s Bridge. We shall illustrate these Is 
applying them to the system known as the Wheatstone’s Brid 
this system a batt ery is placed in a conductor AB, and five ot 
iduotors A(\ Hi \ AD, HI), (>I) are connected up in the v 
>wn in Fig. 91. 

Let K be the electromotive force of the battery, B the resista: 
the battery circuit AH, i.e. the resistance of 
i battery itself plus the resistance, of the wires 
meeting its plates t o A and H. Let (7 be the 
istanco of ( 7h and h, a, a, fl t he resistances of 
>, Hi 1 , AD, HD respectively. Let x be the 
•rent through the battery, // the current 
ough A(\ : that through i'D. By Kirch- 
IT’s first, law the current through A I) will be x — y, that throi 
f II z % and t hat through DH x y | z t 
Since t here is no elect romot ive force in the circuit ACD we b 
Kirchhoff's second law, 

hy 1 (h a (x y) 0; 

i negative sign is given to the last term because travelling roi 

1 II.Klltlll 111 I III. t , .11 At * / i 4 111! nil Ii^mvi 4- A I 41 AUKfCI 1 w 
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From (1) and (2) we get 

x y 

G [a + b + a + j8) -f (b + a) [a + j8) G [a -f /3) -f- a [a + j8) 

= aa - bp (3 

Since the electromotive force round the circuit ACB is E, 
ive 

Bx + by + a (y - z) = E; 
mce by (3), we have 

x = {G [a + b + cl + ft) + [b + a) [a -J- jS)} 
y={G(a+ P) + a(a + P)}^ 
z = (aa — bp) | 

x-y = {G(a + b) + b(a + P)}^ 

y-z={G (a+ P)+ p (a + b)} ~ 

E 

x — y + z = {G [a + b) + a [b + a)} 

lere 

= BG [& -f- b -j- d -f- jS) 4“ B [b -j- ct) (u -j- j8) 

+ Cr (u + &) (a + ft) 4- cl (u -{- fi) [a 4- 6) — a (acc — i 

— BG [a -j- b -f- d -j- j8) -j- B [b 4- ct) [cl -j- j8) 

4* G [ct + 6) [cl + ft) + ctba + cibfi 4~ &ctj8 4~ bccfi, 
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I two, omitting the product of any two which meet at either 
* extremities of the battery arm or at either of the extremities 
3 arm P. 

From these expressions we see at once that if we keep all t 
distances the same, then the current in one arm (A) due to 
otromotive force E in another arm (B), is equal to the current 
) when the electromotive force E is placed in the arm ( A ). T. 
uprocal relation is not confined to the case of six conductors, l 
true whatever the number of conductors may be. 

We may write the expression for x given by equation (4) in 1 

E 

X B + B’ 

rere 

B — ^ ( a + b) (a + /3) + aaj3 + aab + a/3b + aj3b 
G (a + b + a + j8) + (6 + a) (a + j8) 

JR is the resistance, between A and B, of the crossed quae 
}eral ACBD. 

We see that R = (sum of products of the five resistances of t 
Ladrilateral taken three at a time, leaving out the product of 2 
.ree that meet in a point) : divided by the sum of the products 
e same resistances taken two at a time, leaving out the prod 
any pair that meet in A or B. 

192. Conjugate Conductors. The current through < 
ill vanish if 

aa~bp; 

this case AB and CD are said to be conjugate to each other, t] 
■e so related that an electromotive force in AB does not prod 
iy ' current in CD : it follows from the reciprocal relation that w. 
us is the case an electromotive force in CD will not produce s 
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Since the difference of potential between C and 1 
that between D and B, we have 

ay = ft {x - y); 

hence eliminating y and x — y, we get 

b a 


cl~ 

b/3 = aa. 

When this relation holds we may easily prove that 
A = (a + b + a + p) {<? + ^ ^ 


(a + j3) (a 


a + & + a 


which, we may write as 

A = S(G + P')(B + P); 


where S is the resistance of ADB, ACB placed in t 
resistance of the same conductors when in parallel, 
resistance of CAD, CBD in parallel. 

When AB is conjugate to CD, then in whatever pa: 
work an electromotive force is placed, the current th: 
these arms is independent of the resistance in the oth 
deduce this from the preceding expressions for the curre] 
arms of the circuit; it can also be proved in the folio win 
is applicable to any number of conductors. Suppose th 
motive force in some branch of the system produces a cm 
AB, then we may introduce any e.m.f. we please into 
altering the current through its conjugate CD. We may 
introduce such an electromotive force as would mak* 
through AB vanish, without altering the current in 
effect of making the current in AB vanish would be 
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hus bears to E the ratio of G (aa — bj 8) to A. By making aa — 
all we can without using either very small or very large resistar 
ke the ratio of the potential difference between G and D t< 
;eedingly small; for example, let a — 101, a = 99, b = = ] 

= G = 1. Thus we find that this ratio is nearly equal to 1/4 x ! 
the potential difference between C and D is only about one fc 
lionth part of the e.m.e. of the battery. 

194. Heat produced in the System of Conductc 

turning Joule’s law (see Art. 178) we shall show that for all poss 
tributions consistent with KirehhofPs first law, the one that g: 
> minimum rate of heat production is that given by the second 1 
For, consider any closed circuit in a network of conductors, 
w ... be the currents through the arms of this circuit as de 
ned by Kirchho IPs laws, and r x ,r 2 , ... the corresponding resistan 
o rate of heat production in this closed circuit is by Joule’s 
lal to 

r x u 2 -f r 2 v 2, + (1 

Now suppose that the currents in this circuit are altered in 
>st general way possible consistent with leaving the current 
5 conductors not in the closed circuit unaltered, and consisi 
o with the condition that the algebraical sum of the curr 
wing into any point should vanish: we see that these oondit 
(iiire that all the currents in the closed circuit should be mere* 
diminished by the same amount. Let them all be increased 
the rate of heat production in the circuit is now by Joule’s la 

;«+£* -!■♦•*(» +o 2 + ••• 

= r x n l -I- -|- ... 2£ (r x u -)■ r,,v + ...) + (r x -|- r., + r 3 + ... 

Now since the currents u, v, w arc supposed to be defcerminet 
rchhofl’s laws 
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195. Use of the Dissipation Function. 

conveniently deduce the actual distribution of the c 
down F the expression for the rate of heat prodi 
it a minimum, subject to the condition that the 
the currents which meet in a point is zero. Or v 
of this condition express, as in the example of 
Bridge, the current through the various arms ir 
number of currents x , y , z, then express the rate < 
in terms of x , y, z. 

F is often called the Dissipation Function. 

When there are electromotive forces E^, E q in 
which currents u VP u Q are flowing respectively 
distiibution of current is that which makes 

F — 2 (EpUy + E q u q + ...) 
a minimum. Thus in the case of the Wheatstone’ i 
F = Bx 2 4- by 2 + a (y — z) 2 + Oz 2 + a (x — y ) 2 - 
and equations (4) of Art. 191 are equivalent to 

«, 

which are the conditions that F — 2 Ex should be 

A very important example of the principle th 
distribute themselves so as to make the rate of 1 
small as possible, is that of the flow of a stead; 
a uniform wire; in this case the rate of heat produc 
when the current is uniformly distributed over t' 
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)duction. Let A and B respectively denote the network be 
i after the increase in resistance in one or more of its arms. W 
b altering the resistance alter the currents until the distribu" 
currents through A is the same as that actually existing in 
e rate of heat production for the new distribution is by Art. 
iater than that in A. Now take this constrained system 
diout altering the currents suppose that the resistances 
reused until they are the same as in B. Since the resistances 
reused without altering the currents the rate of heat produci 
increased, so that as this rate was greater than in A before 
istances were increased it will a fortiori be greater afterwa 
t after the resistances were increased the currents and resistai 
! the same as B, hence the rate of heat production in B 
srefore its resistance is greater than that of A. 

197. The following proof of the reciprocal relations between 
•rents and the electromotive forces in a network of conductoi 
3 to Professor Wilberforce. Let A, B be two of the points i 
work of conductors, let U AB denote the resistance of the ^ 
rung A B ; V A the potential of A , V B that of B, G AB the cun 
wing along the wire from A to B, E AB the electromotive fore 
attcry in AB, tending to make the current flow through the batl 
bho direction AB] let currents from an external source be led i 
i network, the current entering at a point A being denoted 
. Then if E/^ denotes the sum of all these currents 2/^ = 0 
Wo have by Ohm’s law, 

KahVah- Va-V u \ -B ab (] 

b us suppose that another distribution of currents, potentials, , 

rU.rmvwkf.i va fmv.AU rl A.mU.Afl Lv rlntthArl 1 aMato Wa Ihi.va hv ( 
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Since the left-hand aide is symmetrical 
accented and unaccented letters we have 


ZVJ'a + ^a^'ah 


I, V' A l A 


Now suppose that all the /’a and /'’a are 
2?’s are zero except E A n , all the Ii n a except j 


i.e. that when unit electromotive force acta in 
through another branch 01) of the network is t 
through AB when unit electromotive force i 
equation (2) suppoae that all the IPh and K n n a 
I A is led in at A and out at B, all the other I 
in the distribution represented by the dashed 
led in at 0 and out at / ), all the other /'\s va 


f'a(Va V t>) 

Thus if unit current he led in at A ami <: 
difference between 0 and D is the same as (1 
between A and B when unit current is led in 


198. Distribution of Current throui 
ductor. We shall now consider the cam 1 , 
instead of being constrained to How along wire 
themselves through an unlimited conductor 
constant throughout its volume. We shall suj 
is introduced into this conductor by means o 
electrodes, i.e. electrodes made of a material wl 
vanishes. The currents will enter and leave t 
angles to the electrodes, for a tangential cur 
would correspond to a finite tangential elactrh 
ductor and therefore in the electrode, but in th 
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iditions (I) that it is at right angles to the surfaces A and B , i 
that since the current is steady, and there is no accumulatioi 
ctricity at any part of the conductor, the quantity of electric 
deli flows into any region equals the quantity which flows c 
Mice we see that the outward flow over any closed surface enclos 
and not B is equal to i, over any closed surface enclosing B i 
t A is equal to ~ i, and over any closed surface enclosing licit 
both of these surfaces is zero. But the electric intensity, w" 
3 conductor is replaced by air and A has a charge i/irr of posil 
ctricity, while B has an equal charge of negative electric 
dsfies exactly the same conditions, which are sufficient to detenu 
without ambiguity; hence the current in the conductor is eq 
the electric intensity in the air and is in the same direction, 
e such that the tangent to it at any point is in the directior 
3 current at that point is called a stream-line. The strcam-li 
ncide with the lines of force in the electrostatic problem. 

199. If q is the intensity of the current at any point P (i.e. 
rrent flowing through unit area at right angles to the stream-! 
P), a the specific resistance of the conductor, ds an eloinenl 
3 stream-line, then by Ohm’s law the e.m.e. between the electro 
and B is equal to 

foqdtt, 

3 integral being extended from the surface of A to that of B. 
s constant, this is equal, to 

ajiqds. 

If V is the electric intensity at P in the ehud.rostatic probh 
,co F q, the k.m.p. between A and /> is equal to 
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Hence the e.m.f. between A and B 


in 


4rr(. 


or the resistance between A and B is equal to 


4tt0 


We see from this that the resistance of 
concentric spherical surfaces, whose radii are. 


4 Trah 


(A-- 4 


The resistance per unit length of a shell o 
bounded by two coaxial cylindrical surfaces > 
b is equal to 


a . b 
loir 


2 rr ' ’ a 

The resistance between two spherical elect 
a and b and whose centres are separated by a < 
very large compared with either a or ft, is equal 

* ji , 1 n 

4n \<i ' b It) ’ 

approximately. 

The resistance per unit length between 
cylindrical wires whose radii are a ami b, ai 
a distance R apart, when*! R is very large cot 
approximately 


tr . IB 

l(ur 

2tt ah ' 


If we have two infinite cylinders, one wit h 
B per unit length, the other with the chargt 
B are the centres of the sections of these 
perpendicular to the axis and P at point in this ’ 
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sit is, they are the series of circles for which A and B are inv( 
nts. The lines of force are the lines which cut these circles 
it angles, i.e. they are the series of circles passing through A { 
But the lines of force in the electrostatic problem coincide w 
> lines along which the currents flow between two parallel cylinc 
electrodes ; hence these currents flow in planes at right angles 
axes of the cylinders, along the circles passing through the i 
nts in which these planes intersect the axes of the cylinders. 



Since the resistance of unit length of the cylinders is 
> resistance of a length. t is 


a . /i 2 

2^ „b‘ 


a , IP 
2m! '*«!>’ 


in will 1)0 i.ho resistance of a thin lamina whose thickness is t w 
b current is led in by circular electrodes radii a and b, if the th 
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To find the resistance of a lamina so boundec 
moment the flow through the unlimited lamina, 
flow from out of each electrode approximately 
directions; hence if we draw a series of circles in' 
constant angle a at A and B, we may regard the 
made up of the conductors between the strean 

c 

multiple arc ; the number of these conductors is - 

same current flows through each, the resistance of 
is 277/a of the whole resistance; thus the resistanc 
conductors is 

o , R* 

— log . 
at b ab 

Thus, for example, if the electrodes are place< 
ference of a complete circle, a = 77 and the resistanc 

<r , R 2 
77 1 ab * 

200. Conditions satisfied when a curr< 
one medium to another. Let AB be a portio 
of separation of two media, cq the specific resista 
medium, cr 2 that of the lower, let 6 and cf> be the 
directions of the current in the upper and lower n 
make with the normal to the surface. Let q l9 q 2 
of the currents in the two media, i.e. the amount < 
across unit areas drawn at right angles to the < 
Then since, when things are in a steady state, th 
or decrease in the electricity at the junction of th 
currents along the normal must be equal in the 

Thus gi cos 0 = q 2 cos </> 
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201. It was not known until 1820 that an 
exerted any mechanical effect on a magnet in its 
year however Oersted, a Professor ab Copenhage] 
magnet was deflected when placed near a wire com 
current. 

When a long straight wire with a current flown 
held near the magnet, the magnet tended to pla 
angles both to the wire and the perpendicular let fa 
of the magnet on the wire. 

The lines of magnetic force due to a long strai 
readily shown by making the wire pass through 
board disc over which iron filings are sprinkled. W 
right angles to the wire, the iron filings will arrai 
circles when the current is flowing; these circle 
having as their centre the point where the wire cr< 
the disc. 

The connection between the direction of the co 
the magnetic force is such that if the axis of a ri| 
(i.e. an ordinary corkscrew) cc 

^ direction of the current, then 

I screwed forward into a fixed nn 
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202. Ampere’s law for the magnetic field due to a 
ised linear circuit. This may be stated as follows: At e 
nt l\ not/ in the wire conveying the current, the magnetic foi 
i to the current can bo derived from a potential £2 where Q = C 
e.ing the cuueut (lowing round the circuit, co the solid an 
(tended by the- ciicuit at P, and 0 a constant which depends 
unit in which the current is expressed. 

When the unit of current is what is known as the ‘ elect 
gnetic unit.,’ see Chap, xir, 0 is unity. We shall in the follow 
estimations suppose that the current is measured in terms of 1 
t. 

We see from Art. I»M that this is equivalent to saying that 
gnetic field due ton c.urrent is the same as that due to a magn< 
11 whose strength is g the boundary of the shell coinciding w 
circuit conveying the current. The direction of magnetizatioi 
; shell is related to the direction of the current in such a way t 
he. observer stands on the side of the shell which is charged v 
litive magnetism and looks at the current, the current in fron 
i flows from right to left. 

The host proof of the truth of Ampere’s law is that though 
iseq ueuees are being daily compared with the results of exp 
ufs, no discrepancy has ever been detected. 

The potent ial due to the magnetic shell at a point in the substa 
the shell is not the. same, as that due to the electric circuit, no 
s magnetic force at such a point the same in the two cases. 1 
■vcvcr docs not cause any difficulty in determining the magn 
re due to a circuit, at, any point P, for, since only the bound 
the equivalent magnetic shell is fixed, wo can always arrange 
‘II in such a way that it- does not pass through P. 
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shell is magnetized along the normal, the tangenl 
in the shell is equal to the tangential magnetic in 
Art. 158 , the tangential magnetic force at P', a 
the shell, is equal to the tangential magnetic, force 
inside the shell, and this, as we have just seei 
tangential magnetic induction at P. Again, by Ai 
magnetic force at P' is equal to the normal, mag 
P. Thus since the normal force at P f is equal to th 
at P, and the tangential force at P' is equal 
induction at P, the magnetic*, force at P' is equal 
direction to the magnetic*, induction at P. Since i 
at P due to the current is equal to the magnetic 
the shell, we see, that the magnetic force clue to 1 
equal to the magnetic induction due to the shell 


a 



Thus since', the lines of magnetic induction du 
a series of closed curves passing through the 
magnetic force due to the current flowing roui 
circuit will be a series of closed curves threading 

203. Work done in taking a magnet 
closed curve in a magnetic field due to £ 
Lot EFUIL 1%. 05, be the closed curve traverse 
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ravers es the closed curve EFGH under the influence of 
bncal currents, is given by the equation 

W = / (adx + bdy + cdz), 

integral being taken round the closed curve. 

Hence we have by Art. 153 

W = J {(« + 4vA) dx + (J3 + 4 nB) dy + ( y + 4t tC) dz}, 

meo by Art. 134 the line integral of the magnetic force dr 
shell vanishes when taken round a closed circuit, we have 

J ( adx + j3dy + ydz) = 0; 

50 W = 4-tt f (Adx + Bdy + Cdz), 

re the integral is now taken from P to Q, the points when 
1 cuts the curve EFGH, since it is only between P and Q 
r *» O do not vanish. 

H <f> is the strength of the magnetic shell, and the directic 
g ration is from the negative to the positive side of the shell 

{(Adx + Bdy 4- Cdz) = <f > ; 

W = 4:7rcf>. 

Ib the strength, of the current which the shell replaces 


Art. 202; hence 


cf> = i 

W — irri. 


riuiB tire work done on unit pole when it travels round a cl 
/c which threads the circuit once in the positive direction , i.e. \ 
pole enters at the negative side of the equivalent shell and le 
ho positive, is constant whatever he the path, and is equal t< 

4-7n. 
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negative side and leaves it at the positive), an 
negative direction, the work done on the pole on i 

4 iri (w — m). 

The value of \(adx |- jS dy •} ydz) taken round 
independent of the nature of the material which i 
circuit; it is the same, if the currents are unulf 
circuit lies entirely in air, entirely in iron or any < 
medium, or partly in air and partly in iron. Ko 
regarded as made up of two parts, one, in which 
the magnetic force are a t> f} x> y, due to the mag 
currents when there is nothing hut air in the n 
other, a field whose components are a {)i fi ()> y 0 due 
tion induced or permanent of the iron. 

Hence 

J(arftc -I- /% -!■ ydz) /{(«, |- «„) <l.r. | (/}, i fi u )u 

Since a 0) $ 0> y () are the forces due to a distr 
the work done by these forces on a unit pole tal 
circuit must vanish, hence 

J(« 0 ^ I Ml/ 1 Yi) (iz ) { K 
when the integral is taken round any closed circu 

$(adx P fldjj \ ydz) ~ ■ f(a x dx h | 
and 

f(a x dx I f} x dy 1 y t dz) 

Arr (sum of currents embraced In 

Thus J (adx f jS dy *}* ydz) depends merely ti|>< 
the field and not upon the nature of the material 
circuit. 
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ce the current is infinitely long the magnetic force will not vj 
we move parallel to the wire conveying the current; hence ■ 
mal magnetic force taken over one of the plane ends will car 
t taken over the other. Thus, if M is the curved surface of 
inder, the total magnetic force taken over the cylinder is RS, i 
co this vanishes, R must vanish ; hence there is no radial magtn 
ce due to the*, current. 

To find T the tangential magnetic force, let P be any point, i 
* the perpendicular let fall from / > on the current; T is the magn 
ce at right angle's to OP and to the. direction of the current. W 
is centre and radius OP describe in a plane at right angles to 
rent a circle; at each point on the circumference of this circle 
igential magnetic force 1 will by symmetry he constant, and equa 
The work done, when unit pole is taken round this circle is 273 
l since the path encircles the current once this must by Art. 
equal to It rt\ if / is the strengt h of the current; hence we have 

r 'i- 

the tangent ial magnetic force, varies inversely as the distance fi 
> current. 

We shall now show that the magnetic force parallel to the cun 
tushes. 

We can do this by regarding the straight, circuit as the Uml 
■ircular one with a very large radius, Consider the magnetic f< 
a point P due to the circular current. Through P draw a ci 
a plane parallel to that of the current, so that the line joit 
the centre of this circle, to the centre of the circle in which 
Tent is flowing, is perpendicular to the planes of these eir< 
en if T is the magnetic force along the tangent to this eireh 
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and their planes at right angles to the current. T 
magnetic force is related to that of the current in 
the diagram, Fig. 94 ; i.e. the directions of chit 
force are related in the same way as the directi 
and rotation in a right-handed screw. 

The magnetic force at a point P not in the eti 
derivable from a potential U, where 

LI 2 if) I Arrni, 

where 9 is the angle P() y the perpendicular let f 
axis of the current, makes with a fixed lira 4 in the ' 
right angles to the current: n is an integer. The pop 
valued function having at each point an infinif 
differing from each other by multiples of \ m\ ' 
done in taking unit magnet ic pole round a closed 
the current. This iiidetorminateness in the potent 
fact that the work done on unit pole as it goes fr 
another point Q, depends not merely on the rt 
P and Q but also on the number of times the po 
P to Q encircles the current. 

205. Magnetic force inside the condi 
the current. When the current is tlowit 
through a circular cylinder, we ran easily find 1 
at a point inside the cylinder. Let () be the eentr 
of the conductor, and P a point at which the f a 
required; in the plane of the section draw a cm 
0 and radius OP. Ttie work done in taking m; 
circle is 2 ttOP . 7\ this by Art. 202 is equal to Ai 
enclosed by the circle. Hence we have 
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207. Two infinitely long straight 
flowing in opposite directions. Let. A in 
points where the. axes of f 
- u piano drawn at right ai 

\ of the currents. lad; the di 
0 0 at A he downwards thro 

^ at /> upwards; if / is th 

current, the magnetic, potential at a point P b 

I;: 27 m } 2/{tt / PHA 

This may bo written 

4rri (n -|- m) » / A PH >. 2/ 

thus along an equi potential line, the angle AP 
the equipotential lines are the series of circles j 
The lines of magnetic force are at right 
potential lines, flaw are therefore the series of 
centres along AH such that the tangents to t.hei 
point of AH, are of the constant, length ()A. 

The lines of magnetic force and the e.qt 
represented in Fig. W. 

The direction of tin*, magnetic force is eusi 
If PT is the direction of the magnetics force at 
the normal to the circle round A PH, the angle 
complement of the angle PA H. 

The magnetic force. R at P is the resultant 
at rigid, angles to AP and 2ijHP at right angh 
these along PT, we have 


■ "vmAHP i T'mhHA 

AP HP 
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At a point whose distances from A and B are large compa: 
h AB we may put AP = BP = OP, in this case the magne 
;e varies inversely as OP 2 , and the direction of the force ma' 
h OP the same angle as OP makes with the line at right an£ 
dB. 

208. Number of tubes of magnetic force due to the t 
"rents which pass through a circuit consisting of t 1 
res parallel to the currents. Let A, B be the points where ■ 
> currents intersect a plane drawn at right angles to them, 0 



> points where the wires of the circuit cut the same plane. T1 
b. 200, the number of tubes of magnetic force due to A which. | 

AO 

ough CD per unit length — 2 i log ^ . Similarly the nura 
ich pass through CD and are due to the current B is 


BO 

- 2* log y- D \ 


rice the number through CD per unit length due to the cun 
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When the circuits AB, CD are so situated tt 
of tubes passing through CD due to the current 
circuits AB, CD are said to be conjugate to each c 
AC BD 

for this is that l°g should vanish, or t 

AC^AD 

BC~BD : 

another way of stating this result is that C a 
points on the same line of magnetic force due 
A and B ; this is equivalent to the condition tl 
be points on a line of magnetic force due to 
currents at C and D . Since the lines of magne 
currents A and B are a series of circles with th< 
follows that if CD is conjugate to AB it wil 
however CD is rotated round the point O', O' b<: 
the line bisecting CD at right angles intersects . 

A case of considerable practical importance i 
equal circuits AB and CD, the current through . 
direction as that through C and that through B i 
as that through D . 

Let us consider the case when AB and CD ai 
and so placed that the points A, B, D, C are 
rectangle. Then if i is the current flowing round 
C l the magnetic potential at a point P will, by A 
the equation 

O = — 2 id — 2 i<f> + constant 
where d and <f> are the angles subtended respe 
CD at P. 

The lines of magnetic force are the curves 
right angles; along such a line 
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th l aX ' S of the c «nent 3 i.e. on the line thrc 


at right angles to A JR tu Le * on tne 11116 tim 

i is by Art 207 equaf t 0 magnetlC force 18 P araUeI to the 


2i 1 AB 2 i . CD 

- ~r 


AP 2 ‘ (Jp2 
x, AB — 2a, AO = 2d, the magnetic force at P is equal 

4ia 


4m 


+ (x+ df + a? +(d — xf ' 



0 p 



This is, neglecting the fourth and higher powers of x , equal 1 
_ 8 «? [1 , 

a 2 + d 2 \ ( a 2 + d 2 ) 2 J 5 

is, if V$d = a, the term in x 2 disappears and the lowest powe 
diich appears in the expression for the magnetic force is the fou 
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209. Direct and return currents flew 
through two parallel and infinite planes. 

Let the two parallel planes be at right angles t 
B F D paper and let this plane 
T VV the lines AB, CD, Fig. L 

] i ilovv upwards at right ai 

U v of the paper through eat 

L Jr AM and downwards throng 

of CD. Let EF be the so 
N iv] parallel to A B and CD ain 

them. We shall prove f 
A EC force between the plane* 
1%. 100 parallel to EF, being thi 

planes in which the currents are flowing and at r 
currents. 


We shall begin by proving that the magnetic I 
ponent at right angles to the planes in which the cu 
This is evidently true by symmetry at all points in 
between A B and CD; we can prove it is true, at 
following way. Take a rectangular parallelepiped < 
is in the plane whose section is E F, let another 
parallel to the plane of the paper and the third [i 
to the line EF. The total normal magnetic int 
closed surface vanishes. Since the currents are tmif 


in the infinite planes, the magnetic induction will I 
points in a plane parallel to those in which the cur 
lienee the total magnetic? induction over the pal; 
parallelepiped which are at right angles to the \n 
vanish: for the induction at a point on one face vvil 
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it right angles to the planes in which the currents are flowix 
• proof applies to all parts of the field, whether between t 
.es or outside them. 

Co prove that the force parallel to the currents vanishes, we ta 
ctangle PQRS with two sides PQ, RS parallel to the currea 
other sides PS, QR being at right angles to the planes of t 
ents. No current flows perpendicularly through this rectang 
3e (Art. 203) the work done when unit magnetic pole is tak 
id its circumference is zero. But since the magnetic force paral 
*S, RQ vanishes, the work done on unit pole, if F is the foi 
ig PQ , F' that along RS, is equal to 

(. F - F') PQ. 

;e this vanishes F = F' , i.e. F is constant throughout the fie 
since by symmetry it vanishes along EF it must vanish throug 
the field. 

We have now proved that throughout the field the componei 
he magnetic force in two directions at right angles to each ot] 
ish, hence the magnetic force, where it exists, must be para. 
IF, Fig. 100. 

We shall now show that except in the region between the pla 
force parallel to EF also vanishes. Take a rectangle TUV 
, 100, symmetrical with respect to EF and with the sides T 
r parallel to it. Then since there is as much current flowi 
rards from AB through this rectangle as downwards from C 
work done on taking a unit pole round this rectangle m 
ish. Hence if F is the force parallel to EF along TV, F' that 
T , F—F'. If however the directions of all the currents are 
sed the direction of the magnetic force will be reversed also. I 
m the currents are reversed the force at TV parallel to EF ^ 
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hence ini x LM is equal to the work done in taki 
pole round the rectangle. But this work is II x L 
is done when the pole is moving along MA\ Nh a 
have 

II X LM 4 rri X /vJ/, 

or II 4 7 n. 

Thus the magnetic force in independent of the 
the planes. 

210. Solenoid. We can apply exactly <1 
to the very important ease of am infinitely lo 
solenoid, i.e. an infinitely long right- circular cylii 
currents are (lowing in planes perpendicular to I 
solenoid may bo constructed by winding a right 
uniformly with wire, the planes of the winding bci 
to the axis of the cylinder, so that between any tv 
angles to the axis and at unit distance apart* there art 
of turns of wire. We can show by the same metis 
that inside the cylinder the radial magnetic force v 
the force parallel to the axis of the. cylinder is unif 
the cylinder the magnetic, force vanishes: and 
magnetic force inside the cylinder parallel to the t 

II =- 4tt (current flowing between two planes *■ 
distance). 

If there are n turns of wire wound round each 
cylinder and i is the current, flowing through the v* 
is equivalent to 

II ■ 4 it a /. 

Thft WAaedirur man It. m trim whs».tiivi*r hi*- f.hi* * 
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a about an axis in its own plane which does not cut it, and 
e ring be wound with wire so that the windings are in pla 
coug e axis of the ring and so that the number of windi 
tween two planes which make an angle 6 with each other is eq 
n6 l % r ; n 1S tims the whole number of windings on the ring. T 
> can prove as in Art. 209 that the magnetic force vanishes outs 
e solenoid, and that inside the solenoid the lines of magnetic fc 
5 circles having their centres on the axis of the solenoid and t] 
mes at right angles to the axis. Let H be the magnetic force 
listance r from this axis; the work done on unit pole when ta] 
ind a circle whose radius is r and whose centre is on the axis j 
me perpendicular to it is 27rrH ; this by Art. 203 is equal to 
aes the current flowing through this circle, and is thus equal 
ni, if i is the current flowing through one of the turns of w 
>nce 

2irrH ~ iirni 



Thus the force is inversely proportional to the distance from 
is. 

The preceding proof will apply if the solenoid is wound roi 
dosed iron ring; if however there is a gap in the iron it requ 
idification. 

Let Fig. 101 represent a section of the solenoid and suppose t 
B DC is a gap in the iron, the faces of the 
>n being planes passing through the axis 
the solenoid. Let this axis cut the plane 
the paper in 0. 

Let P be a point on the face of one of 
e gaps, B the magnetic induction in the 

>V\ v.i /-V 4- nnA-lAO 4-r\ OP an DinaA a 
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where 9 is the angle subtended by the air gap al 
solenoid. Hence by Art. 203 we have 


or 


rB - 


i 

i f* j 

5- 

2 nfii 

{ o , 


r {I. 1 ■ (/* 


( 27T 


4 t mi 



This formula shows the great effect produced 
small air gap in diminishing the magnetic, indueti 
the case of a sample of iron for which /t 1 1001 

O/Itt i/100, 

i.e. if the air is only one per cent, of the whole ein 
B is only one-eleventh of what it would be if the 
complete, while even though 0/ 2tt were only equ 
magnetic induction would be reduced one-half by 
the gap. 

We can explain this by the tendency which the t 
induction have to leave air and run through iron, 
force in the solenoid due to the current circulating 
direction of the arrow, the face AH of the gap will 
positive magnetism, the face OD with negative. If 
of magnetism existed in air, tubes of magnetic ir 
from AB and running through the air to 01) 1 
uniformly distributed in the field; in this ease the 
in the solenoid for a short part of their course. Hi 
solenoid is filled with soft iron these tubes forsake 
through the iron, and as they are in the opposite 
tubes due to the current they diminish the magnetic 
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a current i, those on the right relating to the distributer 
‘rent produced by a battery of electromotive force E. 
Magnetic System. Ctjeeent System. 

1. The lino integral of the mag- 1. The line integral of the ele 
ie force round any closed curvo force round any closed curve pas 
cading the magnetizing circuit is through the battery is E, while rc 

while round any other closed any othor closed curve it vanishe 
vo it vanishes. 

2. The lines of magnetic indue- 2. The lines of flow of the cur 

a are closed curves threading the are closed curves passing through 
gnotizing circuit. battery. 

3. The magnetic, induction is g 3. The intensity of the curroi 

es the magnetic force, where g is by Ohm’s Law c times the olo< 

magnetic permeability. force, where c, is the specific com 

tivity of the substance, i.e. the 

oiproeal of the specific resistance 

4. At the junction of two different 4. At the j unction of two diffe 

['lift the normal magnetic induction media the normal electric current 
t the tangential magnetic force are the tangential electric force are 
tinuous. tinuous. 

From th oho results wo see that the magnetic induction du< 
nugnetizing circuit carrying a current i will be numerically o< 
iho current produced by a battery coinciding with the circui 
t electromotive force, of the battery is Ani, and if the spe< 
uluetivity of the. medium at any point in the surrounding 1 
mmerically equal to the magnetic permeability at that point. 
Since, the magnetic permeability of iron is so much greater t 
it of air or othor turn- magnetic substances, we may, when we 
* analogy of the current, regard the. magnetic substances as g 
lductors, the no re magnetic substances as very bad ones. 
Thus ifi the case of a magnetizing coil round an iron ring, 
■retd, jumlnmu* is sl battorv mHO.ri.ed in a rimr of bitrh conduct.! v 
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a gap in this circuit, in the electric analogue this ^ 
to cutting the ring, inserting a disc of a bad conduct, 
this would evidently greatly reduce the current; if 
the slit, c-y the specific conductivity of the materia 

filled, then the resistance of the ring is f b 

3 C 7 T(l" (\ 


through the ring is equal to 




Li- 



the average intensity of current is equal to 

cE 

,+ %-' )\ 

The magnetic induction in the slit iron ring will t 
magnetic permeability of air is unity, be 

4 rrifi 

I I d (fi ~ 1)’ 

Any problem in the distribution of currents 
analogue. Thus take the problem of the Wheats: 
191), in the magnetic analogue we have six iron h 
AD, BD, CD (Fig. Hi)) with a magnetizing eirei 
l x , 1%, 1^, l 4 are the lengths, a t , u 2 , <r H , a 4 the. areas of 
and fi l9 fju z , fiey, /x 4 the magnetic permeability of - 
respectively, we see from the theory of the Wheat 
there will be no lines of magnetic, induction down 


A u k k 

th <H !H«a /V'a/V'a’ 

a result which may be, applied to the compartHoi 
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boundary of the shell exerted a magnetic force at Q equal 
in Q/PQ 2 , where 6 is the angle between PQ and the tangent 
:o the boundary of the shell: the direction of the magnetic fo 
Q is at right angles to both PQ and the tangent to the bound: 
P. Since the magnetic force due to the shell is by Ampere’s r 
5 same as that due to a current flowing round the boundary of * 
intensity of the current being equal to the strength of ■ 
ill, it follows that the magnetic force due to a linear current n 
calculated by supposing an element of current of length ds 
jo exert at Q a magnetic force equal to ids sin 6 /PQ 2 , where i is 
ength of the current, and 8 the angle between PQ and the direct 
bhe current at P : the direction of the magnetic force being at ri 
jles both to PQ and to the direction of the current at P, 

The direction of the magnetic force is related to the directioi 
3 current, like rotation to translation in a right-handed sc: 
rking in a fixed nut. 

212. Magnetic force due to a circular current. [ 

seeding rule will enable us to find the magnetic force along 
is of a circular current. 

Let the plane of the current be at right angles to the plan* 
3 paper. Let the current intersect this plane in the points A , 
5 . 102, flowing upwards at A and downwards 
B. Let 0 be the centre of the circle round 
iich the current is flowing, P a point on the 
is of the circle. The force at P will by 
mmetry be along OP. If i is the intensity of 
3 current, then the force at P due to an 
smcnt ds of the current at A will be at right 
gles to the current at A, i.e. it will be in the plane of the pa] 


A 

p 

o 

B 

Fig. 102 
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•i midway between the plane, s of the currents, the magnetic f( 

P iH 




A mar 

(<* a + <P)$ 


:i • 


1 

(a 1 + (d 4* x ) 2 ) 
i! (a 8 - 4#) 




{a?+(d~xf)i 


(a 2 +<2 2 ) 2 


+ terms in x 4 and higher powers of xj . 

us if a :• 2e\ that is ii the distance between the currents is ec 
be radius of either circuit, the lowest power of x in the expresi 
the. magnetic, force will be the fourth. Thus near 0 where 
nil the magnetic force will be exceedingly uniform. 

This disposition of the coils is adopted in Helmholtz’s Galv* 
ter. 


214. Mechanical Force acting' on an electric curr 
<ced in a magnetic field. 

The mechanical lore.es exerted by currents on a magnetic sys 
equal and opposite to the forces exerted by the magnetic sys 
the currents. Since the forces exerted by the currents on 
gnets are the same as those exerted by Ampere’s systen 
gnetic shells, it follows that the mechanical forces on the curr< 
st bo the same as those on the magnetic shells; hence the de 
mtion of the mechanical forces on a system of currents car 
‘cted by the principles investigated in Art. 136. Introducing 
iimity of the current instead of strength of the magnetic she! 
from that article that the force in any direction acting c 
mit conveying a current i is equal to i times the rate of incr< 
die*, number of unit tubes of magnetic induction passing thro 

wbmt flirts Arrv*tiif. i« in fliA rlirAP.f.i nn nf f-.hp. 1 a 
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and the magnetic induction is shown in tiie ace 
where the magnetic induction is supposed drawn 
plane of the paper. 


215. Couple acting on a plane circuit 
form magnetic field. Let A he the area of 

intensity of the oi 



between the norn 
the circuit and t) 
mag net ie inductio 
unit tubes of magi 
to the uniform fie 
the circuit is iA H 
the strength of th 
tion in the unifo, 
does not (‘bange 


moved parallel to itself; there arc*, therefore no 
acting on the system. The number of tubes pa 
circuit changes however as the. circuit is rotate* 
therefore be a couple acting on the circuit; tl 
couple tending to increase </> is by the last at 
rate of increase with <f> of the number of unit tube 
the circuit, that is to 

^ {iA H eosc/>) 


d </> 


iA H sin <f>. 


The couple vanishes with </>, and hence the cin 
itself with its normal along the direction of the n: 
and in such a wav that the direction of the n 
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low upwards through the paper. Then, by Art. 204, the magne 
cce at B due to the current through A is equal to 

2 i 

AB 9 

id is at right angles to AB; hence, by Art. 214, the mechani 
rce per unit length on the current at B is equal to 

2 ii' 

AB ’ 

id since it acts at right angles both to the current and to * 
agnetic force, it acts along AB. By the rule given in Art. 2 
e see that if the currents are in the same direction the force betw< 
iem is an attraction, if the currents are in opposite directions ■ 
rce between them is a repulsion. Hence, we see that strain 
trail el currents attract or repel each other, according as they 
>wing in the same or opposite directions, with a force which vai 
versely as the distance between them. 

217. Mechanical force between two circuits, ea 
.rcuit consisting of a pair of infinitely long parallel strai§ 
inductors. Let the currents be all perpendicular to the pk 
: the paper and let the currents of the first a 
id second pairs intersect the plane of the 
iper in A , B and C , D respectively: we 
Lall consider the case when the circuits are 
aced symmetrically and so that the line 
F bisects both AB and CD at right angles. 6 
et the current i flow upwards through the 105 

aper at A, downwards at B, the current i f upwards through 

a ^1 71 HPVni "Uo'f'nrroo'rt +.V 10 1 
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Between the currents B and C there is a repulsic 
per unit length to 

2 ii' 

Wr 

the component of this parallel to EF is 


2w' mf 
m? lA ' 


An’ E F 


Hence on each unit length of 0 tIioi*c is a for 
and equal to 

2u'EF |^ r , J{(! a j : 

there is an equal force acting in this direction or 
of I); hence the total force per unit length on tin 
attraction parallel to EF equal to 

An' EF I 1 1 1 

pie* /if'- 1 

If EF r= x, AE -■■■• a, OF b, this ia equal to 

4W,!B {(«- |-a* (a | by- ! 

this Vanishes when x =- 0 and when x is infinite, 
be some intermediate value of x wlieu the at tructh 
This value of % is easily found to he given by the. e 

x 2 * ${2 + (tW (a* i ■ 

when a — b is very small this gives 

x -■ a ~ A, 


when hja is very small 
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fclmt between two infinitely long straight parallel circuits, 
;ance between the straight circuits being equal to the shori 
jiine.e between the circular ones. Thus if i, i' are the curre 
ougli tlie circular circuits, whose radii are respectively a anc 
I x in the distance between the planes of the circuits, the attract 
ween the parallel circuits is at right angles to the planes of 
wits and in approximately equal to 

4t7raii f x 
(a — b) z +1?* 

h is n maximum when x^a-b; that is, when the dista 
ween the planes of the circuits is equal to the difference of tl 
ii. 

Another ease which is easily solved is that of two coaxial circi 
■nits, the radius of one being small compared with that of 
er. Let i be the intensity of the current flowing round the la 
•uit whose radius is a, i r the current round the small circuit wh 
ins is b\ hvt x be the distance between the planes of the circn 
m\ since b is very small compared with a, the magnetic force < 
the large circuit will be approximately uniform over the sec< 
•uit and equal to 27 m 2 / (a 2 - |- # 2 ) : - , its value at the centre of t 
uiit. Thus tlio number of unit tubes of magnetic induction 
(he first, eireuit which pass through the second circuit is equa 

2t AW 

(a 2 + a; 2 )- 

Hence by Art. 2M the force on the second circuit in the direci 
,vhieh x increases, i.e. the repulsion between the circuits, is equ£ 

•hiHi'cW-- -- 

dx ( a 2 + x 2 )^ 


272 


MAGNETIC FORCE DUE TO CURRE 


a maximum. When we use the attraction betw 
means of measuring their intensities, the currents ( 
in this position, for not only is the force to be me 
this case, but it is also practically independent of ; 
the proper adjustment of the distance between th 

219. Coefficient of Self and Mutual 1 

coefficient of self-induction of a. circuit is defined 
of unit tubes of magnetic induction winch pass tl 
when it is traversed by unit current, there being n 
permanent magnet in its neighbourhood. 

The coefficient of mutual induction of two cii 
defined to be the number of unit tubes of magnefi 
pass through B when unit current {lows round , 
current except that through d, or permanent mn< 
bourhood of the circuits. 

We see from Art. 138 that the coefficient of m 
also equal to the number of unit tubes of indu 
through A when unit current flows round B, 

If the circuit consist of several turns of wire, the 
definitions we must take as the number of tubes o 
tion which pass through, the circuit, the. sum of tin 
of magnetic induction which pass through the did 
circuit. 

We see from the preceding definitions that 
circuits A and B, and if the currents /, j flow res; 
these circuits, then the numbers of tubes of magnet i 
pass through the circuits A and B are respectively 
Li | Mj , and Mi f Nj, 


due to currents 


] MAGNETIC eorce 

with, aii the number of unit tubes of magnetic indue 
?h each, turn nf TFITO ^ ^ „ 1 j. „ A A J +• 


• ,1 , ’ e number of unit tubes of magnetic indue 

*=> I0u g ea ch. turn of wire is equal to Ami A, and since t 
' uins per unit length, the coefficient of self-induction of a lei 
the solenoid is equal to 


ArrnHA. 

If the core were filled with soft iron of permeability /x, then 
l ex o ui lit tubes of magnetic induction which pass through < 

i ° wne is Airn/xA, and the coefficient of self-induction of a lei 
ArrnHfjiA. 

11. the iron instead of completely filling the core only part 
it, then if B is the area of the core occupied by the i 
coefficient of self-induction of a length l is 

ArrnH{fiB -f A — B}. 

[ on aider now the coefficient of mutual induction of two solen 
id /3 with parallel axes. The coefficient of mutual induction 
ish unless one of the solenoids is inside the other, for the magi 
^ ue a current through a solenoid vanishes outside 
noid. Hence when a current Sows through a no lines of indue 
pass through /? unless /3 is either inside a or completely surroi 


Let ft be inside a. Let B be the area of the solenoid /3, an< 
)e the number of turns of wire per unit length. Then if 
•ent flows through a, the magnetic force inside is Arm, where 
number of turns per unit length. Hence if there is no iron ir 
solenoids, the number of tubes of magnetic induction pas 
>ugh each turn of /3 is 4 irnB, and since there are m turns per 
;t.h, the coefficient of mutual induction of a length l of the 
noids is ArrnmlB. 

Wo see, by Art. 218, that the coefficient of mutual indue 
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and down the other, then by Art. 208, the coo 
induction between a and /3 is, per unit length, e< 


2 log 


AC. BD 

AD . BO ? 


where A, B, 0, D are rcs]>cctively the points who 
circuits a and /3 intersect a plane at right angles 
direction. The current through the conductor into 
in A is in the same direction as that through the 
through 0. 


220 . Wo can express the energy in the magn 
system of currents very easily in terms of the 
coefficients of self and mutual induction of the cir 
Art. 163, that the energy per unit length in a unit 
at P is equal to It/tirr, where It is the magnetic, for 
of induction is a closed curve, and the total am 
this tube is equal to 

where ds is an element of length of the tube and 
sum of all the products lids for the tube. But* 
done on unit polo when it is taken round the close* 
the tube of induction, and this by Art.. 203 is equ 
sum of the currents encircled by the curve. II*' 
a tube of induction is equal to 

| (the sum of the currents encircled by t 
Hence the whole energy in the magnetic field is 
sum of the products obtained by multiplying tli 
circuit by the number of tubes of magnetic induct!* 
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□ce the energy in the magnetic field around this circuit is 
{ i (Li -h Mj) -|- lj (Mi + Nj) 

- \U* + Mij + {NjK 

we have only one circuit carrying a current i, then if L is 
flicient of self-induction, the energy in the magnetic field is 

{UK 

lis the coefficient of self-induction is equal to twice the energy 
magnetic, field due to unit current. 

Wo may use this as the definition of coefficient of sell -induct 
1 this definition lias a wider application than the previous < 
3 definition in Art. 219 is only applicable 
on the currents flow through very fine 
os, the present one however is applicable 
on the current is distributed over a coll- 
ator with a finite cross section. Thus let 
uonsider the case where wo have a current 
ving through, an infinitely long cylinder 
ose radius is OA, the direction of flow 
ng parallel to the axis of the cylinder, 

1 where the return current flows down 
hin tube, whose radius is OH, coaxial with this cylinder. 

Lot i be the current which flows up through the cylinder 
w n through the tube, let us suppose that the current through, 
inder is uniformly distributed over its cross section. The magn 
co will vanish outside the tube, for since as much current fl 
through, the cylinder as down through the tube, the total euri 
wing through any curve enclosing them both vanishes, and th 
e the. work done in taking unit pole round a circle with eei 

cm*,-.,* 


e 
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At a point. P inside the cylinder the magnetic f( 

2 if 


where a ~ O/i, the radius of the cylinder. 

By Art. 163 the energy per unit volume is e 
where II is the magnetic force; hence if fi is the n 
bility of the cylinder, the magnetic energy betwet 
right angles to the axis of the cylinder and at unit 


equal to 


4'i 2 I' 01 * "Irrrdr 

8 7tJ ()A r* 


4 i 7 l ( (U/2 

Htt J o a A 


27 rrdr 


on . r 

' ri( W()A 1 4 /*• 


Hence, since the coellieient of self-induction per un 
the energy when the current is unity, it is equal U 


2Io, 0/i 

n OA 


4/*. 


In this case the coellieient of self-induction wi 
greater when the cylinder is made of iron than wl 
a non-magnetic metal like copper. For take, the east 1 v 
where e- 2-718, the hast' of the Napierian logoi 
self-induction for copper, for which /t. is equal to t 
2*5 per unit length, but if the cylinder is made, of 
whose magnetic permeability is 1000, the coellieient 
per unit length is 502. Thus in this cast* the materia! 
through which the current- flows produces an euorn 
greater than it does in the ease of the solenoids. 

The self-induction depends upon the way in w 
is distributed in the cylinder; thus if the current ins: 
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221. Rational Current Element. In Ampere’s express! 
the magnetic force due to a current, the current is supposed 
divided up into elements, an element ds giving rise to a magne 
ce equal to ids sin 0/r 2 . Each of those elements when regarded 
eparate unit corresponds to an unclosed electric current, when 
the modern theory of electricity such currents do not exi 
us the mathematical unit does not correspond to a phvsi 
lity. To obviate this inconvenience Mr Heaviside has propos 
Dther interpretation of the element of current; he points out tl 
> magnetic force ids sin 0/r 2 ' is that due to a system of clo , 
xents distributed through space like the lines of magnetic induct 
e to a small magnet, PQ, PQ being the element of current 
d i representing the number of lines of magnetic induction runn: 
:ough PQ, i.e. passing through each cross section of the magn 
current at any point in the field round the element of curren 
^resented in magnitude and direction by the magnetic induct 
that point due to the little magnet. The reader will have 
hculty in proving this result, if he applies the principle that 
>rk done in taking the unit magnetic pole round any closed circ 
equal to 4 it times the current passing through the circuit. r 
unent, PQ, With its associated system of currents, Mr Heaviside c 
e rational current element, it has the advantage of correspond 
a possible physical system. It is important to notice that i 
ew of the element of current gives us for closed circuits the ss 
suit as the old one, i.e. the closed current is entirely confined 
e closed circuit and does not spread out at all into the surround 
ace ; for let PQ, RS be two elements, then if we place these toget 
that the end Q of one coincides with the beginning, R, of 
her, then the analogy with the lines of magnetic induction sh 
at the currents which when PQ was alone in the field divei 
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is, that it is a place where n charged particles 
direction of the element with the velocity v; t 
connected by the relation nev = ids. 


Measurement of Current and Res 
(ialvammictm s. 

222. The magnet ic force 1 . produced by a cum 
measure the intensity of the current. This is m< 
by means of the tangent, galvanometer, which cc 
coil of wire placed with its piano in the magnet i 
magnetic field is not wholly due to the earth, t! 
must contain the resultant magnetic force. At. th 
there is a magnet which can turn freely about a v 
the magnet is in equilibrium its axis will lie ul 
component of the magnetic force at the centre of 
no current is flowing through the coil the axis of 
in the plane of the coil, A current flowing tin 
produce a magnetic force at right angles to the 
proportional to the intensity of the current. Let 
be equal to Gi when 1 , i is the intensity of the rum 
the coil and G a quantity depending upon the 
coil. G is called the ‘(Jalvanometer constant 
horizontal component of the magnetic force at f lu 
Then the resultant magnetic, force at the cent re 
component // in the plane of the coil and n com 
angles to it, hence if 0 is the angle which the 
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*] 

The smaller we can make H, the external magnetic force at 
tre of the coil, the larger will be the angle through which a gi 
rent will deflect the magnet. By placing permanent magnet: 
table positions in the neighbourhood of the coil we can pa: 
itralizo the earth’s magnetic field at the centre of the coil: in i 
y we can reduce It and increase the sensitiveness of the galva 
ter. A magnet for this purpose is shown in Fig. 107, which re] 
ts an ordinary type of galvanometer. 

Another method of increasing the sensitiveness of the instrun: 
employed in the ‘astatic galvanometer. 5 In this galvanonn 
g. 108) we have two coils A and B in series, so arranged that 
rent circulates round them in opposite directions. Thus, if 



Fig. 107 Fig. 108 


g untie force at the centre of the upper coil is upwards from 
ne of the paper, that at the centre of the lower coil will be do 
rds. Two magnets a , /?, mounted on a common axis, are phi 
i he centres of the coils A and H respectively, the axes of magnet 

n nimmofu twmif. it* t trwtrtif.A t li pfvrUvmnM * t.luiM n.M 
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The larger we make G the greater will be th 
the galvanometer. If the galvanometer consists oi 
radius a , then (see Art. 212) G ==- 2rrja. If there 
together and arranged so that the distance betwe 
is a very small fraction of the radius of the turns, t 
mately % mja. If the galvanometer consists of ; 
rectangular cross section, the sides of the reetangl 
right angles to the plane of the coil, and if 2 b is fl 
rectangle (measured at right angles to the plane', o 
depth in the plane of the coil, n the number of tun 
through unit area, then taking as axis of x the 
centre of the coil at right angles to its plant'., and ; 
through the centre at right angles to this, we hav< 


G 277 n 


b rci a ifrlxtlif 
-Jc-a (,r‘- | /r)f 


where c is the mean radius of the coil. 


if M, 2cf) are the angles subtended at the eet 
Fig. 109, this reduces to 

, 0 


(} Ami!) log 7 . 


In sensitive galvanometers the hole in tin' cent: 
is made as small as possible, so that the. inner wi 

small radii; when this is the ease, we may put <ft 


G \mif> log eof 
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rent of this magnitude centuries to liberate 1 c.c. of hydrogen 
;trolysis. 

Since 


le 


Ii 


80 
Si 
8 0 
(8i/i) 


tan 9, 


cos 2 9 , 


II 

• sin 9 cos 0. 


Thus for a given absolute increment of i, 89 will be greai 
.mi 0 is zero, and for a, given relative increment, 89, or the cha 
leflection, will be greatest when 0 45°. 



Mg. loo Fig. IK) 

In some eases it is important to have the magnetic field i 
‘ magnet as uniform as possible. This can be attained (see , 
1) by using two equal coils placed parallel to one another am 
lit angles to the line joining their centres, the distance beiv 
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the coil. When a current passes through the co 
deflected out of this plane, and the coil is now m 
the axis of the magnet is again in the plane of tJu 
is the case the components of the magnetic*, force ; 
the plane of the coil due respectively to the cm 
external magnetic field must be equal and oppot 
external magnetic force, </> the angle through, which 
twisted when the axis of the magnet is again in 
coil, the external force at right angles to (he ph 
H sin cf> . If i is the current through the coil, (1 the. 
its centre when the wires of the coil are. traversed 
then the magnetic force at right angles to the coil <1 
is Gi; hence when this is in equilibrium with the. c 
the external field, 

II sin </> (H, 

. // . , 

or - n sin th. 

w 

The advantage of this form of galvanometer is 
is always in the same position with respect to the ca 
coils and magnetic field the deflection is greater I 
for the tangent galvanometer. 

224. Desprez-d’Arsonval Galvanometei 
variometer the coil carrying the current moves w 
are fixed. The galvanometer is 
Fig. 111. A rectangular coil is su 
fine metal wires which also servi 
current to the coil. The coil mo 
poles of a horse-shoe magnet, a 

(mid IM o.mw*onf,Pii f.oi I mi f.lm mil In 
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>] 


5 to the magnetic Held. Wlxcn the magnetic field is uniform 
ition between the deflection and the current is as follows. ! 
>e the area of the coil, n the number of turns of wire, i the curr 
ough the wire, B the magnetic induction at the coil. When 
ne of the coil makes an angle </> with the direction of magm 
action the number of tubes of magnetic induction passing tliroi 


BAn sin </>, 

ice, by Art. 21.5, the. couple tending to twist the coil is 

iBAn cos </>. 

If the torsional couple vanishes when c/> is zero, the couple w' 
i coil is twisted through, an angle </> will be proportional to <j > ; 
iqual r</>, then when there is equilibrium, we. have 

iBAn cos <f> r<f>, 

rcf> 

% - * 

BAn cos</> 1 

r ) is small this equation becomes approximately 

Til) 

% BAn 


225- Ballistic Galvanometer- A galvanometer may 
ul to measure the. total quantity of electricity passing throng! 
1, provided the. electricity passes so quickly that the magne. 
* galvanometer has not time to appreciably change, its posi 
ile the. electricity is passing. Let us suppose that when no cur: 
passing the axis of the magnet is in the plane of the coil, the 
\ the current passing through the plane of the. coil, (! the galvt 
iter constant, i.e. the mmniot ie force, at the centre, of the coil w 
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the equation of motion of the magnet during 
current is 




x, - (iim, 

thus if the magnet starts from rest the angular ve 
t is given by the equation # 


r d0 „ [*. /f 

A . dm nit . 

(It J o 

If the total quantity of electricity which passes tin 
meter is Q and the angular velocity eomnnmieat 
w, we have therefore 


A a) OmQ. 

This angular velocity makes the magnet swiiij 
of the coil: if II is the external magnetic force at 
coil, the equation of motion of the magnet, is, if th 
force, 

A | mil sin 0 0, 

ah 


Integrating this etjuation we got 



2m// 


cos 0) 


If Sr is the angular swing of the magnet, tin 
vanishes when 0 YY, hence 

AW 2 2 mil (1 eosYv) Amli sin 2 


On substituting form the value previously fou 

Q 2 sin ] \ mil . A\ 

“ dm 

If T is the time of n, simdl nscilhst inn nf flu* m 


3] MAGNETIC FORCE DUE TO CURRENTS ! 

vanometcrs,’ and are constructed so as to make the effects 
» frictional forces as small as possible. This is done either 
king the moment of inertia of the magnet very large, or 
king the magnet so symmetrical about its axis of rotation t 
s frictional forces are. but small. The correction to be applied w 
* frictional forces are not negligible is investigated in Maxw< 
'dricUij and Ma<fuctisni, Vol. it. p. 

226. Measurement of Resistance. The arrangement 
uluctors in the Wheatstone’s Bridge (Art. 191.) enables us 
ermine the resistance of one arm of the bridge, say BD , Mg. 
terms of the resistances of the arms AC , OB and AD. Fox 
asurement of resistances by this method wires having a kn< 
istane.e are used. These are called 
{stance coils, and are made in the 
lowing way. A piece, of silk-covered 
rmatKsilvcr wire is taken and 
iibled back on itself (to avoid e fleets 
c to ehwtromagnetie induction, see 
ap. xt.) and then wound in a coil. 

length is them carefully adjusted ^ig. 112 

til its resistance is sunn*- multiple of the standard resistance, 
:n. Much end of this coil is soldered to a stout piece of brass s 
A, B , or (\ Fig. 112; these pieces are attached to an ebonite be 
insulate them from each other. Two adjacent pieces of b 
i be put in electrical connection by inserting stout well- (it; 
tss plugs between them. When the plug is out the resist*] 
.ween B arid (' is that of the wire, while when the plug is in tl 
practically no resistance between these places. 

\vr wtti iu f lifaiitrlt f luv u mvi ( h 
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D, and one electrode of a battery to A, the other i 
ment of the conductors is the same as that in the d 
which is reproduced here by the side for conveni 
the resistance of Ii : take one or more plugs out < 
then proceed to take plugs out of AD until there 
the galvanometer, when the battery circuit is e 
current through CD vanishes, wo must have by 
resistance of BD x resistance of AC 

resistance of B( ■ 



Fig. 113 


As the resistances of AD, BO, AD are known, th 
mined by this equation. 

227. Resistance of a Galvanometer. 

Lord Kelvin for measuring the resistance of a g 
interesting example of the property of conjugal 
saw (Art. 192) that if (7) is conjugate to A />\ f lu 
through any arm of the bridge by a battery in A l 
the resistance in CD, and the converse is also tnu 
measure the resistance of a galvanometer, place tl 
the arm BD of the bridge*, and replace the galva 
a key by means of which the cireuit*(7> can be co 
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228. Electromagnetic Induction, of which the laws were 
'died by Faraday, may bo illustrated by the following expermu 
o circuits A and ft, Fig. 1 M, arc placed near together, but c< 
tely insulated from each other; a galvanometer is in the eir< 
and a battery and key in A, Suppose the circuit A at thobegim 
the experiment to be interrupted, press down the key and c 

■o- 

i, 



..... .. „„ | 

Fig. 114 


circuit, the galvanometer in ft will be deflected, indicating 
tango of a current t hrough ft, although ft is completely insula 
m the battery. The deflection of the galvanometer is not a ) 
nent one, but is of the same kind as that of a ballistic gal vanonn 
en a. finite quantity of electricity is quickly discharged throng! 
it* is, the magnet- of the galvanometer is set swinging, but is 
’manentlv deflected, as it. oscillates symmetrically about its 
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galvanometer in B is again affected, the direction 
in this case being opposite to that which occurred 
in A was started, indicating that when the curreu 
an electromotive force is produced round B tending 
through B in the same direction as that which pre 

A. This electromotive force, like the one produced 
A was completed, is but momentary. 

These experiments show that the starting or i 
current in a circuit A is accompanied by the prod 
current in a neighbouring circuit B , the current i 
opposite direction to that in A when the current 
the same direction when the current is stopped. 

If instead of making or breaking the current i 
is kept steadily flowing in the circuit, while the circi 
about, then when A is moving away from B an el< 
is produced tending to send round B a current in t 
as that round A, while if A is moved towards B 
force acts round B tending to produce a currenl 
direction to that round A. These electromotive 
occur when A is moving, they stop as soon as it h 
If we replace the circuit A , with the current flowi] 
its equivalent magnet, then we shall find that tl 
magnet will induce the same currents in B as tl 
circuit A . If we keep the circuit A , or the magnet 

B, we also get currents ^produced in B. 

The currents started in B by the alteration 
position of the current in A, or by the alteration < 
B with respect to magnets in its neighbourhood, a 
currents ; and the phenomenon is called electromag 

A good deal of light is thrown on these phenome 
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the primary one in A, pass through the circuit in the oppo 
ection to those sent through it by the current in A; thus 
ect of the induced current in £ is to tend to make the t( 
mber of tubes of magnetic induction passing through £ zero; t 
to keep the total number of tubes of magnetic induction throi 
bhe same as it was before the current was started in A. Wes] 
d, when we investigate the laws of induction more closely, t 
s tubes of magnetic induction passing through B, due to 
luced current, are at the moment of making the primary cir< 
lal in number and opposite in direction to those sent thro 
by the current in A. The laws of the induction of currents r 
is be expressed by saying that the number of tubes of magn 
luction passing through £ does not change abruptly. 

Again, take the case when currents are induced in B by stopj 
* current in A. Initially the current flowing through A sene 
mber of tubes of magnetic induction through B : when the cun 
A is stopped these tubes cease, but the current induced in 1 
' same direction as that in A causes a number of tubes of magn 
luction to pass through B in the same direction as those du< 
s original current in A. Thus the action of the induced currer 
iin to tend to keep the number of tubes of magnetic inducl 
ssing through B constant. 

The same tendency to keep the number of tubes of magn 
luction through B constant is shown by the induction of a curj 
B when A is moved away from or towards B. When A is mo 
ay from B, the number of tubes of magnetic induction du< 
which pass through B is diminished, but there is a current in dr 
B in the same direction as that through A, which causes additic 
:>es of magnetic induction to pass through B in the same direci 

A 1 1 r\ A • +-.nl"iPSi nniin+.ArKa.lsu 
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circuit A itself. Let us suppose that A is alone 
when a current is flowing round A, tubes of magi 
through it. If the circuit is broken, and the ci 
number of tubes would fall to zero; the ten< 
preserve unaltered the number of tubes passing i 
will under suitable circumstances, cause the cun 
continue flowing in the same direction, to sparl 
when the circuit is broken, oven though the one 
to send the current through A, was totally ina< 
a spark. To show this effect experimentally it i 
the coil A round a core, of soft iron, so as, with 
increase the number of tubes of magnetic induct; 
the circuit; the coil of an electro-magnet shows t 



Fig. 115 


The effect of this 
very clearly in th 
ment. The coil of 
H % hig. I lb, is plu< 
an electric lamp i 
the lamp being vi 
with that of an 
consequence of thi 
connected up to a 
greater part, of ti 
through the coil, < 


through the lamp, too little indeed to raise 


candescence. If however the circuit is broken j 


to keep the number of tube's of magnet ic iu<lucti 
the ci remit constant, will send a current mom 
circuit II Lilli, which, will be larger than that f 
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tromotive forces due to induction in the two circuits tend 
ose each other. When this circuit, connected up to a galva] 
;er, is placed in a varying magnetic field, no current pass 
wing that the electromotive forces in the two circuits are eq 
. opposite. 

Faraday proved that in a magnetic field varying at an assigi 
tl i.c electromotive force round a circuit due to induction 
portional to the number of tubes of magnetic induction pass 
rmgh the circuit, by tubing a coil made of several turns of v 
> wire, and inserting in it a galvanometer whose resistance > 
ill compared with that, of the. coil: when this coil was placet; 
arying field the deflection of the galvanometer was found to 
ependent of the number of turns in the coil. As all the resista 
die circuit is practically in the coil, the resistance of the cir< 
I be proportional to the number of turns in the coil. Since 
mtit.y of electricity passing through the circuit is imUvpendeiv 
number of turns, it follows that the e.m.f. round the cir< 
st have been proportional to t lu^ resistance, i.e. to the numbe: 
ns of the coil. lienee, since the turns of the coils were so cl 
ether that each enclosed the same*, number of tubes of magn 
notion, it follows that when the rate of change is given the E.i 
itid the circuit must be proportional to the number of tube* 
guetic induction passing through it. 

Faraday also showed by rotating the same circuit at difTei 
icds in the*, same magnetic Held that the e.m.E. round the cin 
[proportional to the spewed of rotation, i.e. to the rate of cha 
the number of tubes of magnetic induction passing through 
niit. 

These investigations of Faraday's determined the conditi 

. i .. .. ...i .• i. * j i . ijt m \r 
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related to each other like rotation and translatic 
screw. 

We shall show later on (page 351) that this Is 
with Ampere’s law (Art. 214) by dynamical prii 
Let us apply this law of induction to the case 
to a variable magnetic field. Let the circuit 
battery whose electromotive force is i? 0 , and 1 
the circuit, including that of the battery, be R. 
of tubes of magnetic induction passing at any 
circuit, there will be an e.m.f. equal to — dPjc 
due to induction ; hence by Ohm’s law, we hav< 
round the circuit, 

§• 

dP , TV. T, 


Suppose the magnetic field is due to two cum 
round this circuit and the other through a se 
neighbourhood; let j be the current passing 
circuit. Let L be the coefficient of self-induction 
N that of the second, M the coefficient of mutual 
the two circuits. Then as the magnetic field is due 

P = Li - f Mj, 

and equation (1) becomes 

±(Li + Mj) + m=E 0 . 

If S is the resistance of the second circuit and E ( 
force of any battery there may be in that circ 
similarly. 
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5 first mid second moving pieces be resisted by resistances ) 
rtional to their velocities, and let Rx, Sy be these resistai 
pectively. The momenta corresponding to the two moving pi' 
.1 bo linear functions of the velocities. Let the momentum of 
it moving piece bo 

Lx -l- My, 

it of the second 

Mx + Ny. 

en, if Ij, M, N are independent; of the coordinates x, y, the e< 
ns of motion of the. two systems will be. 

My) Rx*= E q , 

* d( {Mx \ Ny) I 

mparing (.It (‘. ho. equations with thono for the two currents wo 
it they arc identical if wo make j the currents round the 
units coincide with x, y the velocities of the two moving pic 
o electrical equations of a system of circuits arc thus ident 
»h tho dynamical equations of a system of moving bodies, 
Tent flowing round a circuit corresponds to a velocity, the mar 
tubes of magnetic induction passing through the circuit to 
imeritum corresponding to that velocity, the electrical resist*] 
responds to a viscous resistance, and the electromotive forc< 
uechanieal force. 

A further analogy is afforded by the. comparison of the Kin 
orgy of the Mechanical System with the energy in the magn 
d due to the system of c.u mints. Tho .Kinetic Energy of 
chanical System is equal to 

lx (Lx | My) | ly(Mx \ Ny). 
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to regard a system of electrical currents as ah 
The inertia of the system will be increased 1 
which, for given values of the currents, increase* 
of electromagnetic induction passing through th 
of the system may thus be increased by the inti 
in the neighbourhood of the circuits. 

231. Wo can illustrate by a mechanical 
between the behaviour of electrical circuits and j 
system. Models of this kind have been desigi 
Lord Rayleigh; a simple one which serves t 
represented in Fig. Lib. 



Vi#. 1 10 

It consists of three smooth parallel homontr 
masses m x , M , m 2 slide, the mussels being sepj 
by friction wheels: the three*, masses are conn 
light rigid bar, which passes through holes in sv 
upper part of the masses; tlie bar can slide, hue] 
through these holes, so that the only constraint 
is to keep the masses in a straight, line. 
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> absence of current in the secondary when the current in 
mary is uniform. If now we suddenly stop m u m 2 will start 
the direction in which was moving before being brought 
t. This is analogous to the direct current in the secondary j 
ied by the stoppage of the current in the primary. These eff< 
i the more marked the greater the mass M. 

It is instructive to find the quantities in the dynamical sysi 
ich correspond to the coefficients of self and mutual induct: 
t us suppose that the bar on which M slides is midway betw 
i other two. 

Then if :f, is the velocity of m { along its bar, :t 2 that of m 2 , 
oeity of M will he (:t, |jf 2 )/2, and T the kinetic energy of 
item is given by the equation 

T K*, 8 -b + IM (- 1 \ **)*. 

The momentum along x x in dT/dx x and in therefore equal to 



e momentum along x, 2 is dT/dx,> and is therefore equal to 



us m ! j M[> I, ni.> i Mji correspond to the cooflicients of i 
luetion of the. two circuits, while Mj 1 corresponds to the coeflio 
mutual induction between the circuits. The efTeet of inereai 
coeflieient of mutual induction between the circuits, such 
: reams for example as may be produced by winding the prin: 
d secondary coils round an iron core, may he illustrated by 
ect produced on the model by increasing the mass M relative!; 


to move corresponds xo Lire case wj-lcu wjlc.lc xo iu 
of the primary circuit a closed circuit round v 
circulate: the case when m 2 is fixed correspond 
this circuit is broken, when it can produce no el 
current can circulate round it. The greater v 
m 2 was free than when it was fixed shows that 
impulse acts on a circuit the current produced is 
is another circuit in the neighbourhood than 
circuit was alone in the field; in other words, 
secondary diminishes the effective inertia or si 
primary. 

232. Effect of a Secondary Circuit. 

the use of the equations given in Art. 229 we 
behaviour of a primary and a secondary coil whei 
acts upon the primary. Let us suppose that o: 
no currents in the circuits. Let L,M,N be respect 
of self-induction of the primary, of mutual ind 
primary and the secondary, and the coefficient 
the secondary: R, S the resistances of the prin 
respectively, x and y the currents through these 
the external electromotive force acting on the p 
the equations of Art. 229, 

~{Lx + My) + Hx = P' ... 

j t {Mx + Ny) + Sy = 0 

The primary is acted on by an impulse, that i 
lasts for a short time, let us call this time t. T . 
values of x, y due to this impulse we have by inte 
from t — 0 to t = t 

Lxq -f- My§ ~j~ R f xdl — f P'd 
J o Jo 

Since r is indefinitely small and x is finite 
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>] 


r p' dt — p, 

J 0 

n we liave Lx 0 + My 0 = P 

lilarly by integrating (2) we get 

Mx 0 -\- Ny 0 = 0 


ice 


P . PM 

?/o ra jjf- jjp- 

L ~ N 


(s: 

o: 


If tl io secondary circuit had not been present the current in 
mary due to the same impulse would have been PjL: thus 
Jet of the secondary is to increase the initial current in the prims 
liminishes its effective self-induction from L to L - M 2 /N . 1 
m illustration of the effect described in the last article. Equal 
expresses that the number of tubes of magnetic induction pass 
ough the second circuit is not altered suddenly by the imp 
'ing on the first circuit. 

When the impulse ceases, the circuits are free from extei 


ees, and the equations for x and y are 

^ (Lx d My) } Rx - 0 (5 

( j f (Mx ! Ny) I tty 0 (6 


Let us now choose as the origin from which time is mease 
k . instant, when the impulse ceases. Integrate those equations fi 
0 to i oo , then since x and y will vanish when t - * oo we }i 

R I xdt Lx 0 [ My 0 

J o 

P by etjuation (d), 

r* ... . 
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The presence of the secondary increases tin 
current dies away just after it is started, but dii 
which the current ultimately dies away. 

Integrating ((>) from l 0 to t co we liiui 

rcf> 

S I u<U Mx 0 ■ I- Ni / 0 

J 0 

0 by equation (t) 
hence the total quantity of electricity passing a 
the secondary circuit is zero. 

To solve equations (5) and ((>) put 

y /fcr A< ; 

eliminating A and B we lind 

(R - - IA) (B * NX) MW 
hence if A r , A 2 arc the roots of this quadratic, w< 

H B I' B^^K 

We notice that since |/xc 2 | Mxy t tiV// 2 , tl 
kinetic energy of the currents, must be positi 
x and ?/, LN — if/ 2 must be positive, and then 
positive quantities. If we determine the value.** 
from the values of x and // when t 0, we find a 




ri {A t crV ,y ** 


* A x -- A 2 LN AP V ^ 

We see from the quadratic equation (7) tin 
greater than, the other root less than SIA\ thus 
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3 circuit pass through the other also; this is often expressed 
dug that there is very little miu/urUc leakage between the circt 
ten this condition is fulfilled L~ M*/N is very small compa 
! ; h L. In the limiting ease when this quantity vanishes we see 
nation (7) that one of the values of A, sayA a , is infinite, while ) 
ml to 

ns 

LS | Nit' 



Fig. 117 


thin Cano we find from equations (8) and (J)) that, except at 
ry be^innin**; of the motion, 
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the case considered in Art. 232. Then using tl: 
article 

r 

(U ’ 

by Faraday’s law. 

Hence P - [ P'dl =■ - (W T - W 0 ), 

J 0 

where iV T and iV () represent rcwpec.ti vidy the- » 
magnetic induction passing through the. circuit, 
and £ = 0 respectively. W e have, however, hy eqi 

Lx 0 j Mjfo 1 , 

or Lx 0 i- Mif () -I- N r N 0 . 

Now the right-hand side is the number of 
induction which pass through the circuit at t he, 
time when the impulse began ho act; the left lu 
the number of tubes of magnetic induction, some 
due to the currents started in the circuit, whiel 
circuit at the time L r when the impulse reuses t 
of these two expressions shows that the current, 
impulse are such as to keep the number of tubes 
tion which pass through the circuit unaltered, 
considered is one where there is only one seeom 
is however quite general, and whenever an irn 
system of conductors, the currents started in th 
such that their electromagnetic, action causes th 
of magnetic induction passing through any of t he 
to be unaltered by the impulse. 

Let us apply this result to the case of the v 
a mass of metal bv the alteration in an external 
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in unit, pole passes round a closed circuit, is unaltered by 1 
)ulse, the current flowing through any such closed curve is a 
titered by the impulse; hence, as there were no currents thron 
>efore the impulse- acted, then 4 , will be none generated by i 
>ulse. In other words, the currents generated in a mass of me 
an electric impulse are entirely on the surface of the metal, a 
inside of the conductor is free from currents. 


234. The currents will not remain on the surface, they ^ 
idly diffuse through the. metal and die away. We can find * 
y the currents distribute themselves after the impulse stops 
use 1 , of the two fundamental principles of eleefcro-dynam: 
that* the work done by the magnetic, forces when unit pole tra\ 
nd a closed circuit is equal to Air times the quantity of cun* 
ving through the circuit, (2) that the total electromotive fo 
md any closed circuit is equal to the rate of diminution of 
:nber of tubes of magnetic induction passing through the eirc 
Let //, i\ ve be the components of the electric current parade' 
►. axes of .r, //, z at any point*; a, /f, y the; components of the magir 
eo at tlie same point. The axes are chosen so that if x is dra 
the east, if to the north, : is upwards. ( insider a small recta ngi 
tuiit A Hi 71, t he, sides AIL IK! being parallel to the axes of z i 
•espee lively. Let A H 2//, IK! 2 A*. Let a, /J, y be the o< 

uents of magnetic force, at O, the centre of the rectangle; x 9 ; 
* coordinates of U\ let the coordinates of /\ a point on A K, 
tf I h\ : j £; tin* : component of the magnetic force at P wil 



302 


ELECTROMAGNETIC IN DUOTIOI' 


the work done on the pole as it moves from (J to 


■2hy\~m ( Y- 

1 dy 


We may show similarly that the work done 
moves from B to (J is equal to 


ik-p -m*®. 


and when it moves from J) to J, to 


2i-R 2 hk'f. 

1 dz 


Adding these expressions wo see that the work d< 
it travels round the rectangle A lid I > is equal to 

G :!?)•"■ 

The quantity of current passing through this rt *ef 

4M\ 


hence since the work done on unit pole in going r 
is equal to 4 tt times the current passing through 
Art. 203, we have. 


^ t) m - 


or 


Ann 


dy dfl 


dy dz 

By taking rectangles whose sides art' parallel to 
and of x, y we get in a similar way 
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If a , b, c are the components of magnetic induction at O, 
nber of tubes of magnetic induction passing through the rectar 
x 4Jik] hence the rate of diminution of the number of unit tu 
qual to 

da , 77 


t by Faraday’s law of Electromagnetic Induction the work d 
unit charge in going round the circuit is equal to the rat< 
ainution in the number of tubes of magnetic induction past 
ough the circuit, hence 


4 hh = 


ailarly 


Let us consider the case when the variable part of magnetnza 
induced, so that 

da da db d/3 dc dy 


xere /x is the magnetic permeability. If a is the specific resist 
the metal in which the currents are flowing, and if the cun 
e entirely conduction currents, 

au = X, av= Y, aw — Z . 

e have by equation (1) 

du d dc d db 


4-ttll -=- = -=— - 
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hence 

similarly 


. du fd 2 u $ 

7r ^ dt a \dx 2 di 

. dv (d 2 v d 2 

77 ^ dt a \dx 2 dy 

. dw (d 2 w r d 


We can also prove by a similar mel 
A da (d 2 a d 2 

^jr a w + i y 

with similar equations for b and c. 

These equations are identical in for 
the conduction of heat, and we see ths 
force will diffuse inwards into the metal 
ture would diffuse if the surface of the 
the heat allowed to diffuse. 


235. We may apply the results ol 
heat to the analogous problem in the 
a simple example let us take a case in oi 
that over the infinite face of a plane sla 
distribution of currents, and that these c 
Then from the analogous problem in the 
that after a time t has elapsed the curr 
face to which the currents were origin* 
tional to 

X 

Q tcrJirfL 

This expression satisfies the differe 
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face, is 2tt/1600 seconds, or about 1/250 of a second, a point *1 c: 
m the surface would receive the maximum current after abc 
55,000 of a second, while at a point 10 cm. from the surfs 
3 current would not reach its maximum for about 4/10 of 
und. 

Let us now consider the case of iron : for an average specimen 
:t iron we may put cr = 10 4 , ^ = 10 3 ; hence in this case, the tii 
3 current, 1 cm. from the surface, will take to reach its maxima 
lue is about 2rr/I0 seconds, while a place 10 cm. from the h 
ly attains its maximum after 2077 seconds. Thus the curre] 
fuse much more slowly through iron than they do through copp 
L6 diffusion of the currents is regulated by two circ ums tances, 1 
irtia of the currents which tends to confine them to the outs: 
the conductor, and the resistance of the metal which tends 
ike the currents diffuse through the conductor; though the resi 
ce of iron is greater than that of copper, this is far more tl 
unterbalanced by the enormously greater magnetic permeabil 
the iron which increases the inertia of the currents, and there 
e tendency of the currents to concentrate themselves on the outs 
the conductor. 

_ x 2 

When t is much greater than x 2 /^/^), e t<r/^ differs little fr 
dty, in this case the currents are almost independent of x and v; 

tersely as thus the currents ultimately get nearly unifori 
stributed, and gradually fade away. 

236* Periodic electromotive forces acting on a circ 
assessing inertia. So far we have confined our attention 
e case of impulses; we now proceed to consider the case w] 
3 ctromotivo forces act on a circuit for a finite time. If these foi 
e steady the currents will speedily become steady also, and 
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^brations a second, it changes its direction, p/rr 
If i is the current through the coil, we have in th( 

+ Ri - E. 


L 


dt 


The solution of this equation is, if t is the time 
since the application of the electromotive force, 

E ™ 

i- s d-e H 


Thus we see that it is not until t is considerably 
that the current approaches the value E/R give 
L/R is called the time constant of the coil: for c: 
metres in length it is only a very small fraction oi 
large circuits with considerable self-induction il 
seconds, while for an iron sphere the size of the 
several million years. 

When t is small compared with the time conste 

Et 


% = 


L 5 


so that in its initial stages the current does not 
resistance but does depend upon the self-inducti 
has reached a steady state it does not depend upon 
but does depend upon the resistance. 

If, after the current has become steady and 
electromotive force is removed, we have 

di 


L -j- -f- Ri = 0, 
dt 


Rt 


or 


. E ^ 

— 5 * £ 


where t is the time which has elapsed since th 
electromotive force. Thus it takes a time compare 


3 


] electromagnetic induction 

In this case we have, 

cli 

L ~^ + Ri = Ecoapt (1); 

solution of this equation is 

,• _ E cos (pt - c) ( 2 ) 

{R 2 + L 2 ffi 

ire tan a = i§ (3) 

Jhi 

The maximum value of the electromotive force is E, while • 
ximum value of the current is 

E/{R 2 + L 2 ff: 

t steady force E acted on the circuit the current would he E 
us the inertia of the circuit makes the maximum current bea] 
> maximum electromotive force a smaller ratio than a ste; 
•rent through the same circuit bears to the steady electromoi 
ce producing it. The ratio of the maximum electromotive f< 
the maximum current, when the force is periodic, is equal 

5 + L 2 p 2 }~; this quantity is called the impedance of the circui 
We see from equation (2) that the phase of the current ] 
hind that of the electromotive force. When the force oscillate 
pidly that Lp is large compared with R , we see from equation 
at a will be approximately equal to 7 t/ 2. In this case the cur] 
cough the coil will be greatest when the electromotive force an 
, the circuit is zero, and will vanish when the electromotive f< 
greatest. 

In this case, since Lp is large compared with R , we have appr 
itcl y £7 
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this circuit is made of an excellent; conductor, 
motive forces on the other hand, the current «en! 
circuit would bo enormously greater than that t 
The work done by the current per unit tim 
heat, is equal to the mean value of either K e.o* 
equal to 

, mt 

* it* vi?r 

Thus when the electromotive force changes s< 
small compared with It, the, work done per unit t 
as It; while when the force, varies so rapidly tli 
pared with It, the work done varies directly as I 
given the work done is a maximum when 

H I/p . 

237. Circuit rotating in the Earth’s 1 

electromotive force of the typo considered in th 
ducod when a conducting circuit rotates with ui 
the earth’s magnetic, field about a vertical axi; 
the ])lane of the circuit makes with the mngne 
horizontal component of the earth's magnetic 1 
the circuit., then the number of tubes of magnet 
through the circuit is 

HA sin 0: 

the rate of diminution of this is 

— II A . 

tit 

If the circuit revolves with uniform angular vet 
the rate of diminution in the number of tubes of 
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.e motion of the circuit is resisted by a couple whose xnomeni 
Art. 214, equal to the current multiplied by the differen 
jflicient with respect to 0 of the number of tubes of magn 
luction duo to the earth’s Held passing through the circuit; t 
j moment of the couple is . 

HI A cos 0, 

ll~A“o) cos cot cos (cot — a) 

{/>V f Jff}i 

Thun the couple always tends to oppose the rotation of the 

loss 0 in between ^ and ™ i a or between ^ and ^ + a. 

z z z z 

To maintain the motion of the circuit work must be spent; 

Lount of work spent in any time is equal to the median 

nivalent of the heat developed in the circuit. 

The mean value of the retarding couple is 

, fr*A\ovma ? H~A~Rcx) 

‘“{/Art 3 I At? | R 2 ’ 

✓anishes when <o is jsero or infinite and is greatest when to «= } 
If the circuit rotates bo rapidly that Leo in large compared \ 
a in approximately equal to tt/ 2, and we see that 

If A sin cot 

% L ' 

Now by definition hi is the number of tubes of magnetic induel 
n to the currents which pass through the circuit, while HA sh 
[he number passing through the same circuit due to the ear 
■g untie field; we see from the preceding expression for i that 
n of thesis two quantities, which is the total number of tube 
.tmeiie mdiief.imi tmMHmcr f.hrmiirli fhe dmnif:. mrmiinN zero thron 
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their coefficient of mutual induction in zero. Th 
potential E cos pi ho maintained between the ] 
see by the preceding investigations that / and ;/, 
two circuits, will bo given by the equations 

E cm (ft — a) 

1 {/;-//- 1 it -}* ’ 


j 


li cos (pt fi) 

{NY |- .s"-}* ’ 

Lp , o Np 
li ’ a " P S ‘ 

If the external electromotive force varies so n 
Np are large compared with II and A> respect i> 


where 


tan a 


limxpt 

1 ’ t 

If 

Emx pi 
3 ' Np ' 

or the currents flowing through the. two circuit 
portional to their coefficients of stdf induct hu 
rapidly alternating currents t he distribution of tf 
independent of their resistances and depends aim 
self-inductions. Thus if one of the coils had a 
the current through (he. coil would he very 
removing the iron, as this would greatly diminis 
of the circuit. 


239, Transformers. We have* hitherto « 
tion to the case when the only rircuit present 
upon by the periodic electromotive force. We 
the case when in addition to the circuit acted n 
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:omotive force is so large that it would be dangerous to lead t 
iry circuit about a building; the current for lighting is deriv 
a secondary circuit consisting of a smaller number of turns 
The primary and secondary circuits are wound round an ii 
as in Fig.' 118. 

'he tubes of magnetic induction concentrate in this core, so tl 
: of the tubes which pass through the primary pass also throu 
lecondary. 

’he current in this secondary is larger than that in the prima 
the electromotive force acting round it is smaller. The curr 
le secondary bears to that in the primary approximately 



Eig. 118 


Le ratio as the electromotive force round the primary bear 
b round the secondary. 

Let L, M, N be respectively the coefficients of self-inductio 
primary, of mutual induction between the primary and 
mdary and of self-induction of the secondary, let R and i 
resistances of the primary and secondary respectively, x 
:ie currents through these coilsv Let E cos jpt be the electrons 
ce acting on the primary. To find x and y we have the folio 
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By substituting these values in eq nations (1) an 


IP- 

A*-~- 


A- 


// - L ■ 


R'r. I M 


tan a ■ 


my 

Ny + <s'“ 

K- 

" T/y + it:*’ 

M-N //- 
'Ay I A~’ 
Aiyx 
Ny - 1 s-’ 
i/p 
r: ’ 

R 

Np’ 

From the expressions for A and a in terms n 
effect. of the secondary circuit is to make (In' pr 
like a single circuit, whose ooeHicient of self indm 
resistance, is A". We see, from the expressions 
1/ is less than A, while R' is greater than A’. 'I 
the secondary circuit, diminishes the apparent 
primary circuit, while it, increases its resistance 
motive force changes so rapidly that S p is I, 
A, we have approximately 

1 / 


t an (/? a) 


A 


A" U 


. 1 /- 
.V ’ 
,l/~ 


N 


, A’, 


n 


M 


A, 
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no of the apparent self-induction of the primary circuit. I 
‘k done per unit time in the transformer is equal to the ra< 
no of Ii cow pt . x, it is thus equal to 

1 i? 2 cos a 

2 {L'Y + R'*}i 


_ i im r _ 

" “ 2 L'Y~+ -K' 2 ‘ 

Wtien the secondary circuit is broken 8 is infinite and theref 
L, It * It, and the work done on the transformer per unit ti 
die power spent on it is equal to 


i im 
2LY + R 2 ' 

ten the circuit is completed, and S is small compared with 1 
■/' M z /N, It' It •[- M*S/N*, and then the power spent 
till to 



This is very much greater than the power spent when 
ondary circuit is not completed; this must evidently be the a 
when the secondary circuit is completed lamps are raised 
andeseenee, the energy required for this must be supplied to 
nsformer. The power spent when the secondary circuit is 
nplefed is wasted as far as useful effect is concerned, and is sp 
heating the transformer. The greater the coefficient of s 
motion of the primary, the smaller is the current sent through 
mary by a given electromotive force, and the smaller the amo 
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that is, when 

S~-*j t R-\ f ri (LN mi>. 

When there is no magnetic leakages i.e. when 
LN M'\ 

the power absorbed continually increases as the r 
secondary diminishes; when however luX is not e 
power absorbed does not necessarily increase as S dii 
on the contrary reach a maximum value for a par 
and any diminution of S below this value will I 
by a decrease in the energy absorbed by the transform 
the frequency of the electromotive force, the inr 
resistance of the secondary when the absorption o 
transformer is greatest. When the frequency is ven 
for instance, when a Leyden jar is discharged (see 
critical value of the resistance in the secondary nun 
large. In this ease the difference between the ittaxit 
of power and that corresponding to S o may la* v< 
when ti 0, the ]>ower absorbed is cm j uni to 

I hVt 

2 //y i IP' 

or approximately for very high frequencies 

1 mi 

2 /,y 

while the maximum power absorbed is 

l /r 

4 Up' 

which exceeds that when S D in the nronorthm of 


electromagnetic induction 
when Np is large compared with S, 


A 

B' 


M 

N’ 

— a = ir. 

If the primary and secondary coils cover the same length of t 
>re, and are wound on a core of great permeability, then M/N 
lual to m/n, where m is the number of turns in the primary a: 
the number in the secondary. 

If we have a lamp in the secondary whose resistance is s t 
itential difference between its electrodes is sy, i.e. 

sB cos {pt — /?). 

The maximum value of this expression is sB\ substituting t 
rlue of B, we find that when Np is large compared with S t] 
ilue is equal to 


s M E 

s n e 


This is greatest when L r = 0, in which case it is equal to 



id this, as S is small compared with Np } is equal to 


k 77 

'n b 


M 2 * 

K+m s 

N 2 


If R is small compared with SM^/N 2 this is approximately 

sN 


7 7 
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electromotive force between the terminals of a 
this case always less than I /20 of the oloctromoti\ 
terminals of the secondary. In getting this vain 
the Conditions to be those most favourable to 
a high electromotive force in the secondary; if th 
leakage, i.o. if U is not zero, then at high fret j 
motive force in the secondary would be very 
value just found, in fact where there is any mu 
ratio of the electromotive force in the second; 
primary is indefinitely small when the frequency 

240. Distribution of rapidly alter* 

When the frequency of the electromotive force 
the equations of the type 

Tj d M d'/ ( . . . Rx external elect ron 
at at 

the term Rx depending on the resistance is small 
terms Mx/dl, Mdy/dt depending on induction, v 
motive force is supposed to vary as cos pf % wil 
Lp 7 Mp are large*, compared with R; flu* equate 
currents take the form 

(Lx + My I ...) external elect round 

</N 
dt % 

where N is the number of tubes of induction < 
system passing t hrough t he circuit whose eocllieu 
is L 

We see from this t hat 


* i . . 


; 0 ] electromagnetic induction 3 ; 

Now consider the case of the currents induced in a mass of met 
r a rapidly alternating electromotive force. The number of tub 
magnetic induction which pass through any circuit which can i 
awn in the metal is zero, and hence the magnetic induction mu 
nish throughout the mass of the metal. The magnetic force w 
nsequently also vanish throughout the same region. But sin 
e magnetic force vanishes, the work done when unit pole is tab 
und any closed curve in the region must also vanish, and thereto 
7 Art. 203 the current flowing through any closed curve in t 
gion must also vanish; this implies that the current vanish 
.roughout the mass of metal, or in other words, that the currer 
nerated by infinitely rapidly alternating forces are confined to t 
.rface of the metal, and do not penetrate into its interior. 

We showed in Art. 235 that the currents generated by ; 
ectrical impulse started from the surface of the conductor ai 
Len gradually diffused inwards. We may approximate to the cc 
tion of a rapidly alternating force by supposing a series of positi 
id negative impulses to follow one another in rapid successic 
he currents started by a positive impulse have thus only time 
ifuse a very short distance from the surface before the subseque 
3gative impulse starts opposite currents from the surface; t 
feet of these currents at some distance from the surface is to te 
> counteract the original currents, and thus the intensity of t 
irrent falls off rapidly as the distance from the surface of t 
inductor increases. 

The amount of concentration of the current depends on 1 
equency of the electromotive force and of the conductivity of i 
inductor. If the frequency is infinite and the conductivity fini 
r the frequency finite and the conductivity infinite, then the cum 
confined to an indefinitely thin skin near the surface of the c< 
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temperature diminish in intensity as we recede 
and finally cease to be appreciable. The fluctuate 
a long period are appreciable at a greater dept] 
a short one. We may for example suppose the t 
surface of the earth to be subject to two variations 
seasons and having a yearly period, the other dep< 
of day and having a daily period. These flu 
less and less apparent as the depth of the place of 
the surface of the earth increases, and finally thej 
to be measured. The annual variations can, ho\ 
at depths at which the diurnal variations are quil 

This concentration of the current near the s 
ductor, which is sometimes called c the throttlin 
increases the resistance of the conductor to tl 
current. When, for example, a rapidly alternating 
along a wire, the current will flow near to the 01 
and if the frequency is very great the inner part 
free from current; thus since the centre of the 
current, the current is practically flowing througl 
a solid wire. The area of the cross section of i 
effective in carrying this rapidly alternating curie 
than the effective area when the current is coni 
case the current distributes itself uniformly ovei 
cross section of the wire. As the effective are 
alternating currents is less than that for contim 
resistance, measured by the heat produced in ui 
total current is unity, is greater for the alternal 
for continuous currents. 

241. Distribution of an alternating cu 
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hiee of the conductor. Then if n is the magnetic permeabil 
1 or the specific resistance of the conductor, w the current at • 
nt x, y, z at the time ! parallel to the axis of z, we have by • 
lations of Art. 2.‘M, 


, dir (<l“w <irw (Pw\ 


Hincc w ia indopoudout of y and z. 


A dw dhv 

^7 h * du* 


Wo nhall Bupposo that, tho ourronts arc periodic, making $ 
nploto altornationH por hocomL Wo may put, writing i 

i, 

w ■ ' € ipt CO, 


oro o> in a ftmo.iion of x 9 but not of t. Substituting this value 


n 0( juation ( I ) wo got, 


'1 TTflipCO ’ (T 


o solution of thin in 


a> - = jU~ n * d* »€«*, 


oro A and H are* oonatantH. 


(4 TTflp 


'4* rfipV ' I i ) 
(T f k/2 a/21 
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words, w cannot be infinite when x is infinite: this co 
that B should vanish; in this case we have 


and therefore 


w 




Thus if w = 4 cos ft when x = 0, 

at a distance a: from the surface. 

This result shows that the maximum value of 

a distance a; from the face is proportional to e \ v 
magnitude of the current diminishes in geometrical 
the distance from the face increases in arithmetical ] 
In the case of a copper conductor exposed to an ele< 
making 100 alternations per second, fx = 1, a = 1600 
hence { 27 r/xp/cr}^ = it/ 2, so that the maximum curreni 

TTX 

to € 2 . Thus at 1 cm. from the surface the ma 
would only be *208 times that at the surface, at a d ii 
only *043, and at a distance of 4 centimetres less the 
the value at the surface. 

If the electromotive force makes a million alternai 
{27 t/x^/<j}^ = 5077 ; the maximum current is thus propoi 
and at the depth of one millimetre is less than one sh 
of its surface value. 

The concentration of the current in the case of ir< 
remarkable. Consider a sample of iron for which u = 1 
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3 maximum current at the distance of one-tenth of a millim 
m the surface is about one five-hundred-millionth part of 
•face value. 

Wo see from the preceding expressions for the current that 
tanoo required to diminish the maximum current to a gi 
ction of its surface value is directly proportional to the sq\ 
>t of the specific, resistance, and inversely proportional to 
lare root of the number of alternations per second. 


242. Magnetic Force in the Conductor. The curn 
the conductor are all parallel to the axis of z, and are indeperu 
the coordinates y, z. 

Now the equations of Art. 234 may be written in the form 


da 

dt 


f dw dv\ db fdu dw\ 

\dy dz ) ' dt a yfa dx ) ’ 


dv 

d: 


db 

(It 


du 


dw\ 

dj 


dr fdv du\ 

~ dt ' a [dx ~ d,/)’ 

ere a, b, r are the components of the magnetic induction, u, < 
>ho of the current. In the case we are considering u — v — 0, 
is independent of y and z; hence a c 0, and the magn 
notion is parallel to the axis of y. Thus the currents in the p 
i accompanied by a magnetic force parallel to the surface of 
te arid at right angles to the direction of the current. 

From the above equations we have 
db dw 
dt * dx' 

1 by Art. 2*1 1 w c os (pt — nix), 

cm m ( 2 TTfipjcj )K 
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the conductor carrying the current (see Art. 214), 
the force is at right angles to the current and als 
induction, and the magnitude of the force per u: 
conductor is equal to the product of the current 
induction at right angles to it. 

In the case we are considering the magnetic i 
current are at right angles. If w is the intensity c 
current flowing through the area dxdy is wdxdy 
on the volume dxdydz parallel to x, and in the 
of x, is equal to 

— wbdxdydz. 

The total force parallel to x acting on the conduci 


”/// 


but since b and w are both independent of y and ; 
on the conductor per unit area of its face is 


■f 

Jo 


wbdx. 


Now if a, j8, y are the components of the magn 


. dB da 
47 tw= ~ — - 7 ~; 
dx dy 


hence, since b = /qS, we see that the force on the ( 
to x is 

_JLf a 
4^t Jo 


’p&.dx 


dx ' 


-fcw-w. 

where j8 0 is the value of j3 when x = 0, i.e. at t 
conductor, and is the value of /3 when x = oo . I 
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Lon. of the magnetic field on the currents, he a force due to - 
>rt of the magnetic substance to move towards the stronger pa 
he field. The magnitude of the force parallel to x per unit volu 

>y Art. 164 equal to ^ ; thus the force acting per u 

a of the face of the slab due to tlvis cause is 


r, 

J ( 


/x ~ I dp* 
877 dx 

(/X 1) n 

87 7 P 


dx 


tiB 2 

Adding this to the force * J, 0 due to the action of the magi* 

077 

d on the cummin we find that the total force parallel to x is 
t area of surface of the slab j 8 0 2 /Ktt, which for equal values oj 
.he same for magnetic as for nonmagnetic substances. 

This force is always positive, and hence the conductor tends 
vo along the positive direction of x; in other words, the conduc 
•epelled from the system which induces the currents in the e 
liter.* These repulsions have been shown in a very striking ■v 
experiments made by Professor Klihu Thomson and also 
Fleming. I n these experinumts an aluminium plate placed ah 
electro -magnet round which a rapidly alternating current 1 
imlatiug, was thrown up into the air, the repulsion between 

to and the magnet a, rising from the cause wo have just invcstigai 

ga 

The expression / 0 is the repulsion at any instant, but since / 

07T 

>portional to cos (pt } t) the mean value of j3 0 2 is // 2 /2 if II is 
.ximum value, of /3 () . Hence the mean value of the ropulsio. 
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both the current and the magnetic force. Thus 
action of the currents in the sheet of the condu 
is d just counterbalances at P the electron^ 
original inducing system situated on the othei 
the conductor. 

Hence the slab of thickness d may be regai 
from P the electromagnetic effect of the origi 
investigation in Art. 242 we supposed that 
infinitely thick, but since the currents are prg 
the slab whose thickness is d, it is evident that i 
by this layer and that no appreciable advant* 
creasing the thickness of the slab beyond d. T1 
slab required to screen off the magnetic force 
frequency of the alternations and on the magne 
specific resistance of the conductor. By Arts 
current and magnetic force at a distance x h 
proportional to e~ inx , where m — {27 r^/a}^ ; h 
d to reduce the magnetic force to an inapprec 
surface value md must be considerable. If we r 
screened off when the magnetic effect is reduced 
of its undisturbed value, then d the thickness of t’ 
proportional to m. The greater the frequency th 
Thus from the examples given in Art. 241 we s€ 
makes a million oscillations a second, a screen 
a millimetre thick will be perfectly efficient, w. 
a very small fraction of a millimetre in thickness 
all induction. If the system only makes 100 al 
the screen if of copper must be several centin: 
several millimetres thick. 
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bentials of A and B respectively. Then by the laws of the induct 
currents 

L + Hi ^ electromotive force tending to increase i 
at 

V A ~V B (1). 

if Q is the eluvrgo on tlio inside of the jar, and 0 the capacity 
.i jar, then 

(!(V A ~ V ]t ) -Q, 

(Va - V it) « f y 

The alteration in the charge ia duo to the current flowing thro 
o conductor, and i ia the rate at which the charge is diminish 
that 

<IQ 

'' dl ' 


listitutiug this value of i in equation (1), we get 


, <PQ 

lj dt* 


-i- H 


<IQ , Q 

dt 1 a 


.... o 


(2 


io form of the solution of (.his equation will depend upon who 
e roots of the quadratic equation 

I Its I | , 0 

e Teal or imaginary. 

Let us first take the ease, when they are imaginary, i.e. wher 


In this ease the solution of (2) takes the form 
» 1 
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The char ge Q is thus represented by a harmon 
amplitude decreases in geometrical progression as 
in arithmetical progression. 

The discharge of the jar is oscillatory, so that 
begin with, the inside of the jar is charged posil 
negatively; then on connecting by the circuit t 
outside of the jar, the positive charge on the 
when however it has all disappeared there is a cur; 
and the inertia of this current keeps it going, 
electricity still continues to flow from the inside c 
of positive electricity causes the inside to becc 
negative electricity, while the outside gets positive 
the jar which had originally positive on the insid 
outside, has now negative on the inside, positiv 
The potential difference developed in the jar by t 
to stop the current and finally succeeds in doii 
happens the charges on the inside and outside w< 
opposite to the original charges if the resistance < 
negligible; if the resistance is finite the new c 
opposite sign to the old ones, but smaller. The c 
to flow in the opposite direction, and goes on flowi 
is again charged positively, the outside negativel} 
resistance the charges on the inside and outside ^ 
original values, so that the state of the system woi 
when the discharge began; if the resistance is fini 
smaller than the original ones. The system goes 
until the charges become too small to be appreci; 
in the jar and the currents in the wire are thus pe: 
surging backwards and forwards between the coa 

The oscillatorv character of the discharge 1 
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s air space formed by reflection at a rotating mirror, it will 
k * discharge is oscillatory, bo drawn out into a band with dark t 
ght spaces, the interval between two dark spaces depending 
speed of the mirror and the frequency of the electrical vibratic 
d demon observed that the appearance of the image of the 
mk formed by a rotating mirror was of this character. He shov 
>reover that the ose.il la, tory character of the discharge was 
oyed by putting a large resistance in the circuit, for he found t 
this ease the image of the air space was a broad band of li; 
tdually fading away in intensity instead of a series of bright i 
rk bands. 

When the. discharge is oscillatory the frequency of the dischai 
>ften exceedingly large, a frequency of a million complete osci 
ns a second being by no means a high value for such cases, 
by the expression («H) that wheat R 0, the time of vibratioi 
V JA ( \ thus this time is increased when the self-induction or 
mcity is increased. By instating coils with very great s 
luction in the circuit, Sir Oliver Bodge has produced such s 
etrical vibrations (hat the sounds generated by the success 
icharges form a musical note. 

In the preceding investigation we have supposed that R 2 1 
s than *1 Lj( f ; if however R is greater than this value, the solid 
equation (2) changes its character, and we have now 
Q At A ‘* I Ik ~** 9 

tere Aj, - A ; , art', the roots of the quadratic equation 

/.A 2 | JtX -I ^ 0. 



me.e 
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Iienco dQjdl never vanishes except when l - 0 and when / - • co . 
Thus Q which is zero when t oo never changes sign. The charge 
in this case instead of becoming positive and negative never changes 
sign but continually diminishes, and ultimately becomes too small 
to be observed. This result is confirmed by Keddersetfs observations 


with the rotating mirror. 

The behaviour of bho Leyden jar is analogous to that of a mass 
attached to a spring whoso motion is resisted by a force proportional 
to the velocity. If M is the mass attached to the spring, x the 
extension of the spring, nx the pull of the spring when the extension 
is x, rdx/dt, the frictional resistance, then the etj nation of motion of 


the spring is 



•hr 


dx 

dt 


h nx 


0 . 


Comparing this with the equation for Q we see that if wo compare 
the extension of the spring to the charge on the jar, then thecoeHiciont; 
of self “induction of the circuit will correspond to the muss attached 
to the spring, the electrical resistance of the circuit to tin* frictional 
resistance of the mechanical system, and the* reciprocal of the 
capacity of the condenser to n, the stillness of the spring. 

The pulling out of the spring corresponds to the charging of the 
jar, the release of the spring to the completion of the circuit between 
the inside and the outside of the jar; when the spring is released it 
will if the friction is small oscillate about its position of equilibrium, 
bho spring being alternately extended and compressed, and the 
oscillations will gradually die away in consequence of the resistance; 
this corresponds to the oscillatory discharge of the jar. If however 
the resistance to the motion of the spring is very great, if for example 
it is placed in a very viscous liquid like treacle, then when it is 
released it will move slowly towaids its posit ion of equilibrium but 
will never go through it. This case corresponds to t he non oscillatory 
discharge of the jar when them is great resistance in the circuit. 

We have seen that the resistance of a conductor to a variable 
current is not the same as to a steady one, and thus since the currents 
which are produced by the discharge of a condenser are nut steady, 
It, which appears in the expression (2), is not the resistance of the 
circuit to steady currents. Now It the resistance depends upon the 
frequency of the currents, while as the expression (3) shows, the 



J46] 


ELECTROMAGNETIC INDUCTION 


329 


requency of the electrical vibrations depends to some extent on the 
‘esistance; hence the preceding solution is not quite definite, it 
‘epresents however the main features of the case. For a complete 
solution we may refer the reader to Recent Researches in Electricity 
md Magnetism , J. J. Thomson, Art. 294. 


246. Periodic Electromotive Force acting on a circuit 
containing a condenser. Let an external electromotive force 
iiqual to E cos pt act on the circuit which connects the coatings of 
the jar, let C be the capacity of the jar, L the coefficient of self- 
induction, and R the resistance of the circuit connecting its coatings. 
Then if x is the charge on one of the coatings of the jar (which of 
the coatings is to be taken is determined by the condition that an 
increase in x corresponds to a current in the direction of the external 
electromotive force), we can prove in the same way as we proved 
equation (2) Art. 245, that 


T d 2 x 


„ dx x ^ 


(!)• 


The solution of this equation is 

E sin (pt — a) 

x = 

r {(£-ra)V+®‘ 


and thus 


where 


“ Of) 1 
E cos (ft — a) 


> 2 + R 2 


tan a — 


CfJ r 

( L ~k) 


( 2 ), 

(3), 


Comparing these equations with those of Art. 234 we see that 
tho circuit behaves as if the jar were done away with and the self- 
induction charged from L to L - 1/C/. We also see from (3) that 
if Ujfi is greater than 1/2 L, the current produced by the electro- 
motive force in the circuit broken by the jar (whose resistance is 
infinite) is actually greater than the current which would flow if the 
j ar were replaced by a con ductor of infinite con ductivity. If Op 2 — 1/A 
the apparent self-induction of the circuit is zero, and the circuit 
behaves like an inductionless closed circuit of resistance R. Thus 
by cutting the circuit and connecting the ends to a condenser o 
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suitable capacity we can increase enormously the current passing 
through the circuit. We can perhaps see the reason for this more 
clearly if we consider the behaviour of the mechanical system, which 
•we have used to illustrate the oscillatory discharge of a Leyden jar, 
viz. the rectilinear motion of a mass attached to a spring and resisted 
by a frictional force proportional to the velocity. Suppose that X, 
an external force, acts on this system; then at any instant X must 
be in equilibrium with (1) the resultant of the rate of diminution 
of the momentum of the mass, (2) the force due to the compression 
or extension of the spring, (3) the resistance. If the frequency of 
X is very great, then for a given momentum (1) will be very large, 
so that unless (1) is counterbalanced by (2) a finite force of very 
great frequency will produce an exceedingly small momentum. 
Suppose however the frequency of the external force is the same as 
that of the free vibrations of the system when the friction is zero, 
then when the mass vibrates with this frequency, (I) and (2) will 
balance each other, so that all the external force has to do is to 
balance the resistance; the system will therefore behave like one 
without either mass or- stiffness resisted by a frictional force. 


247. A circuit containing a condenser is parallel with 
one possessing self-induction. 

Let ABC, AEG , Fig. 119, be two circuits. Let L be the coefficient 
of self-induction of ABC, R the resistance of this circuit, C the 



capacity of the condenser in AEC, r the resistance of wires leading 
from A and C to the plates. Then if i is the current through ABC, 
x the charge on the plate nearest to A, we have, neglecting the self- 
induction of the circuit AEC, 



R% = 


dx t 

• r d, + 


X 

O’ 
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these quantities is equal to the electromotive force 
and C. 


x — 


i = cos pt, 

_ (L 2 p 2 + fl®)* . , 

7| [sm{pt + a), 


Tg + r' l V 2 


C* 


cc — tan + tan -1 ^ 


dx 

It" 


rpG * 


^V + ^ 2 , , , , 

— j cos (pi + a). 


C 2 p‘ 


4 - r 2 


3 maximu m current along AEG is to that along ABC as 

is to y/ + r 2 , or, if we can neglect the resistances 

s to the condenser, as VL 2 p 2 4- i? 2 : l/Cp. We see that 
Ji frequencies practically all the current will go along the 
ircuit. 

ren the frequency is very high a piece of a circuit with 
jrostatic capacity will be as efficacious in robbing neigh- 
suits of current as if the places where the electricity 
3 were short-circuited by a conductor. 


Lienz's Law. When a circuit is moved in a magnetic 
li a way that a change takes place in the number of 
rgnetic induction passing through the circuit, a current 
i) the circuit; the circuit conveying this current being in 
field will be acted upon by a mechanical force. Lenz’s 
that the direction of this mechanical force is such that 
aids to stop the motion which gave rise to the current, 
ollows at once from the laws of the induction of currents. 
[3 Fig. 120 represents a circuit which, as it moves from 
encloses a larger number of tubes of induction passing 
:rom left to right. The current induced will tend to keep 
of tubes of induction unaltered, so that since the number 
magnetic induction due to the external magnetic field 
through the circuit from left to right increases as the 
es towards the left, the tubes due to the induced current 
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will pass through the circuit from right to loft. Thus l, ho magnetic 
shell equivalent to the induced current has the positive side on the 
left, the negative on the right. Since the number of tubes of in- 
duction due to the external field which pass through this shell in 
the negative direction, i.o. which enter at the positive and leave at 
the negative side, increases as the shell is moved to the left, the 
force acting on the shell is, by Art. 2 1-1, from left to right, which is 
opposite to the direction of motion of the circuit. 

There is a simple relation between the mechanical and electro- 
motive forces acting on the circuit. Let /' be the electromotive 
force, X the mechanical force parallel to the axis of j\ i the current 
flowing round the circuit, u the. velocity with which the circuit, is 
moving parallel to x, N the number of unit tubes of magnetic 
induction passing through the circuit.. Then 


,lt 



Eig. U!0 


and if the induced current is due In the motion of the circuit 


hence 


(IN 

dt 

P 


(IN 

tl.r • " 

<1N 
a , 


Again, by Art. 214, we have 

.Y 


.(IN 

‘ dr * 


so that Xu Pi. 

if we wish merely to find the direct ion of ihe cm rent induced in 
a circuit moving in a magnetic field, hciiz's law is in many cases 
the most convenient method to use. 

An example of this law is afforded by the roil revolving in a 
magnetic field (Art. 237); the action of the magnetic field on the 
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urrents induced in the coil produces a couple which tends to stop 
he rotation of the coil. The magnets of galvanometers are sometimes 
urrounded by a copper box, the motion of the magnet induces 
urrents in the copper, and the action of these currents on the 
aagnets by Lens’s law tends to stop the magnet, and thus brings 
t to rest more quickly than if the coppqr box were absent. The 
quickness with which the oscillations of the moving coil in the 
Desprez-D’Arsonval Galvanometer (Art. 224) subside is another 
ixample of the same effect; when the coil moves in the magnetic 
ield currents are induced in it, and the action of the magnetic field 
m these currents stops the coil. Again, if a magnet is suspended over 
a copper disc, and the disc is rotated, the movement of the disc in 
the magnetic field induces currents in the disc; the action of the 
magnet on these currents tends to stop the disc, and there is thus 
a couple acting on the disc in the direction opposite to its rotation. 
There must, however, be an equal and opposite couple acting on 
the magnet, i.e. there must be a couple on the magnet in the direction 
of rotation of the disc; this couple, if the magnet is free to move, 
will set it rotating in the direction of rotation of the disc, so that 
the magnet and the disc will rotate in the same direction. This is 
a well-known experiment; the disc with the magnet freely suspended 
above it is known as Arago’s disc. Another striking experiment 
illustrating Lenz’s law is to rotate a metal disc between the poles 
of an electro-magnet, the plane of the disc being at right angles to 
the lines of magnetic force; it is found that the work required to 
turn the disc when the magnet is ‘on’ is much greater than when 
it is ‘ off.’ The extra work is accounted for by the heat produced 
by the currents induced in the disc. 

249. Methods of determining the coefficients of self 
and mutual induction of coils. When the coils are circles, or 
solenoids, the coefficients of induction can be calculated. When, 
however, the coils are not of these simple shapes the calculation of 
the coefficients would be difficult or impossible; they may, however, 
be determined by experiment by means of the following methods. 

250. Determination of the coefficient of self-induction 
of a coil. Place the coil in BD, one of the arms of a Wheat- 
stone’s Bridge, and balance the bridge for steady currents, insert 
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in GD a ballistic galvanometer, and place a key in the battery 
circuit. When this key is pressed down so as to complete the 
c circuit, although there will be no 

current through the galvanometer when 
thoeuiTontsget steady, yet a transient 
current will How through the galvano- 
meter, in consequence, of the electro- 
motive foiv.es whioh exist in RI) arising 
from the self- induction of the coil. This 
current, though only transient is very 
intense while it lasts and causes a Unite 
quantity of electricity to passthrough the galvanometer, producing 
a finite kick. We can calculate this quantity as follows: an electro- 
motive force E in RI) will produce a current through the galvano- 



meter proportional to E, let this current be 
of the self-induction of the coil there will 
force in RI) equal to . 


h'E. In consequence 
he an electromotive 


(«>. 


where L is the eoellieieut of self induction of the coil and i the 
current passing through the coil. This electromotive force will 
produce a current q through the galvaumueler when* q is given by 
the equation 


If Q is the total quantity of electricity which passes through the 
galvanometer 

Q J qdl 

k I ,// C'') dl > 

tho integration extending from before the circuit in completed until 
after the cummin Jiave beeome Htcady. The right hand aide of thin 
equation in equal to 

k / t 

where i 0 is the value of i when the currents an* stt*udy. By tin* 
theory of the ballistic galvanometer, given in Art. we st*e that 
if 0 is the kick of the galvanometer 

II T 

Q sin W. ' 
vlt 
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here T is the time of swing of the galvanometer needle, G the 
alvanometer constant, and H the horizontal component of the 
irth. s magnetic force. 

Hence we have 


JcLi 0 — sin \d . — ^ 

Let ns now destroy the balance of the Wheatstone’s Bridge by 
lsertmg a small additional resistance r in BD this will send a 
ntrent p through the galvanometer. To calculate p we noticS that 
ae new resistance has approximately the current ? 0 running through 
and the effect of its introduction is the same as if an electromotive 
wee ri 0 were introduced into DB, this as we have seen produces 
current 7 cn 0 through the galvanometer; hence 


p = Tcri 0 . 

This current will produce a permanent deflection <f> of the 
alvanometer, and by Art. 222 

. ,H 

p — tan^> 

H 

r Tcri Q — tan ^ (2). 

Hence from equations (1) and ( 2 ), we get 

r sin W T 
tan cp 7 t 


251. Determination of the coefficient of mutual in- 
uction of a pair of coils. Let A and B , Kg. 122, represent 
bte paii* of coils of which A is placed in series with a galvanometer, 
nd B in series with a battery; this second circuit being provided 
itk a key for breaking or closing the circuit. 

Let R be the resistance of the circuit containing A. Suppose 
lat originally the circuit containing B is broken and that the key 
i then pressed down, and that after the current becomes steady 
he current i flows through this circuit. Then before the key is 
ressed down no tubes of magnetic induction pass through the coil 
[, while when the current i flows through B the number of such 
nit tubes is Mi, where M is the coefficient of mutual induction 
etween A and B, Thus the circuit containing A has received an 
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electrical impulse equal to Mi, so that Q, the quantity of electricity 
flowing through the galvanometer, will bo Mijli, and if 0 is the kick 
of the galvanometer, wo have 


Mi 

It 


sin 10 


nr 

77 <7 


(l)i 


using the same notation as before. We can eliminate a good many 
of the quantities by a method somewhat similar to that used in the 
last qgso. Out the circuit containing the. coil A and connect its ends 
to two points on the. circuit B separated by a small resistance H\ 
then if R is very large compared with S this will not alter appreciably 
the current flowing round B\ on (.his supposition the. current flowing 
round the galvanometer circuit will be 

S . 

H I S 1 ' 



A 


1 


( ) 





Fig. 122 

and if: is the corresponding deflection of t-lu' galvanometer 

S . . . 11 

k i x ’ 

Hcnoo from equations (I) am! (2), wo gel 

HS sin 1(1 T 
K \ S t ail </> rr ' 


Ci), 


252. Comparison of the coefficients of mutual Induction 
of two pairs of coils. Lot A, a he one jmir of mils, H, h the 
other, (,'omieot a and b in one circuit with the hutferv, and connect, 
the points P and Q (Kip;, 12,'i) to the two electrodes of n liullistie 
galvanometer. Insert resistances in PA Q and PltQ until there is no 
kick of the galvanometer when the circuit through « and t> i« made 
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broken. Let R be the resistance then in PAQ, S that in PBQ, 
d let Mi , M 2 be the coefficients of mutual induction between the 
Lis Aa, Bb respectively, then 

R S • 

To prove this we notice that, by Art. 190, if we have any closed 
'cuit consisting of various parts, the sum of the products obtained 
r multiplying the resistance of each part by the current passing 
rough it is equal to the electromotive force acting round the 
ccuit. In the case when the electromotive forces are transient, we 
it by integrating this result, that the sum of the products got by 
ultiplying the resistance of each part of the circuit by the quantity 
electricity which has passed through it is equal to the eleetro- 


<a 



lotive impulse acting round the circuit. Let us apply this to our 
ase: if i is the steady current flowing through the coils a and b, 
he electromotive impulse acting on A due to the closing of the 
ircuit is M t i, while that on B is M % i. If x is the quantity of 
lectricity which passes through A when the circuit through a, bis . 
iosed, y that through B, x — y will be the quantity which passes 
trough the galvanometer; hence applying the above rule to the 
ircuit APQ, we have if K is the resistance of -the galvanometer circuit 
Rx + K (x — y) = 

Applying the same rule to the circuit BPQ, we get 
Sy + K (y - x) = M 2 i. 

But if the total quantity which passes through the galvanometer 
is zero, we have x — y, and therefore 

R ~ S‘ 


T. E. 


22 
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253. Comparison of the coefficients of self-induction 
of two coils. Place the two coils whose coefficients of self-in- 
duction are L and N respectively in the arms AD, BD of a Wheat- 
stone’s Bridge, Fig. 121, balanced for steady currents, then adjust 
the resistances in AD, BD so that no kick of the galvanometer 
occurs when the battery circuit is made; these alterations in the 
resistances of AD and BD will entail proportional alterations in 
those of AC and BC in order to keep the bridge balanced for steady 
currents. Then when there is no kick of the galvanometer when the 
circuit is made, and no steady deflection when it is kept flowing, 
we have 

L_P B 

N Q S’ 

where P, Q, R, S are the resistances of the arms AD, BD, AC, BC 
respectively. 

We can see this as follows: suppose we have a balanced Wheat- 
stone’s Bridge with these resistances, then for steady currents 
the balance will be undisturbed if P and Q are altered in such a 
way that their ratio remains unchanged; but the alteration of P 
and Q in this way is equivalent to the introduction into AD and 
BD of electromotive forces proportional to P and Q. For since 
no current flows through the galvanometer the same current flows 
through AD as through BD, and the preceding statement follows 
by Ohm’s Law. Hence we see that the introduction into the arms 
AD and BD of electromotive forces proportional to P and Q, will 
not alter the balance of the bridge, and, conversely, that if tliis 
balance is not altered by the introduction of an electromotive force 
A into the arm AD, and another, B, into the arm BD, then AjB 
must be equal to P/Q. 

Now if we have coils in AD and BD whose coefficients of self- 
induction are L, N, then since after the current gets steady, the 
same current, i say, flows through each of these coils, there must bo, 
whilst the current is getting steady, an impulse Li in AD, and 
another equal to Ni in BD. Since these impulses do not send any 
electricity through the galvanometer they must, by the preceding 
reasoning, be proportional to P and Q, hence 

L P 
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254. Heat developed by the hysteresis off iron. We 

in, as Dr John Hopkinson showed, deduce from the law of Electro- 
agnetic Induction the expression given on p. 194 for the heat 
:oduced in iron per unit volume when the magnetic force undergoes 
cyclical change. Take the case of a solenoid filled with iron and 
irrying a current whose value i is changing cyclically; let l be the 
ngth of the solenoid, n the number of turns of wire per unit length, 
the area of cross section of the core and B the magnetic induction. 

dB 

he electromotive force in the solenoid due to induction is — nla 

at 

nice the work spent by the current in time T in consequence of 
to presence of the iron is 

F inla-~ . dt. 

Jo dt 

But if II is the magnetic force 

II = irmi, 

> that the work spent by the current, appearing as heat in the iron, 
equal to 

-I- ( T laH dt. 

4-7T J o dt 

Since the volume of the iron is la, the heat produced per unit 
ilume is 


his is the value already obtained on p. 194, 
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WJXJTRIOAL UNITS: 

DIMENSIONS OE EUXJTRKIAL QUANTITIES 

255. In Art. 0 wo defined the unit charge of electricity, as the 
charge which repelled an equal charge wit h unit, mechanical force 
when the two charges were at. unit distance apart and surrounded 
by air at standard temperature and pressure. When wo know the 
unit charge the various other electrical units candy follow. Thus the 
unit current is the one that conveys unit charge, in unit time; unit 
electric intensity is that; which acts on unit charge with unit 
mechanical force; unit difference of potential is the potential between 
two points when unit work is done by the pannage of unit charge 
from one point to the other. Unit resist unco is the resistance between 
two points of a conductor between which the potential dillerence is 
unity when the conductor is traversed by unit current. 

The stop from the electrical io the magnetic*, quantities is made 
by means of the law that the work done when unit magnetic pole is 
taken round a dosed circuit is equal to timon the current (lowing 
through the circuit. This law is to some extent a matter of definition. 
All that is shown by experiment is that the work done when unit 
pole is taken round the circuit is proportional to the current flowing 
through the circuit, and, as long us the current remains tin* same, 
is independent of the nature of the sulwtancen passed through by 
the pole in its tour round the circuit. If we hu id that p times the 
work done was equal to *l?r times the current, t hose conditions would 
atill ho fulfilled provided p was independent of the current, the 
magnetic force and the natuie of the milmtanrrs in the held. 
Though, as we shall hoc later, it would be possible to get a somewhat 
more symmetrical system of units by a proper choice of p, yet in 
practice, to avoid the introduction of an uinieeeHHHiy const ant, 
p is always taken as unify, When p U it’ follow* from Art. 'ill) 
that the magnetic force at the centre of a circle of radius a I mveraed 
by a current % is 2?ri/ a; thus unit magnet it* force will lm the force 
at the centre of a circle of radius 2rr traverned by unit current, 
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rims knowing the unit, current, wo can at once determine the unit 
magnetic. force. Having got the unit magnetic force, the unit 
magnetic pole follows at once, since it is the pole which is acted on 
>y unit magnetic force with the unit mechanical force. From these 
units wo can go on and deduce, without ambiguity the units of the 
:>ther magnetic, quantities. The System of units arrived at in this 
way is culled the Klectrostatie System of Units. 

Shirting from the unit charge as defined in Art. 9, we thus arrive 
at a unit magnetic, pole, In Art. 114, however, wo gave another 
definition of unit magnetic, pole, deduced from the repulsion between 
two similar poles. The. unit magnetic pole as defined in Art. Ill- 
does not coincide, with the unit pole at which wo arrive, starting, 
ns we have, just done, from the unit charge of electricity. The 
numerical relation between the two units depends upon what units 
of length and time we employ; if these are the centimetre and 
second, then the- unit magnetic, pole on the electrostatic system of 
units is about A 10 1Q times as great as the unit pole defined in 
Art. 114. 

Instead of starting with unit charge nfvleetrioity wo may start 
with unit magnetic pole ns defined in Art, 114, The units of the 
other magnetic quantities would at once follow from considerations 
similar to those by which we deduced the unit electrical quantities 
from the unit* electrical charge. Tin* electrical units would follow 
from the magnetic ones, by the, principle that the magnetic force 
at t he centre of a circular current of radius a is ‘Jbr/'/u, whore i is the 
strength of the current; thus tin 1 unit current is that which produces 
unit magnetic force at the centre of a circle whose radius is 2 tt. In 
this way we ran get the unit current, and from this the units of the 
other electrical quantities follow without difficulty. The System of 
units got in thin way is called the. Kleetrcnnagnetic. System of Units. 

The electromagnetic system of units dot's not coincide with the 
electrostatic system. The electromagnetic unit charge of electricity 
hears to the electrostatic unit charge a ratio which depends on the 
units of length and time; if these art* the centimetre and second the 
elect roinuguet ic unit of electricity is found to he about 3 x 10 10 
times tin* elect vest at ic unit. The* ratio of the electromagnetic unit 
of charge to the electrostatic unit is equal t o the. ratio of the electro- 
static unit pole to the el ecfcr o m ug n eti o unit. 


342 


ELECTRICAL UNITS 


[oh. xn 

In the following tabic the. relations between tlio electrostatic and 
electromagnetic units of various electric and magnetic quantities are 
given. Here v is the ratio of the electromagnetic unit charge of 
electricity to the electrostatic unit. 

ElcwtruHtfttio unit 
in lernifl of 


Quantity 

Symbol 

Electromagnet. 

Quantity of Electricity ... 

e 

i /» 

Electric intensity 

F 

V 

Potential difference 

V 

V 

Curront 

i 

I/O 

Resistance of a conductor 

n 


Elootrio Polarisation 

n 

1/a 

Capacity of a condenser ... 

c 

1 /i»» 

Strength of Magnetic Polo 

m 

V 

Magnetic force 

11 

l/u 

Magnetic ind action 

n 

V 

Magnetic permeability 



Cooffioiont of Kolf-Induotion 

L 

V* 


Certain combinations of these ([uunf i (ion are oquul to purely 
geometrical or dynamical quantities, Much us lengthy force, energy. 
Tho numerical expression of such combinations must (evidently he 
the same whatever system of unit h wo employ; thus, for example, 
the mechanical foroo. on a charge v placed in a field of electric in« 
tensity is Fe, but this force is a definite number of dynes, quite 
independent of any arbitrary system of measuring electric quantities, 
thus F x o must l)e the same whatever system of electrical units we 
employ" 

The following arc examples of such combinations. 

Time a ?. 

% 

V 

Length « 

Force « Ft * ; wt/A 
Energy m JKr; MH; ydK 
Enorgy por unit volume a FD/Hn; f JI%/Hrr* 

Thus since Fe is independent of the electrical units chosen, if we 
adopt a new system in which the unit of e is e times the old unit, 
the new unit of F must be l/v times the old unit. Again, Hi* is 
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another quantity unaltered by the change of units, so that if the 
new unit of i is v times the old, the new unit of R must be 1/u 2 times 
bhe old unit. 


Dimensions of Electrical Quantities. 

256. For the general theory of Dimensions we shall refer the 
reader to Maxwell’s Theory of Heal , Chap. iv. ; we shall in this 
chapter confine our attention to the dimensions of electrical quan- 
tities. 

It may be well to state at the outset that the ‘dimensions’ of 
electrical quantities are a matter of definition and depend entirely 
upon the system of units wo adopt. Thus we shall find that on the 
electromagnetic system of units a resistance has the same dimensions 
as a velocity, while on the electrostatic system of units it has the 
same dimensions as the reciprocal of a velocity. In fact we might 
choose a system of units so as to make any one electrical quantity 
of any assigned dimensions; when the dimensions of this are fixed 
that of the others becomes quite determinate. 

A symbol representing an electrical quantity merely tells us how 
much of the quantity there is, and does not tell us anything about 
the nature of the quantity; this would require a dynamical theory 
of electricity. A theory of dimensions cannot tell us what electricity 
is ; its object is merely to enable us to find %e change in the numerical 
measure of a given charge of electricity or any other electrical 
quantity when the units of length, mass and time are changed in 
any determinate way. 

Wo have to fix the electrical quantities by one or other of their 
properties. Thus, to take an example, wc may fix a charge of 
electricity by the repulsion it exerts on an equal charge, as is done 
in the electrostatic system of units, or by the force experienced by 
a magnetic pole when the charge is being transferred from one 
place to another by a current, as is done in the electromagnetic 
system; these two measures are of different dimensions. To take 
a simpler case we might fix a quantity of water by the number 
of hydrogen atoms it contains, by its mass, or by its volume at a 
definite temperature; all these measures would be of different 
dimensions. 
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On the electrostatic system of units the force between two equal 
charges e 3 separated by a distance L in a medium whose specific 
inductive capacity is /v, is c a //i //*, and since this is of the dimensions 
of a force wo have the dimensional equation 


ML 

Kl? T 


( 1 ), 


M, X, T representing mass, length and time. 

This result, with the meaning assigned to /v in Art. OH, is only 
true on the electrostatic system of units. We may. however, generalize 
the meaning of f\ and say that whatever be the system of units, 
the repulsion between the charges is r~/K/r % where t\ is defined as 
the ‘specific inductive capacity of the medium on the new system 
of units. 1 We may regard this as the definition of K on this system. 

1 The ratio of the IV s for two substances on this system is of course 
the same as the ratio of the IV s on the electrostatic system. We 
shall regard the dimensions of K as indeterminate and keep them 
in the expression for the dimensions of the electrical quantities*. 
From equation (1) we have the dimensional equation 

e. A/ *//"'/' l KK 

Similarly on the electromagnetic system of units the repulsion 
between two poles of strength m separated by a distance L in a 
medium whoso magnetic permeability is /i is /a for this 

system of units being a quantity of no dimensions. We shall suppose 
that whatever be the system of units the force between the poles 
isoquaItoM a //xX a : where /t thus determined isdefiiied as the magnetic 
permeability of the medium on this system of units. Thus, for 
example, if m is the measure, on the electrostatic system of units, 
of the strength of a pole, the force between two equal poles separated 
by unit distance in air is not nr but 9 •• lO^w* lienee we say the 
magnetic permeability of air on the electrostatic system of units is 
1/9 x 10®°, We shall regard the dimensions of ji as being left un- 
determined and retain /a in the expressions bn* the dimensions of 
the electric quantities. Since w a //±X a is of the dimensions of a force 
we have the dimensional equation 

m AS/Jf y! 


* Rttoker, Phil. Mag. vol, 27, \u UH, 
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Wo shall find it instructive to suppose that the electric and 
tgnetic units are connected together by the relation that p times 
o work done by unit pole in traversing a closed circuit is equal to 
■ times the current flowing through the circuit: the convention 
ulo on both the electrostatic and magnetic systems is that p is 
(juantity of no dimensions and always equal to unity. We shall 
v the present leave the dimensions of p undecided. 

The dimensional equation connecting the electric and magnetic 
lantitics is therefore 

p x H x L = i, 

II ere II is magnetic force, L a length and i a current. 

Taking this relation and starting with the electric charge, we 
m get by the equations given in Art. 255 the dimensions of all the 
ortrionl and magnetic quantities in terms of L , T, p, K: or 
arting with the magnetic pole we can get them in terms of M, L, 
, 'p, /t. Tlie results for some of the more important electrical 
luintil-ics are given in the following table. 


Quantify 

Symbol 

mrgo 

... e 

ic*ot.rio in tensity 

F 

otential difference ... 

V 

urrenl 

... i 

.{‘Hiatanee 

R 

teetrie polarization ... 

D 

ivpnoity 

C 

pcHUllo inductive capacity 

K 

trcMigth of Mag no tie polo 

... m 

laguotio force ... 

II 

laguotio induction ... 

B 

lagnetic pcrmcaiulity 

g 


Dimensions in Dimensions in terms 


terms of K and p 

of ft and p 





K~ 




K-'Ir'T 

p-^LT - 1 


p^-iM^L-? 

ICL 

p^-'Ir'T* 

Ii 

yV-W 

pK-iMhi 






p*K- l L~*T* 

f* 


Wc, hoo from this table that the dimensions of K, p, and p must 
in all HvatemH of measurement be connected by the relation 

(velocity)*. 
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On Maxwell’s theory of the electric field p/V p,K is equal to the 
velocity with which electric disturbances travel through a medium 
whose magnetic permeability is /x and specific inductive capacity K. 

On the electrostatic system of units K is of no dimensions, as the 
specific inductive capacity of air is taken as unity whatever may be 
the units of mass, length and time. Also on this system p is by 
hypothesis of no dimensions, being always equal to unity. Hence 
the dimensions of the electrical quantities on this system of units 
are got by omitting p and K in the third column of the 
table. 

On the electromagnetic system of units p, is of no dimensions, 
the magnetic permeability of air being taken as unity whatever the 
units of mass, length and time; p is also of no dimensions on this 
system. Hence the dimensions of the electrical quantities on this 
system of units are got by omitting /x and p from the fourth column 
in the table. 

Another system of units could be got by taking /x and K as of 
no dimensions and p a velocity. If this velocity were taken equal to 
the ratio of the electromagnetic unit charge to the electrostatic unit, 
then the unit of electric charge on this system would be the ordinary 
electrostatic unit of that quantity, while the unit magnetic pole 
would be the unit as defined on the electromagnetic system. This 
system would thus have the advantage that the electric quantities 
would he as defined in the electrostatic system, while the magnetic 
quantities would be as defined in the magnetic system, and we 
should not have to introduce any new definitions: whereas if we use 
the electrostatic system we have to define all the magnetic quantities 
afresh, and if we use the electromagnetic system we have to re- define 
all the electrical ones *. 

* It should be noticed that it is only when the electromagnetic system of units 
is used that ‘magnetic induction’ has the meaning assigned to it in Art. 153, If wo 
use any system of units in which we start from eleotrical quantities, the ‘magnebio 
induction through unit area’ appears as the quantity whose rate of variation is 
equal to p times the electromotive force round the boundary of the area. The 
magnetic induction defined in this way is always proportional to the magnetic 
induction as defined in Art. 153. The two are however only identical on the electro- 
magnetic system of units. With the definition of Art. 153 the magnetio induction 
is of the same dimensions as magnetic force, since they are both the mechanical 
force on a unit pole when placed in cavities of different shapes. 
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" JuH . Hy.sf.ein ik however never used in practice; the electro- 

<n : ,mo upon it is universally used in 

trienl iM.gmeonng, and the electrostatic system is used for 
ml classes of uivcHt.igat.imm. 

!57. The unitH of resistance, of electromotive force, of capacity 
h<‘ eleclroiimgtiefie sy H f,em ate either too large or too small to 
eonvenhnjt: hence new units which are definite 
dpl.'s or suhn mill pies of the electromagnetic units are employed, 
■le units and their .elation to the electromagnetic system of units 
>n the uuifs of length, mass and. time are the centimetre, gramme 
second) are given in the following table. 

.mil’ of resistance is called the Ohm and is equal to 10° electro- 
magnetic unifa, 

imif of eltudrnmotivn force is called the Volt and is equal to 10 s 
electromagnet ir units. 

unit- of current in railed hlio Ampiro and is equal to lO^ 1 electro- 
magnetic tmifn, 

unit of charge is called the ( -ouloinl) and is equal to ICH- electro- 
magnet ir units. 

unit- of enpunly is culled the Farad and is equal to I0~ 9 electro- 
magnet ir units. 

Microfarad in equal to 10 15 electromagnetic units. 

Ampere is (hi* current produced by a Volt through an Ohm. 

Vr shall now proeerd to explain the methods by which the various 
utility run hr measured in terms of those units: when the quan- 
is ho measured it is said to he determined in absolute measure. 

268- Determination of a Resistance in Absolute 

mure* Tin* met Inal given in Art 22 G enables us to compare 
reia^t mires, and t hurt to find the ratio of any resistance to that 
n arbitrary standard such m the resistance of a column of 
airy of given length and cross section when at a given tempera- 
, tn order fu make* use of the tt octroi nagnetio system of units 
mint find the number of electromagnetic units in our standard 
fiMiee, or wlmt amounts to the same thing we must be able to 
ify h conductor whose resistanoe is the electromagnetic unit of 
timer. 
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The first method we shall describe, that of the revolving coil, 
was suggested by Lord Kelvin, and carried out by a committee of 
the British Association, who were the first to measure a resistance 
in absolute measure. The method was also one of those used by 
Lord Rayleigh and Mrs Sidgwiok in their determination of the 
Ohm. 

When a coil of wire spins about a vortical axis in the earth’s 
magnetic field, currents are generated in the coil; these currents 
produce a magnetic force at the (‘.entire', of the coil. If a magnet is 
placed at the centre of the coil, this magnetic force gives rise to a 
couple on the magnet tending to twist, the magnet in the direction 
in which the coil is rotating. The resistance of the coil may be 
deduced from the deflection of the magnet, as follows. 

Lot //be the horizontal component of the earth's magnetic force, 
A the area enclosed by one turn of the (toil, n the number of turns, 
d the angle the plane of the eoil makes with the magnetic meridian; 
let the coil revolve with uniform velocity <a, so (.hat; we may put 

0 (o l. 

The number of tubes of magnetic, induction passing through the 
coil is equal to 

nAU sin 0, 

and the rate of diminution of this is 

n Alien cos cot. 


Hence, if L is the coefficient of self induction of tint coil, II its 
resistance, and i the current flowing through the coil, the current, 
being taken as positive when the lines of magnetic force due to the 
current and those due to the earth pass through the circuit in the 
same direction, we have 



I Hi 


nAllu > cos cot , 


Hence, as in Art. 237, wo have 


i 


n A Iho 
flaW 


{It cos ad f Leo sin wt\. 


Now if unit current through the coil produces a magnetic force 
(1 at the centre, the current i through the coil will produce a magnetic 
force Ui cob <oi at right angles to the magnetic meridian, and n force 
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n cat along Mo magnetic, meridian, Hinco 9 = cot. Hence the 
notic force due to the currents in the coil has a componenb 


n/t IWwli 
2 (IP I- or// 1 ) 


2 


nAIKho 
(IP f co 2 /, a ) 


{./i cos 2c at ~b Lea sin Scot}, 


gilt angles to the magnetic meridian; and a component 


nAIfOIxo* 

2 ( IP I • or /r) 


2 


(/P I -w a W) 


{It sin 2col — £a> 


cos 2a>£}, 


g the magnetic meridian. 

Mow suppose we have a magnet at the centre of the coil, and let 
moment; of inertia of this magnet he so great that the time of 
ig is very large compared with the time of revolution of the coil, 
magnetic force acting on the magnet due to the current induced 
ho coil consists, as we see, of two parts, one constant, the other 
odie, the frequency being twice that of the revolution of the 
, By making the moment of inertia of the magnet great enough 
may make the elTect, of the periodic? terms as small as we please; 
shall suppose that the magnet is heavy enough to allow us to 
loot the effect of the periodic terms; when this is done the magnetic 
to at the centre has a component equal to 


nA II (halt 
2 (IP i ar/r) 

ight angles to the magnetic meridian, and one equal to 

.. nAlltiUa* 

2(/P I or/r) 

ig it. 

Hence if </* is the angle? the axis of the magnet at the centre of 
coil makes with the magnetic? meridian. 


tan t f> 


II 


1 nAIKhalt 

2 IP P to* IP 

i TUMI?' 

a/f* i «"L a 


tun if> 


1 h AO wit 

2 It* 1 ay* l? 

1 nAULur ' 

2 IP d urlP 
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This equation enables us to find 11, as A , (1, L nan bo calculated 
from the dimensions of the rotating coil. When Lu> is small compared 
with R the equation reduces to the simple form 

, , 1 uA(rO) 

tan <j> =-- ^ R . 


When the coil consists of a single ring of wire of radius a, n s* 1, 
A = ira 2 , G = 2tt / a; hence 


tan < f > 


77%CU 

ii * 


Thus by this method wo compare I{> which, by Art. 25(5, is of 
the dimensions of a velocity, with the velocity of a point on the 
spinning coil. 

The preceding investigation is only approximate) as wo have 
neglected the magnetic field duo to tho magnet placed at the centre 
of the ring. 


259. Lorenz’s Method. This was also one of the methods 
used by Lord Rayleigh and Mrs Sidgwiok iu their determination of 
the Ohm. It depends upon the principle that if a conducting disc 
spins in a magnetic field which is symmetrical about the axis of 
rotation, and if a circuit is formed by a wire, one end of which is 
connected to tho axis of rotation while the other end presses against 
the rim of the disc, an electromotive force proportional to the angular 
velocity will act round the ciicuit. 

We can determine this dectromotive force by Hading the couple 
acting on the disc when a current Hows round this circuit. 

Let / be tho current flowing through the wire. When this current 
enters the disc at its centre it will spread out; ltd. </ be the radial 
current crossing unit length of t he circumference of a circle of radius 
r at the point defined by 0, Let rdrtlO be an element of the area of 
tho disc. The radial current flowing through this area is equal to 
qrdd. Hence by Art. 214, if // is the magnetic force normal to the 
disc at this area, tho tangential mechanical force acting on the urea 
is equal to IiqrdrdO . Tho moment of this force about the axis of 
the disc is equal to 


Hqr^drdO; 
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o til us couple aching on tko disc is equal to 
1 1 UqUdrdO, 

nf.egrat.ion being extended over the area of the disc. 

Since the current (lowing across a circle drawn on the disc,, with 
eutre at the centre of the disc., must equal the current I flowing 
the disc, we have 

I qrdO ■ : l. 

hneo the magnetic field is symmetrical alumt the axis of rotation, 
independent of 0, hence the couple acting on the disc is equal to 

/ f Ilr dr. 

If N he the number of tubes of magnetic induction passing 
nigh the disc. 

N f U'litrdr, 

thus the couple act ing on the disc in equal to 

Now suppose (hen*: is a battery whose. electromotive force is 
n the circuit, then in t he. time hi the work done by the battery 
il$f\ this work is spent- in heating the circuit and in driving the 
\ The angle turned through by the disc, in this time is toht, if 
h the angular velocity of t he dine; hence the mechanical work 
io is equal to 

/ INoSL 

Joule's law the mechauieul equivalent of the heat produced in 
circuit is equal to 

/</«», 

ere It is the resistance of the circuit. Hence we have by the 
uservutiou of Kucrgv 

El hi ltl'~U } 3 INuiht, 

2 rr 


1 



It 
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hence there is a counter-electromotive force in the circuit equal to 

1 Nw. 

Ztt 

This case illustrates the remark made on page 2i)2, since from 
Ampere’s law of the mechanical force acting on currents on a mag- 
netic Held we have deduced, by the aid of the principle of the 
Conservation of Energy, the expression for the electromotive force 
due to induction, and have thus proved by dynamical principles 
that the induction of currents is a consequence of the mechanical 
force exerted by a magnet on a circuit conveying a current. 

In Lord Rayleigh’s experiments, the disc was placed between 
two coils through which a current passed, and the axes of the disc 




and of the two coils were coincident. The magnetic field acting on 
the disc may be considered as approximately that due to the current 
through the coils, as this field ( is very much more intense than that 
due to the earth. Hence if i is the current through the coils, M the 
coefficient of mutual induction between the etuis and a circuit 
coinciding with the rim of the disc, 

N ML 

So that the electromotive force due to the rotation of the disc*, is 

Miw 

2 7T 

The experiment was arranged as in the diagram, Kig, 121; a 
galvanometer was placed in the circuit connecting the centre of the 
disc and the rim, and this circuit was connected to two points P % 
Q in the circuit in series with the coils, and the resistance between 
P and Q was adjusted until no current passed through the galvano- 
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r. If It is the romutuuoo between P and Q, and if a current i flows 
igh PQ tlw k.m.p. between P and Q will be Ri, but, since there 
current through the galvanometer, this balances the electro- 
de force due to the rotation of the disc; hence 

m ..... Miw 


It 


Mit) 

2rr 


itw.o M wui 1)« calculated from tlio dimensions of tlio coil and 
line., this formula gives m R in absolnt.o measure. 


60. Tlio method ^ivon in Art. 251 for deter mining a coelliciont 
utual induction in forms of a resistance may bo used to deter- 
a resistance in absolute measure. If wo uso a pair of coils 
■o coefficient of mutual induction can bo determined by calcula- 
tin'!! equation (2) of Art. 251 will give tlio absolute moasuro of 
bstaneo. This method has boon employed by Sir Richard 
brook, 

ho result of a largo number of experiment*! made by the pro- 
ig motliocls is that tlio Ohm is the resistance at 0° 0. of a column 
ereury I0(MJ cm. long and I hc j. millimotro in cross section, 
or a comparison of the relative advantages of the preceding 
nuls the student is referred to a paper by Lord Rayleigh in the 
miphicul Mmjitzinv for November, IW2. 


61. Absolute Measurement of a Current. A current 
be. determined by measuring tlio attraction between two coils 
si in stub's with each other and with their planes parallel and 
ght angle's to the line joining their centres. If i is the current 
igh the (‘.oils, M the roollieient of mutual induction between tlio 
x the distance between their centres, the attraction between 
soils is equal to 

f IM , a 

— r. 

dx 

\y attaching one of the coils to the sc.al e-pan of a balance and 
ing the other fixed we cun measure this force, and hence if we 
date tIMjtlx from the dimensions of the coils wo can determine 
absolute measure. 
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The unit current is very conveniently specified by the amount of 
silver deposited from a solution of silver nitrate through which this 
current has been flowing for a given time. 

Lord Eayleigh found that the Ampere is the current which 
flowing uniformly for one second would cause the deposition of 
•001118 gramme of silver. 

262. The unit electromotive force is that acting on a conductor 
of unit resistance when conveying unit current. A practical standard 
of electromotive force is the Clark cell (Art. 183), whose electro- 
motive force at t° Centigrade is equal to 

1-434 {1 - -00077 (t - 15)} volts. 

263. Ratio of Electrostatic and Electromagnetic Units. 

The table given on page 342 shows that the ratio of the measure of 
any electrical quantity on the electrostatic system of measurement 
to the measure of the same quantity on the electromagnetic system, 
is always some power of a certain quantity which we denoted by 
“ v ,” and which is the ratio of the electromagnetic unit of electric 
charge to the electrostatic unit. 

The measurement of the same electrical quantity on the two 
systems of units will enable us to find “v.” The quantity which 

has most frequently been measured 
with this object is the capacity of a 
condenser. The electrostatic measure 
of the capacity can be calculated from 
the dimensions of the condenser; thus 
the electrostatic measure of the capa- 
city of a sphere is equal to its radius; 
the capacity of two concentric spheres 
of radii a and b is ab/(b — a); the 
capacity of two coaxial cylinders of length Z, radii a and b, is 
bja. Thus if we choose a condenser of suitable shape the 
electrostatic measure can be calculated from its dimensions. 

The electromagnetic measure can be determined by the following 
method due to Maxwell. One of the arms AC of a Wheatstone’s 
Bridge is .cut at P and Q (Pig, 125), one plate of the condenser is 
connected to P, the other to a vibrating piece R which oscillates 


A 



Fig. 125 
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kwards and forwards between P and Q; when R comes into 
tact with Q the condenser gets charged, when into contact with 
t gets discharged. The current through the galvanometer may 
livid ed into two parts. There is first a stead} r current which flows 
■>ugh AD when no electricity is flowing into the condenser, this 
shall denote by ?/. .Besides this there is at times a transient 
rent which flows while the condenser is being charged. We shall 
pose that each time the condenser is being charged a quantity 
deotricity equal to Y flows through DA in the opposite direction 
). Then if the condenser is charged, n times a second the amount 
c.1l (lows through, the galvanometer owing to the charging of the 
denser is nY. If the time of swing of the galvanometer needle is 
y long compared with 1/n of a second this will produce the same 
et on the galvanometer as a steady current whose intensity is 
flowing from D to A. Tims if nY — y } the current due to the 
oatod charging of the condenser will just balance the steady 
rent and there will lx*, no deflection of the galvanometer. 

We now proceed to find Y. This is evidently equal to the quantity 
Jeotricity which would flow from A to D if there were no electro- 
tive force in the wire HU and the plates of the condenser with the 
atest charge they acquire in the experiment were connected to 
md Q respectively. 

Let he the current from the condenser along PA during the 
•-barge, ¥ the current along AD, W the current along BD. Let 
resistances of A B, BO, 01), DB , DA he c, a , y, j8, a respectively. 
< the coefficients of self-induction of these circuits be L t , L % , L z , 
L & respectively. Then from the circuit A BD, wo have 


r (P Y . , <P(Y 
'n (l{? i *'\ ( jp 


Z) r <PW 
4 (IP 

\ c\ 


a 

dY 
dt ” 



dW 

dt 


0 . 


eg rating from just Indore discharging until after the condenser 
•.ompletely discharged, and remembering that both initially and 
dly Y, Z, W vanish, we have 

aY + c.(Y- Z)-pW~Q (1), 

ore y, Z, W are the quantities of electricity which have passed 
nng the discharge through AD, PA, and BD respectively. 


356 dimensions oe electrical quantities 

Similarly from the circuit DBG, we have 

(j8 -J- y 4~ Oj) TF -|- (y -|- d) 7 — ciZ = 0 
We find from equations (1) and (2) 

£ (P ± Y + «) + rr 


[CH. XII 


.( 2 ). 


7 = 


.(3). 


j3 {y + a) + (a + c) (ft + y + a) 

Now Z is the maximum charge in the condenser; hence if C is 
capacity of the condenser, and A and C the potentials of A and G 
respectively when the charge is a maximum, i.e. when no current is 
flowing into the condenser, 

Z=C{ A-C}. 

If y is the current flowing through AD when no current is flowing 
in the condenser, and D denotes the potential of D, 

A - D = ay, 

a 4- c) 


D — C = y 1 1 + 


P 


y> 


A - C = •)« 4- y + ^ {a + c)f- y. 


Hence by equation (3) 


Y = 


c (ft -f~ y ~h ci) H~ ctfi 


a + y + ^{a + c)[Cy. 


P {y + a) + {a + c) (p + y + a) 

But when there is no deflection of the galvanometer 

nY = y\ 


hence 


nC 


c (ft + y + a) + aft 


f. 


P(Y+*) + (a + c)(p + y+a) \ a + y + p( a + c ) 


If we know the resistances and n , we can deduce from this 
equation the value of C in electromagnetic measure. In practice 
the resistance of the battery a is very small compared with the other 
resistances, hence putting a = 0, we find that approximately 

aft 


nO 


.Gy 


1 + 




y (a + £ + P) 


P 2 


(a + c + P)(p + y) 
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By this method we find the electromagnetic measure of tlie 
acity of a condenser; tlie electrostatic measure can be found from 
dimensions. 

Now by Art. 255 

a electrostatic measure of a condenser 

electromagnetic measure of: the same condenser* 

Experiments made by this method show that 
v = 3 x 10 10 cm. /sec. very nearly. 


CHAPTER XIII 


DIELECTRIC OURRENTO AND THE ELECT ROM ACETIC 
THEORY OE LIU N T 

264. The Motion of Faraday Tubes. Dielectric 
Currents. In Chapter XL we considered the relation between 
the currents in the primary and secondary circuits when an alter'* 
nating current passes through the primary circuit, we did not 
however discuss the phenomena occurring in the dielectric between 
the circuits. As we regard the dielectric as the seat of the energy 
due to the distribution of the currents, the study of tin 1 , e fleets in 
the dielectric is of primary importance. We owe to Maxwell a 
theory, nowin its main features universally accepted, by which we 
are able to determine completely the electrical conditions, not 
merely in the conductors but also in every part of the field. We shall 
also see that Maxwell’s views load to a comprehensive theory of 
optical as well as of electrical phenomena, and enable us by moans 
of electrical principles to explain the fundamental laws of Optics. 

Before specifying in detail the principles of Maxwell’s theory, 
we shall endeavour to show by the consideration of some simple 
cases that in considering the relation between the work done in 
taking unit magnetic pole round a closed circuit and the current 
flowing through that circuit (set* Art, 2011), we must, include under 
the term current , effects other than the passage of electricity through 
conducting media, if we are to retain the conception that the dielectric 
is the scat of the energy in electric and magnetic, phenomena. 

Let us consider the case of a long, straight., cylindrical conductor 
carrying an alternating electric current. In the dielectric around 
this wire there is a magnetic, field, and, according to the views 
enunciated in Art. 103, there is in a unit volume of the dielectric 
at a place where the magnetic force is II an amount of energy equal 
to fiE^jdur. As the alternating current changes in intensity, the 
energy in the surrounding field changes, and this change in the 
energy must be due to the motion of energy from one part of the 
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to another, the energy moving radially towards or away from 
wire conveying the current. If the dielectric medium possesses 
)ia, and ii: its properties in any way resemble those of any kind 
tatter with which we are acquainted, the energy cannot travel 
l one place to another with an infinite velocity. 

Vs the alternating current changes, the energy in the field will 
igo also; when tho current is passing through its zero value, it 
ddent that the magnetic energy cannot now vanish throughout 
field, for we assume that tho energy travels at a finite rate, and 
only a finite time since the current was finite. If the magnetic 
gy did vanish it would imply that the energy could travel over 
dance, however great, in a finite time. If, however, the magnetic 
gy does not vanish, simultaneously all over the field, there must 
laces where the magnetic, force does not vanish. But the current 
ugh the conductor vanishes and there are no magnetic substances 
he field. Hence we conclude that unless we assume that the 
gy in the magnetic field can travel from one place to another 
l an infinite velocity, we must admit that in a variable field 
;netie forces can arise apart from magnets or electric currents 
ugh conductors. 

365. Let us now mo if we can find any clue as to what produces 
magnetic field under these circumstances. Let us consider the 
>wing simple case. Let, A, B (Fig. 12(>) be two vertical t 
al plates forming a parallel plate condenser, and lot 
upper ends of these plates be connected by a wire of 
i resistance. Suppose, that initially the plate A is 
rged with a uniform distribution of positive electricity A 
le B is charged with an equal distribution of negative 
tricity. If the. plates are disconnected, horizontal J 
aday tubes at rest will stretch from one plate to tho 
m\ When the plates are connected by the wire tho 120 
zontal Faraday tubes will move vertically upwards towards 
wire. Let r be the velocity of those tubes, and or the surface 
sity of the electricity on the plates, then the upward current 
dug across unit length in the plate A and tho downward 
amt in B arc equal to m. By Art. 209 these currents 
produce a uniform magnetic field between the plates, the 
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magnetic force being at right angles to the plane of the paper 
and its magnitude equal to Anver. If iV is the number of Faraday 
tubes passing through unit area of a plane in the. dielectric parallel 
to the plates of the com burner N cr. Thus tin 1 , magnetic force 
between the planes is equal to *l7riVn. Thu condition of things 
between the plates is such that we have the, Faraday tubes moving 
at right angles to themselves, and that we have also a magnetic 
force at right angles both to the Faraday tubes and to tin* direction 
in which they are moving; while the intensity of this force is equal 
to in times the product of the number of tubes passing through 
unit area and the velocity of these tubes. 

Let us now see what are the consequences of generalizing this 
result, and of supposing that the relation between the magnetic force 



and the Faraday tubes which exists in this simple east* is generally 
applicable to all magnetic, fields. Suppose then that whenever we 
have movements of the Faraday tubes we have magnetic force, and 
conversely, and that the relation between the magnetic force and 
the Faraday tubes is that the magnetic force is equal to 4jt times the 
product of the ‘ polarization' (Art. 70} and the velocity of the Faraday 
tubes at right angles to the direction of polarization; and that, the 
direction of the magnetic*, force is at right angle's to both the direction 
of polarization and the direction in which the Faraday tubes are 
moving. 

We shall begin by considering what cm this view is the physical 
meaning of IV :< ()()\ where 00* is a line ho short that the magnetic 
force may be regarded as constant along its length, and IV is the 
component of the magnetic force along 00* t 
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Let OA (Mg. 127) represent .in magnitude and direction the 
ocity of the Faraday tubes, and OP the polarization; then if 
l represents the magnetic force, OB will he at right angles to 
( and OP and equal to 

<t7r . OA . OP sin </>, 

.ore (/> is the angle POA . The component IT of the magnetic force 
mg ()()' will he 

<l7r . OA . OP sin cf) cos 0 , 

[.ere 0 is the angle BOO'. Tims we have 

IT x 00' r d 77 . OA . OP . 00' sin </. cos 0 

2 4 77 A (1), 

icro A is the volume of the tetrahedron three of wliose sides are 

f, op , or/. 

Let us now (iiul the number of Faraday tubes which cross 00' 
unit time. To do this, draw 00 and O' I) equal, and parallel to 
L 0/1 being the velocity of the Faraday tubes. Th.cn the number 
tubes which cross 00' in unit time is the number of tubes passing 
rough the area 001)0' . 

The area of the parallelogram 001)0' is equal to 
OA x OO'mxAOO'. 

The number of tubes passing through it is therefore 

OP x sin O' x OA :< 00' sin A 00' (2), 

lore 0' is the angle'- between OP and the plane of the parallelogram 
■ 1)0' ; this is the same as the angle between OP and the plane 
10'. Hut 

OA OP ■:< sin 0' x OA x 00' sin AGO', 

tore A as before is the volume of the tetrahedron POO' A. Hence 
mt (l) and (2) we see that 

' x 00' 4ir (number of Faraday tidies crossing 00' in unit time). 

Thus | Il'th where the integral is taken round a closed curve is 

uai to 4 7f times the number of tubes which pass inwards across 
e curve in unit time. 

In Art. 203 \lTds was taken as equal to 477 times the currents 
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lowing through the space enclosed hy the curve, and the only 
air rents discussed in that article were currents flowing through 
conductors : we shall now consider what interpretation we must 

ittach to the new expression we have just found for J//'d s\ 

In tho liist place, any tube which in unit time passes inwards 
across one part of the curve and outwards across another part, will 
not contribute anything to the total number of tubes passing across 
the closed curve, for its contribution when it passes inwards is equal 
and opposite to its contribution when it passes outwards. Hence ail 
the tubes we need consider are those which only cross the curve 
once, which pass inwards across the curve and do not leave it within 


/ u/ifi 


f" 


whr 


tuft? 



Mg. 128 

unit time. These tubes may be divided into two (’-lasses, (1) those 
which remain within the curve, (2) those which manage to disappear 
without again crossing the boundary. The first set will increase the 
total polarization over any closed surface bounded by tho curve, 
and the number of those which cross the boundary in unit time is 
equal to the rate of increase in 1-his total polarization. The existence 
of the second class of tubes depends upon the presence of conductors 
threading the circuit, or of charged bodies moving through the. area 
bounded by the curve. Thus suppose we have a metal wire passing 
through the circuit, then the tubes which cross the boundary may run 
into this wire and be annulled, the disappearance of each unit tube 
corresponding to the passage of unit electricity along the wire; or a tube 
might have one end on the wire and cross the circuit, its end running 
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mg the wire; the passage of such a tube across the boundary 
eans the passage of a unit of electricity along the wire; again, one 
d of a tube might be on a charged body which moves through the 
*<niifc. Tims the number of tubes of class (2) which cross the circuit 
unit time is equal to the number of units of electricity which pass 
that time along conductors or on charged bodies passing through 
e circuit, i.o. it is equal to the sum of the conduction and convection 
Lrreuts flowing through the circuit. 

Hence the work done when unit pole is taken round a closed 
remit is equal to di r times the sum of the conduction and convection 
irrents flowing through that circuit plus the rate of increase of the 
tal polarization through tho circuit. Prom this we see that a change 
the polarization through the circuit produces the same magnetic 
toot as a conduction current whose intensity is equal to the rate of 
crease of the polarization. We shall call the rate of increase in the 
tarnation the dielectric current The recognition of the magnetic 
loots due to those dielectric currents is the fundamental feature of 
Ax well’s Theory of the Electric Field. We have given a method 
: regarding the magnetic field which leads us to expect the magnetic 
Tocts of dielectric currents. It must be remembered, however, 
[axwell’s Theory consists in the expression of this result and is not 
milled to any particular method of explaining it. 

266. Propagation of Electromagnetic Disturbances. 

/o shall now proceed to show that Maxwell’s Theory leads to the 
inclusion that an electric disturbance is propagated through air 
ith the velocity of light. 

We can employ tho equations we deduced in Art. 234, if we 
'.garti u y i\ w Hie components of the current, as the components of 
fie sum of the dielectric, convection, and conduction currents. If 
r, )\ Z are the components of tho electric intensity, and K its 
poeilio inductive capacity, then tho x s ?/, z components of the 
olarization are respectively 

K y K y K y 
Ait ’ 4tt 4tt * 

he components of the dielectric currents are therefore 

K AX K AY K AZ 

Arr dt 1 4tt <U ’ 4*77 dl * 
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If a is the specific resistance of tlie medium, the components of 
the conduction current are 

X Y Z 

a 1 cr } ( r * 

Hence u, v } tv the components of tlie total effective current are 
given by the equations 



k ax 

, X 

U’ 

: 4ir dl, 1 

cr 


KdY 

Y 

V 

Air (It 

1 

a 


KdZ 

z 

w • 

A IT dt 



Honco substituting these values of w, v y w in the equations of 
Art. 234, we get, using the notation of that Article, the following 
equations as the expression of Maxwell's Theory, 


A 7T 


' K dX 

l- A T 

dy 

dp 

/It t dt 

O') 

Ay 

’ dz' 

: KdY 

1 y t 

da 

dy 

Att dt 

v °y 

dz 

dr' 

K dZ 


dp 

da 

An dl 

1 cr) 

dr. 

fill' 

da 

dZ 

dY 


dl 

dy 

dz ’ 


db 

dX 

dZ 


dt 

dz 

dr ’ 


dr 

dY 

dX 


' ' dt 

dr 

dy 



Lot us now consider the ease of a dielectric For which <r in infinite, 
so that all the currents are dielectric*, cummin; putting <r infinite* in 
the preceding equations, and a >■ fia , h fifi % r fty % we got 

dX 

h <u 

. dY 


K 


dt. 


r dZ 
' 1 dl 


dy 

<lu 

da 

dz 

tip 

dx 


dz 

dy 

dx 

da 

<iy) 


C). 
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da 

dZ 

dY \ 

- *• a ; 

dy 

dz 

dp 

dX 

dZ 

dt 

dz 

" dx 

,<h 

d,Y 

dX 

11 <u 

dx 

dy 


.( 2 ). 


•ifferonfintitig tho limt equation in (I) with rcwpoct to t, wo get 

r tPX ddy d dp 
dP dydt ” " dz did 

iilmlitnting the viiIuoh of dy/dl, dfl/dl, and noticing that hy (I) 

(IX dY dZ 
tlx, ■ dy dz 

lopoudont of the l ime, wo got 

d"X d~X <PX drX 

,lh dt~ (/.r- 1 dy- 1 dz* 

Vo may by a Himilar proems got equations of tho aamo form for 

o, b t (\ 

I’o interpret these equations lot- uh take flu*, simple case wlion 
{Uiiufities am independent of flu*, coordinates x, //. Equation (3) 
i takes I ho form 

. d'KX tPX 


/i/C 


tip 


.(4). 


f wo put* 


t 

V/i/C’ 

l 

VfiK 


0. 


change fho variable from 2 and t to £ and r/, wo got 

tPX 

di;dyj 

rim solution of which in 

A' F (£) I /(t/) 


4 


v)t K 

urn F mid/ denote any arbitrary funot ions. 


•(B), 
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Since F (z — t/V fiK) remains constant, an long an z t/V ) lK is 

constant, wo see tluit if a point travels along the axis of z in the 

]>o«itivo direction, witli tlic velocity ]/Vp,A r ,the value of F (z l/Vft/() 

will be constant at this point. lienee the first' term in equation (f>) 

represents a value of A r travelling in the positive direction of the 

axis of z with the v<‘.lo<vil,y \/VftI(. Similarly tin* seen ml term in 

(5) represents a value of X (.ravelling in the negative direction along 

the axis of z witli the velocity 1 /Vfil\. Kor example, suppose, that 

when t -■■■■ 0 3 X is Hero except between z \ t, z t where it. is 

equal to unity, and suppose further that tlXftlf is everywhere ze ro 

when l - 0. r rii.en equation (5) shows that after a time t 

1 t- t 

X . between z ; . e, and : I < » 

* Vfih Yfih 

and between z- - - / * <q and z- , M I t. 

VfilC V/iA 

and is zero everywhere else. Thus iJio t|imnlity represented by 
X travels through, the dielectric with the velocity I/Vp/i. 

It is sliown in treatises on Differential liquations that equation 
(3), the general form of the equation (-1), represents a disturbance 
travelling with the velocity I/V/Jv. 

Thus Maxwells Theory leads to the result that electric and 
magnetic effects are. propagated through the dielectric with the 
velocity J/V/*A\ 

Let us sec what (his velocity is when the dielectric is air. (hang 

the electromagnetic system of units we have for air /< 1, A * 

r® 

whore v is the ratio of the electromagnet ie unit of electricity if) the 
electrostatic unit (Art. 255). Hence on Maxwells Theory electric 
and magnetic effects are propagated through air with the velocity 
li vX Now experiments made by the method described in Art, 263 
lead to the result that., within the errors of experiment, r is equal to 
the velocity of light through air. Hence we conclude that electro 
magnetic, effects arc propagated through air with the velocity of 
light. This result led Maxwell to the view that since light travels 
with the same velocity as an electromagnetic disturbance, it is itself 
an electromagnetic phenomenon; a wave of light being a wave of 
electric and magnetic, disturbances. 
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'67. iPlane Electromagnetic Waves. Let us consider 
* * n detail the theory of a plane electric wave. If/, g , A are the 
ponents of the electric polarization in such a wave, Z, m, n the 
)tion cosines of the normal to the wave front, and A the wave 
bh, then we may put 

/ = /o cos ~ (lx + my + nz— Vt), 

2 TJ* 

9 = g 0 cos (lx + my + nz— Vt), 


h = Ji 0 cos (lx + my + nz— Vt ) ; 

re F is the velocity of propagation of the wave, and / 0) # 0 , h Q 
ntities independent of x , y, z or t. Since 

dx^ dy^ dz * 
iiave lf Q + m# 0 + = 0, 

. therefore Z/ -1- mg 4- nft = 0. 

Thus the electric polarization is perpendicular to the direction of 
pagation of the wave. 

By equation (2), Art. 266, we have 

da^dZ^dY 
* dt ~dy dz’ 


Z-th, Y 


ilenco 


dlarly 


d <u = x ~ n '9oi- sin x + m 2/ + ^ - r<), 

cc = (w, 0 — m/i 0 ) cos (lx + my + nz— Vt)\ 

flK = yg, 

cc = 4 ttF (wgr — mh ) ; 

/3=4wF (Ih-nf), 
y — 4:7 tV (mf — Ig ). 

Za + m/3 + ny = 0, 


nee 
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so that the magnetic force is at right angles to the direction of 
propagation of the wave, and since 

fa d-; ,<//? b hy ~ 0, 

the magnetic force is perpendicular also to the electric polarization. 

Since {a 2 -I- j8* • I • y 2 } 4 • -- 4rrV {/ 2 I f ■ I • /t 2 } 4 , 
the resultant magnetic force is ArrV times the resultant electric 
polarization. 

Hence in a plane electric wave, and therefore on Maxwell's 
Theory in a plane wave of light, there is in the. front of the wave 
an electric polarization, and at right angles to this, and also in the 
wave front, there is a magnetic force bearing a constant ratio to the 
polarization. We shall see in Art. 270 that in a plane, polarized light 
wave the electric polarization is at right angles to, and the magnetic 
force in, the plane of polarization. 

In strong sunlight about -M7 x lo 7 ergs fall on a square centi- 
metre per second, hence the energy per c.c. in the light is 
\H7 x l() 7 /3 x i() 10 49 . 10 n ergs. 

If the energy is distributed uniformly this is equal to X' l j^rr where 
X is the maximum electric intensity. It- follows from this that. A" 
would ho about 10 volts pereeiitimel.ro, and the maximum magnetic 
force about one-fifth of the horizontal magnetic force clue to the 
earth in England. 

268. Propagation by the Motion of Faraday Tubes. 

The results obtained by the preceding analysis billow very simply 
from the view that the magnetic force is due to the motion of the 
'Faraday tubes. The electromotive force round a circuit moving in 
a magnetic field is equal to the rate of diminution of tin* number of 
tubes of magnetic induction passing through the circuit, Thus let 
P, Q (Fig, 129) bo two adjacent points on a circuit, P\ (/ the 
positions of these points after the lapse of a time* 8/. Then the 
diminution in the time 8/ of the. number of tidies of magnetic in 
duetiem passing through the circuit of which PQ forms a part may, 
as in Art, 186, be shown to be equal to the number of tubes which 
puss through the sum of the areas PP'Q'Q . The number passing 
through PP'Q'Q is equal to 

PQ x PP' x B sin e/> sin 0, 
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c I) is the. magnetic induction, </> tho angle, it makes with the 
PP'Q'Q, and fl the, angle between PP' and PQ. If F is the 
■ity with which. the, circuit is moving PP f F8 L Thus the rate 
miuution in the. number of tubes 'passing through the circuit is 
XPQ . VI) sin 0 sin 6. 

lence we may regard the electromotive, force round the circuit 
juivalent to an electric intensity at each point P of the circuit 
*o component along PQ is equal to VI) sin </> sin 6. As the com- 
nt of this intensity parallel to I) and V vanishes, the resultant 
isity is at right angles to I) and V and equal to 

It V sin 0, 



tv t/f is (hi* angle between H and V. lu this case the circuit was 
'turn'd to uiuvi't the tubes uf induction being at rest; wo shall 
mu* that tlm same expression holds when the circuit is at rest 
the tubes of magnetic induction move with the velocity V across 
dement of l he circuit at rest. 

Let um now introduce the view that the magnetic force is duo to 
mntum ..f tlu* Faraday tubes. bet 0.1 (Kip. 130) represent tho 
m • » t y of tin* Faraday tubus, OP the electric polarization, and OB 
mag net ir iudnetiou. wltirh in a non crystalline medium is parallel 
hr umyiirtir force and therefore (see page 300) at right angles 
)I‘ anil 0,1, By what we have just proved tho electric intensity 
t right angles to Oil and 0.1. and therefore along 00. Now in 

24 
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a non-crystalline medium the electric, intensity is parallel to llm 
electric polarization; hence OP and 00 must coincide in direction; 
thus the Faraday tubes move at right angle's to their length. 

Again, if li is the electric intensity, by what we. have just proved 

li li V (I). 


But if 11 is the magnetic force, /<, the magnetic permeability, 

li fill, 

and by Art. 2(15 

11 AirVP (2), 

whore P is the electric polarization. 



Hence by (I) and (2) 

U 'iTT/tP/h 

If K is the specific inductive capacity of the dielectric 

j> ^ /,'■ 

* j * * * 

lumoo wo have K 2 l//tA\ The tubes therefore move with the 
volocity i/VnK at right angles to their length. 


269, Evidence for Maxwell’s Theory. We shall now 
consider ‘tho evidence furnished by experiment, as to the truth of 
M' ax weir h theory. 

We have, already seen that Maxwell's theory agrees with facta 
as far as the velocity of propagation through air is concerned. Wo 
now consider the case of other dielectrics. 
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iievolooily of liglddlmuighanou-unagneivifi dielectric whose specific 
■five eapneity is K is on Maxwell's theory equal to LjVK. 
cnee 


velocity of light in this dielectric 
velocity of light in air 

specific inductive capacity of air 
specific inductive, capacity of dielectric’ 
by the theory of light this is also equal to 


V. 


i 

n 9 


e n in (.ho rt^frac.i.ivc^ index of i;lio cliolo<Uri(;. Ilonco on Maxwell’s 

7 

r clcctrnHttitic. measure of the specific inductive capacity. 

u comparing the viiIuoh of nr and K we have to remember that 
electrical conditions under which these quantities are on 
well's theory equal to one another, are those which hold in 
ive of light where the electric intensity is reversed millions of 
ojih of times per second. We have at present no means of 
•fly measuring /v under these eouditiouH. 

\) make a fair comparison between u z and K we ought to take 
value of K determined for electrical oscillations of the same 
ttenry as (hose of the vibrations of the light for which n is 
Mired, Ah we cannot find K for vibrations as rapid as those of 
visible rays, the other alternative is to use the value of n for 
ch of very great wave length; we shall call this value n m . 

Phe process hy which n t is old aim'd is not however very satis- 
ory. ( ‘auchv has given t he formula 

n A \ /A 3 i f'A 4 

meting n with t he wave length A, which holds accurately within 
Hunts < if the visible spectrum, unless the refracting substance 
no which shows the phenomenon known as ‘anomalous disper- 
To find n t we apply this empirical formula to determine the 
act ive index for waves millions of times the length of those used 
letermine the constants ,1, H % (' which occur in the formula, 
these reasons we should expect to find cases in which K is not 
id to ri* t but though these eases are numerous there are many 

24"“””2 
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others in which K is approximately equal to /r. A list of these is 
given in the following table: 


Name of Hubwlanoo 

K 

a‘; 

Paiullm 

‘2-20 

2-022 

Petroleum spirit ... 

MI2 

1-022 

Petroleum oil 

2*07 

2-U7fi 

Ozokerite 

2-1.2 

2-OWti 

Benzene 

2-38 

2’2<>H* 

Carbon bisulphide 

2-()7 

2-07H* 

As examples where the relation does not hold, 

wo lmv« 

Glass (extra dense Hint) ... 

10-1 

2-1)21* 

Oalcito (along axis) 

7T> 

2-11)7* 

Quartz (along optic axis) 

pr>n 

2-11* 

Distilled water 

7(5 

1-77D* 


Sir James Dewar and Professor Fleming have shown that the 
abnormally high specific inductive capacities of liquids sueli as 
water, disappear at very low temperatures, the specific inductive 
capacities at such temperatures becoming comparable with the. 
square of the refractive index. 

Maxwell's Theory of Light has been developed to a considerable 
extent and the consequences are found to agree well with experiment. 
In fact, the electromagnet i(‘. is the only theory of light, yet. advanced 
in which the difliculties of reconciling theory with experiment do 
not seem insuperable. 

270. HertaPs Experiments. The experiments made by 
Hertz on the properties of electric, waves, on their reflection, refrac- 
tion, and polarization, furnish perhaps the most striking evidence 
in support of Maxwell’s theory, as it follows from these experiments 
that the properties of thorns electric waves an^ entirely analogous to 
those of light waves. We regret that we have only space for an 
exceedingly brief account of a few of Hertz's beautiful experiments; 
for a fuller description of these and other experiments on electric 
waves with their bearings on Maxwell's theory, we refer the reader 

* TJushq aro tho valuta of s/ where n 0 m the rofmotivo iutle* for wnlitm* tight. 
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vrl^B own account in IUevirkal Waves, to Recent Researches in 
ieilu and Mm/nHism by J. ,!. Thomson and to Fleming, 
'oniaffvctic Waves. 

r o naw in Art. 245 that when a condenser is discharged by 
•e.ting its eoatingH by a (conductor, electrical oscillations are 
uud, the period of which in approximately ZttVLG where C is 
apacil.y of the condenser, and L the coodicient of self-induction 
t‘ circuit connecting its plates. This vibrating electrical system 
on Maxwell's theory, be the origin of electrical waves, which 
I through the dielectric with the velocity V and whose wave 
li is 2rrT V I*(\ By using ooudcuHers of small capacity whose 
s wore connected by very short conductors Hertz was able to 
Icctricid waves less than a metre long. This vibrating electrical 
m is ended a vibrat or. 

lerlz used several forms of vibrators; the one used in the oxperi- 
♦ wc* are about to describe consists of two equal brass cylinders 
d so that their axes arc*, coincident. The two cylinders are 
eeted to tin* two terminals of an induction coil. When this is in 
n sparks puss between t he cylinders. The cylinders correspond 
m plates of tin* condenser, and the air between the cylinders 
se electric strength breaks down when the spark passes) to the 
ucdor connect tug t he pint es. The length of each of these cylinders 
amt 12 cm,, and their diameters about 3 cm.; their sparking 
are well polished. 

u del eel the presence of the* electrical waves, Hertz used a very 
[y rinsed metallic circuit, such as a piece of wire, bent into a 
the ends of the wire* being exceedingly close together. When 
dee! rie waves strike against this detector very minute sparks 
between tin* terminals; these sparks serve to detect the 
usee r»f the waves. Sir Oliver Lodge* introduced a still more 
itive detector, founded on the fact discovered by Hranly that 
electrical resist mice of a number of metal t urnings, placed so 
i be lot met v in contact with each other, is greatly affected by 
impact of electric waves, and that nil that is necessary to detect 
e waves h to take a glass tube, fill it loosely with iron turnings, 
place the tube in series with a Imtterv and a galvanometer, 
m the waves full cm the tube its resistance, and therefore the 
■etion of the galvanometer, is altered. These earlier detectors 
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have now been superseded by detectors depending on tlio unilateral 
conductivity of some crystals wlien pressed against a conductor, and 
especially by hot wire valves. 

The analogy between the (doctrinal waves and light waves is 
very strikingly shown by Hertz’s experiments with parabolic 
mirrors. 

If the vibrator .is placed in the focal line of a parabolic cylinder, 
and if the .Faraday tubes omitted by it* are parallel to this focal 
line; then if the laws of reflection of these electric waves are the 
same as for light waves, the waves emitted by the vibrator will, 
after reflection from the cylinder, (‘image as a parallel beam, and 
will therefore not diminish in intensity as they rcce.dc from the 



mirror. When such a beam falls cm another parabolic cylinder, the 
axis of whose cross section coincides with the axis of the beam, it 
will be brought to a focus on the focal line of tin*, second mirror. 

The parabolic mirrors used by Hertz wore made of sheet zinc, 
and their focal length was about 12*5 cm. The vibrator was placed 
so that the axes of the cylinders coincided with the focal line of one 
of the mirrors. The detector, which was placed in the focal line of 
an equal parabolic mirror, consisted of two pieces of wire; each of 
these wires had a straight piece about f>() cm. long, and was then 
bent at right angles so as to pass through the back of the mirror, 
the length of the bent piece lining about lb cm. The ends of the 
two pieces coming through the mirror wore bent ho hh to ho exceed 
ingly near to each other. The sparks passing between these ends 
wore observed from behind the mirror. The mirrors arc represented 
in Fig. 131, 
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Reflect ion of Electric Waves. 

n show ibc rod o.o-lrion <>I; Miese. waves the mirrors were placed 
ity side ho Mud. their opening looked in the same direction and 
axes converged at a point distant about 3 metres from the 
>rs. No sparks passed between the points of the detector when 
ilmdor was in action. I f however a metal plato about 2 metres 
re was placed at the intersection of the axes of the mirrors, 
d. right angles to the line which bisects the angle between the 
sparks appeared at the detector. These sparks however dis- 
ii red if the metal plate, was turned through a small angle. This 
I'imeut shows that the electric waves are reflected and that, 
nximately at any rale, the angle of inc.ide.noo is equal to the 

* of rellcel ion. 

luj ntrfnm <if Electric IKrmw. 

u show I ho refraction of these. waviw Hertz used a largo prism 
' < J f pilHi. Thin was about K> metres high, and it. had a limiting 

* of du and a slant side of 1*2 metros, Whan (die electric wav oh 
tin* mirror containing I In* vibrator passed through this prism, 

quirks in (ho detector won* not. excited when the axon of the 
mirror* won* paralh’h hut sparks worn produced whim the axis 
to mirror containing the detector umdi* a suitable angle with 
containing flu* vibrator. When (ho system was adjusted for 
mum deviation, the sparks were most vigorous in the detector 
i tin* umde between the axes of tin* mirrors was equal to 22°. 
would main* (In* refractive index of pitch for these electrical 
*s equal to 1 

Elaine A hhUhjh to n plate of Tourmaline* 

f a pioperh rut tourmaline plate is placed in the path of a 
c polan/rd beam of light incident at right angles on the plate, 
amount *»f light transmitted through the tourmaline plate 
nds upon im azimuth. Kor one particular azimuth all the light 
he lUopprd. while fur an azimuth at. right angles to this the 
iionm amount of light will l>e transmitted, 
f a screen lie made In winding metal wire round a large rect- 
ilar fmmew.uk that the turns of tin* wire are parallel to one 
of niden of the frame, and if thin screen he interposed between 
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tke mirrors when they arc lacing each other with their axes coincident, 
then it will stop the sparks in the detector when the turns of the 
wire are parallel to the focal lines of the mirrors, unci thus to the 
Faraday tubes proceeding from the vibrator: the sparks will however 
recommence if the framework is turned through a right angle so 
that the wires are perpendicular to the focal lines of the mirror. 

If this framework is substituted for the. metal plate in the 
experiment on the reflection of waves, the sparks will appear in the. 
detector when the wires are parallel to the focal lines of (he cylinders 
and will disappear when they are at right- angles to them. Thus this 
framework reflects hut dot's not transmit. Furaduy lubes parallel to 
the wires, while it transmits but; does not reflect Faraday lubes at 
right angles to them. It thus behaves towards the transmitted 
electrical waves as a plate of tourmaline dot's towards light wave's. 
.By using a framework wound with exceedingly fine* wires placed 
very close together Du Hois and Rubens have recently succeeded in 
polarizing in this way radiant, heal., whose wave length, though 
greater than that of the rays of the visible spectrum, is exceedingly 
small compared with that of electric waves. 

A ntjlv of Polarization, 

When light polarized in a piano at right angles to the plum' of 
incidence falls upon a plate, of refracting substance, and the normal 
to the wave front makes with the normal to Hie refracting surface 
an angle tair 1 /*, where fi is the refractive index, nil the light is 
refracted and none reflected. When light is polarized in the plum' 
of incidence some of the light is always reflected. 

Trouton has obtained a similar effect with electric waves, From 
a wall 3 feet thick reflection was obtained when the Faraday tubes 
proceeding from the vibrator wore perpendicular to the plan*' of 
incidence, while there was no reflection when the vibrator was 
turned through a right angle ho (hat the Faraday tubes were in 
the plane of incidence. This proves that on the elrrl mmagnefir 
theory of light we must suppose that the Faraday tubes are at right 
angle's to the plane of polarization. 

A very convenient arrangement for studying the properties of 
electric waves is described in a paper by Professor Hose in the 
Phihmvphical Maya zinc for January IKU7. 
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ri, Seebrek discovered in 1821 that if in a closed circuit of 
ttHnln I In* I wo junctions of the metals are at different tempera- 
, nu electric current will How round the circuit. If, for example, 
min of an iron and of a copper wire arc soldered together and 
f I he junctions is heated, a. current, of electricity will flow round 
reuit ; t In* direef ion of the. current is such that the current flows 
the copper to the iron across the hot junction, provided tlio 
temperature of the junctions is not greater than about GOO 0 
g rude, 

he current flowing through the thermoelectric circuit represents 
Inin amount of energy, it heats tin* circuit and may be made to 
eehaniral work, The if neat ion at once arises, what is the source 
is energy? A discovery made by Peltier in IHTt gives a clue to 
mover to this question. Peltier found that when a current flows 
s the junction of two metals it gives rise to an absorption or 
it ion of heat. 11 i! flows across the junction in one direction 
is ah. orbed, while if if flows in the opposite direction heat is 
tied If the current flows in the same direction as the current 
ie hot junction in a thermoelectric circuit of the two metals 
is a lean bed ; if it flows in the same direction as the current at 
old junction of the rirrttif heat in liberated, 
bus, f**r example, heat is absorbed when a current, (lows across 
on cup prf June Hun from the copper to the iron, 
lie heal liberated or absorbed in proportional to the quantity 
re « urit % which crones the junction. The amount of heat 
tied or ah sir bed when unit charge of electricity crosses the 
nm v* called the Peltier Kflec! at the temperature of the 
ton 

mv suppose xv r place an mm copper circuit with one junction 
nit chamber and the other junction in a cold chamber, a thermo- 
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electric current will be produced flowing from the. copper to the iron 
in the hot chamber, and from the iron to the copper in the e-old 
chamber. 

Now by Peltier's discovery thin current will give rise to an 
absorption of heat in the hot chamber and a liberation of heat in 
the cold one. Heat will be thus taken from the hot chamber and 
given out in the cold. In this respect the Ihemiorlectrio couple 
behaves like an ordinary heat engine. 

272. The experiments made on thermoelectric currents are all 
consistent with the view that the energy of these currents is entirely 
derived from thermal energy, the current through the circuit causing 
the absorption of heat at places of high temperature and its liberation 
at places of lower temperature. We have no evidence I hut any 
energy is derived from any change in the molecular state* of the 
metals caused by the passage of the current or from anything of 
the nature of chemical combination going on at the junction of the 
two metals. 

Many most important results have, been arrived at by treating 
the thermoelectric circuit as a perfectly reversible thermal engine, 
and applying to it the theorems which are proved in the 'theory of 
Thermodynamics to apply to all such engines. The validity of this 
application may be considered as established by the agreement 
between the facts and the result of this theory. There are however 
thermal processes occurring in the thermoelectric, circuit which arc 
not reversible, i.e, which are not reversed when the direction of the 
current (lowing through the circuit is reversed. There is the eon 
duetion of heat along the metals due to the difference of tempera! arcs 
of the junctions, and there is the heating effect of the current (lowing 
through the metal which, by Joule's law, is proportional to the 
square of the current and is not reversed with the current, 1 uusmueh 
as the ordinary conduction of heat is independent of the quantity 
of electricity passing round the circuit, and the heat produced in 
accordance with Joule's law is not directly proporlional to this 
quantity, it is probable that in estimating the connection between 
the electromotive force of the circuit, which is the work done when 
unit of electricity passes round the circuit, ami the thermal effects 
which occur in it, we may leave out of account the conduction effect 
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(;lm Joule cITeel; and break the circuit as a reversible en gin e. 

lis is the case, then, hh Lord Kelvin lias shown, the Peltier effect 

lot, he. the only reversible thermal effect in the circuit. For let 

sstime for a moment, that, the Peltier effect is the only reversible 

mill effect in the circuit. Lot I\ be the Peltier effect at the 

junction whose, absolute, temperature is J\, so that P x is the 

hanicul ei|uivaleuf of the heat, liberated when unit of electricity 

ses the cold junction; let, />., be the Peltier effect at the hot 

••lion whose absolute temperature is T a , so that P a is the 

bunintl ei|iiivalent of the. heat, absorbed when unit of electricity 

ises I be hot junction. Then since the circuit is a reversible hcat- 

ine, we have (see Maxwell's Tlwnri / <>f Ural) 

j> i> 

1 \ 'a 

T T 
' i 'a 

work done when unit elect rieitv goes round the circuit 

7’i 

, t he work done when unit- of elect ricil.y goes round the circuit 
[pml to the elect nuiiotivi' force in the circuit, and hence 

/•■ [T, 7v . 

ThuH uu the *uppn»itiitu llml the only reversible thermal olleets 
I hr (Vitim rllrriM al tin* jumtiuns, t In* electromotive force round 
iivuii wUuhv mid junction \h kept at a constant temperature 
uld he proportional to the dillerenee between the temperatures 
the hut ami mid junctions, Humming, however, allowed that 
re w en* circuits where, when the temperature of the hot junction 
mined, the electromotive force diminishes inst end of increasing, 
ih when the hot junction in hot enough, the electromotive force 
revei m nt ami the current flows round the circuit in the reverse 
rvimn Thin irietitmuf! led I *« »n i Kelvin to suspect that besides 
i jvpier flin ts ut the junction there were reversible thermal effects 
uliieed v\ hen a ciinent llown along an iiuei pailly heated conductoi, 
i hv a luhofioun rsetjinm of e\per mieiit a he succeeded in establishing 
* mintenee of i hi-»r Hlert.r He found that when a current of 
,*t t'ic'if \ flown idone u copper wire win we temperature varies from 
inf to point limit r» liberated at any point V when the current at 
[li*WS Hi the pilfer! !ojj of the flow of heat at / , M\ W hell tllU CUtTOIlt 
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is flowing from liot places to cold, while heat is absorbed at P when 
the current flows through it in the opposite direction. In iron, on 
the other hand, heat is absorbed at P when the current flows in the 
direction of the flow of heat at P 9 while heat is liberated when the 
current flows in the opposite direction. Thus when a current flows 
along an equally heated copper wire it tends to diminish, the differ- 
ences of temperature, while when it flows along an iron wire it tends 
to increase those differences. This effect produced by a current 
flowing along an unequally heated conductor is called the Thomson 
effect. 


Specific Ileal of EleMr icily. 

273. The laws of the Thomson effect can be conveniently 
expressed in terms of a quantity introduced by Lord Kelvin and 
called by him the 'specific heat of the electricity in the metal. 1 If 
a is this 'specific heat of elect ricity, 1 A and li two points in a wire, 
the temperatures of A and H being respectively f { and / a , and the 
difference between t x and being supposed small, Mien <r is defined 
by the relation, 

<7 (t x — t 2 ) = heat developed in AH when unit of electricity passes 
through A B from A to B, 

The study of the thermoelectric properties of conductors is very 
much facilitated by the use of the thermoelectric diagrams intro- 
duced by Professor Tait. Before proceeding to describe them we 
shall enunciate two results of experiments made on thermoelectric 
circuits which are the foundation of the theory of these circuits. 

The first of these is, that if E t is the electromotive force round 
a circuit when the temperature of the cold junction is / 0 and that of 
the hot junction t v E 2 the electromotive force round the same circuit 
when the temperature of the cold junction is and that of the hot 
junction t 2) then E l -[• li 2 will be the electromotive force round the 
circuit when the temperature of the cold junction is / 0 , and that of 
the hot junction * a . It follows from this result, that A\ the electro, 
motive force round a circuit whose* junctions are at the temperatures 
Iq and t l3 is equal to 
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u‘T(^ Qdt is the electromotive. force, round (he circuit when the 

nperature. of the cold junction is ( Id/, and the temperature of 

[ * ' loli junction is l \ \<U. The quantity Q is called the thermo- 
•elric. power of the. circuit at the temperature L 
The second result relates to the electromotive force round circuits 
ule of different pairs of metals whose junctions are kept at 
dgued temperatures. It may he stated as follows: If E AQ is the 
‘c.troinotive force round a circuit formed of the metals A, C, E B0 
at round a circuit formed of the metals B , 0, then E AC ~~ E BC 
(he eleetmniol.ive force acting round, the circuit formed of the 
etuis /I and B\ all these circuits being supposed to work between 
c same limits of temperature. 


274. Thermoelectric Diagrams. The thermoelectric line 
r any metal (J) is a curve-such that the ordinate represents the 


ermocleetno power of a circuit 
that metal ami some standard 
etui (usually haul) at a teinpora- 
re represented by the abscissa, 
tc ordinate is taken posit ive when 



r a small difference of tempera- 


Eig. 132 


ire the current Hows from lead to the metal A across the hot 


net ion. 

It follows from Art . 273, that if the curves a and j8 represent the 
trrmneleefrie lines for two u\et.als A and B, then the thermoelectric 
»wer of a circuit made' of the. metals A and B at an absolute tern- 
nature represent ed by ON will be represented by RS, and the 
ectromotive force round a circuit formed of the two metals A and 
when the temperature of the cold junction is represented by OL, 
iut of the hot junction bv 0,1/ , will be represented by the area 
FOIL 

Let tin miw consider a circuit of the two metals A and B with 
te junctions at the absolute temperatures 0L X , 0£ a , Fig. 133, 
here UL X and 0/« 3 are nearly equal. Then the electromotive force 
mud the circuit (i.e. the work done when unit of electrical charge 
uhhch round the circuit ) is rej undented by the area EHOF, Consider 
UW the thermal effects in the circuit. Wo have Peltier effects at 
he junctions; suppose that the mechanical equivalent of the heat 
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absorbed at the hot. junction when unit of electricity crosses from 
B to A is represented by the area l\, let the mechanical equivalent 
of the heat jiberated at the cold junction be represented by the area 
l\. There are also the Thomson effects in the unequally heated 
metals; suppose that the meelmnical equivalent of the heat liberated 
when unit of electricity (lows through the metal A from the hot to 
the cold junction is represented by the area I \ l , and that the 
mechanical equivalent of the heat liberated when unit of electricity 
flows through B from the hot to the cold junction is represented by 
the area ,/v 2 . Then by Lite First haw of Thermodynamics, we have 
area HFU1I P x - P. I /u h\ (1). 



The Second haw of Thermodynamics may he expressed in the 
form that if 11 be the amount of heat absorbed in any reversible 
engine at the absolute temperature f, them 

y M o 

In our circuit the two junctions an*, at nearly the sunn* tempera 
ture, and we. may suppose that the temperature at which the 
absorption of heat corresponding In the Thomson elTert takes place 
is the mean of the temperatures of the junctions, u\ | {Oh x j Uf 4$ ). 

Hence by the Second haw of Thermodynamics, we have 

r. , K t ' A’ i 

OL x OL, | («/,, I 01,,) l ~'- 


0 
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U'ivci' from (!) and (2) vva^o.l. 

“"■* i< " v " 

nee ni< x in very nearly equal to ()L 2 and therefore P x is very 
ly equal to /V this gives approximately 

airi! /,;/,v,7/ 01 l OI 'i" ()l *>- 

hit when OL x is very nearly equal to ()L 2 , the area 
liFUIt all [0L V - (>/*), 
tint /\ UII.()L lt 

h /*, in represented by the area (U1VIL Now ,Z\ is the Peltier 
:vt at the temperature represented by ()l n , hence w%hcc that at 
temperature 

Vltier e fleet (thermoelectric. power) (absolute to mperaturo), 

P Qt> 

/ in the absolute temperature, 

Hv t he definition of Art. 273 we see that if o t is the specific heat 
•lertrieify for the metal t % tr 2 that for ft, then 

l <i K -.i < tr i <r a) V'i • 

Hut by ( 1) 

hi ea /;>V,7/ /\ P t i K. K x% 

1 t\ urea (iJtYt\ 

/* , at tat FFST. 

urn A’ t A. * nwnSHIIV nvmTFUll 

{\i\ntf { \nuO%) (M n ~ L t L x , 

me !\ t tl A are t he amden w hteh the tangents at li and F to the 
’rmoelei j rsr hue-, fur J and H make with the, axis along which 
Opemt to e i m»\i lire*! lienee 

sfj s?^ ftiUldj , . «.< < .*•«»**.*** *(3)* 

\Y lirsi tie frmpeiotute interval L X L 2 i h liuite the areas UGEV 
tl FKst will Mill i ejifrwjit the lYltier effects at the junctions, 
d the urea n ut the h«»ut ahniirhed when unit of electricity flows 
mm t he met ul /t fiuiu a place when 4 the temperature IS to one 
one if t ■ 
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The preceding results are independent of any assumption as to 

the shape of the thermoelectric lines. The results of the experiments 

made by Professor Tait and others show, that over a considerable 

range of temperatures, these lines are straight for most metals and 

alloys, while Le Roux has shown that the ‘ specific heat of electricity 5 

for lead is excessively small. Let us assume that it is zero and suppose 

that the diagram represents the thermoelectric lines of mefcals with 

respect to lead: then since these lines are straight, 9 is constant for 

any metal and <r 2 vanishes when it refers to lead, the value of a the 

‘specific heat of electricity 5 in the metal is by (3) given by the 

equation , . 

or = tan 9 . t , 


where t denotes the absolute temperature. 

The thermoelectric power Q of the metal with respect to lead 
at any temperature t is given by the equation 
Q = tan 9 (t — £ 0 ), 

where t Q is the absolute temperature where the line of the metal 
cuts the lead-line; t 0 is 1 defined as the neutral point of the metal and 
lead. 

Let us consider two metals; let 9 X) 0 2 be the angles their lines 
make with the lead-line, and t x and t % their neutral temperatures, 
then Q x and Q 2 their thermoelectric powers with respect to lead are 
given by the equations 


Q x = tan 9 X {t - t x ) 3 
Q 2 = tan d 2 (t-t 2 ); 

hence Q, the thermoelectric power- of a circuit consisting of the two 
metals, is given by the equation 

Q = (tan 9 X - tan 0 2 ) (t — T 0 ), 

where T 0 is the neutral temperature for the two metals and is given 
by the equation 

^ t x tan 9 X i ( 2 tan 9 2 

0 tan 9 X — tan 0 2 

The electromotive force round a circuit formed of these metals, 
the temperatures of the hot and cold junctions being T Xi T 2) 
respectively, is equal to 
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This vanishes when the mean of the temperatures of the junctions 
is equal to the neutral temperature. If the temperature of one 
junction is kept constant the electromotive force has a maximum 
or minimum value when the other junction is at the neutral tempera- 
ture. 

In Fig. 134 the thermoelectric lines for a number of ; metals are 
given. The figure is taken from a paper by Noll, Wiedemann's 
Anrnlen , vol. 53, p. 874. The abscissas represent temperatures, each 
division being 50° C., the ordinates represent the e.m.f. for a tem- 
perature difference of 1° C., each division representing 2-5 microvolts. 
To find the e.m.f. round a circuit whose junctions are at t x and t 2 
degrees we multiply the ordinate for \ (t x + t 2 ) degrees by (t 2 — ^). 



CHAPTER XV 

THE PROPERTIES OF MOVING ELECTRIC GHARGES 

275 . As the properties of moving electric charges are of great 
portanee in the explanation of many physical phenomena, we 
Ul consider briefly some of the simpler properties of a moving 
urge and other closely allied questions. 


Magnetic Force due to a Moving Charged Sphere . 

The first problem we shall discuss is that of a uniformly charged 
bore moving with uniform velocity along a straight line. Let e be 
e charge on the sphere, a its radius, and v its velocity; let us 
ppoHC that it is moving along the axis of z, then when things have 
t'tlod down into a steady state the sphere will carry its Faraday 
bes along with it. .If we neglect the forces due to electromagnetic 
(1 action, the Faraday tubes will be uniformly distributed round 
i.o sphere and the number passing normally through unit area at 
point P will be ejirrOP 2 , 0 being the centre of the charged sphere. 
Iieso tubes are radial and are moving with a velocity v parallel to 
lo axis of z , lienee the component of the velocity at right angles to 
icir direction is ?>sin0, where 6 is the angle OP nmkes with the 
cis of z; by Art. 205 those moving tubes will produce a magnetic 
roe at V equal to 

irr {c.jirr . OP 2 ) v sin 9 == ev sin djOP 2 . 

he direction of this force is at right angles to the tubes, i.e. at 
ght angles to OP; at right angles also to their direction of motion, 
e, at right angles to the axis of 2 ; thus the lines of magnetic force 
ill be circles whoso planes are at right angles to the axis of z and 
hose centres lie along this axis. Thus we see that the magnetic 
old outside the charged sphere is the same as that given by Ampere’s 
:de for an (dement of current ids, parallel to the axis of 2 , placed at 
lie centre of the sphere, provided ev = ids. 
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276 . As the sphere moves, the magnetic force at P changes, 
so that in addition to the electrostatic forces there will be forces due 
to electromagnetic induction, these will be proportional to the 
intensity of the magnetic induction multiplied by the velocity of 
the lines of magnetic induction, i.e. the force due to electromagnetic 
induction at a point P will be proportional to (jl (ev sin 9/ OP 2 ) x v, 
where p is the magnetic permeability of the medium; while the 
electrostatic force will be e/K . OP 2 , where K is the specific inductive 
capacity of the medium. The ratio of the force due to electro- 
magnetic induction to the electrostatic force is jxKv 2 sin 9 or sin 9v 2 IV 2 , 
where V is the velocity of light through the medium surrounding 
the sphere; hence in neglecting the electromagnetic induction we 
are neglecting quantities of the order v 2 /V 2 . The direction of the 
force due .to electromagnetic induction at P is along NP , if PN is 
the normal drawn from P to the axis of 2 ; this force tends to make 
the Faraday tubes congregate in the plane through the centre of 
the sphere at right angles to its direction of motion; when the 
sphere is moving with the velocity of light it can be shown that all 
the Faraday tubes are driven into this plane. 


Increase of Mass due to the Charge on the Sphere. 


277 . Returning to the case when the sphere is moving so 

slowly that we may neglect v 2 jV 2 ; we see that since H , the magnetic 

force at P, is ev sin 0/OP 2 , and at P there is kinetic energy equal to 

/ajE? 2 /8tt per unit volume (see Art. 163), the kinetic energy per unit 

volume at P is 0 „ . 0 _ ^ 

jae 2 v 2 sm 2 0 / 87 t , OP 4 . 

Integrating this for the volume outside the sphere, we find that the 

kinetic energy outside the sphere is , where a is the radius of 

the sphere. Thus if m be the mass of the uncharged sphere the 
kinetic energy when it has a charge e is equal to 




1W + | — ) u 2 . 
3a) 


Thus the effect of the charge is to increase the mass of the sphere 
by 2pe 2 /3a. It is instructive to compare this case with another, in 
which there is a similar increase in the effective mass of a body; 
the case we refer to is that of a body moving through a liquid. 
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iiih when a sphere moves through a liquid it behaves as if its mass 
■re. m I \m\ where, m is the mass of the sphere, and m' the mass 
liquid displaced by it. Again when a cylinder moves at right 
glcs to its axis through a liquid its apparent mass is m -|- m', 
lere in' is the mass of the liquid displaced by the cylinder. In 
e ease of an elongated body like a cylinder, the increase in mass 
much greater when it moves sideways than when it moves point 
remost, indeed in the ease of an infinite cylinder the increase in 
e. latter cwise vanishes in comparison with that in the former; the 
•reuse in mass being m' sin 2 #, where 0 is the angle the direction 
mot ion of the cylinder makes with its axis. In the case of bodies 
nving through liquids the increase in mass is due to the motion 
the hotly setting in motion the liquid around it, the site of the 
reused mass is not the hotly itself but the space around it where 
i‘ liquid in moving. In the electrical problem we may regard the 
•reused mass as due to mass hound by tho Faraday tubes and 
rrietl along with them as they move about. We shall for brevity 
euk of the source tif this mass as the ether, not postulating how- 
er for t his ether any property other than that of supplying mass 
r the Faraday tubes. From the expression for the energy per unit 
hime we see that the increase in mass is the same as if a mass 
■jiN' i per unit volume were hound by (he tubes, and had a velocity 
veil to it equal lo the velocity of the tubes at right angles to them- 
Ives, the motion of the tubes along their length not sotting this 
ass in million. Thus on this view the increased mass duo to the 
urge is llie mass of ether set in motion by tho tubes. If we regard 
oniH as made up of charges of positive and negative electricity, 
is possible to regard all mass as electrical in its origin, and as 
isiug from the ether set in motion by tho Faraday tubes connecting 
e electrical charges of which tho atoms are supposed to be made 
i. For a development of this view the reader is referred to the 
it hurnCniulurlum of Electricity (liroughGases ; Electricity ardMatter; 
id “ Mass, Knergy and Radiation,” -Phil. Mag,, June 1920. 

Momentum in the Electric Field. 

278. The view indicated above, that tho Faraday tubes set the 
her moving at right angles to the direction of these tubes, suggests 
-at ut each point in the field there is momentum whose direction 
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is at right angles to the tubes, and by symmetry in the plane through 
the tube and the line along which the centre of the charged sphere 
moves. As the mass of the ether moved per unit volume at P is 
47r/xiV 2 where N is the density of the Faraday tubes at P, the 
momentum per unit volume would, on this view, be 47 r/xA 2 v sin 6. 
This is equal to BN where B is the magnetic induction and N the 
density of the Faraday tubes at P, "the direction of the momentum 
being at right angles to B and N. We shall now prove that this 
expression for the momentum is general and is not limited to the 
case when the field is produced by a moving charged sphere. 

279. Since the magnetic force due to moving Faraday tubes is 
(Art. 265) equal to 47r times the density of the tubes multiplied by 
the components of the velocity of the tubes at right angles to their 
direction, and is at right angles both to the direction of the tubes 
and to their velocity; we see if a, ft, y are the components of the 
magnetic force parallel to axes of x , y, z at a place where the densities 
of the Faraday tubes parallel to x , y , z are/, g , h, and where u , v , w 
are the components of the velocity of the tubes, a, ft, y are given by 
the equations 

a = in (hv — gw), ft = 4 tt ( fw — hu), y = irr (gu —fv). 

If all the tubes are not moving with the same velocity we shall 
have 

a = in (Vi - 9x w i + ~ 92 w 2 + h v 3 ~ 9 b w 3 + • - •) 

with similar expressions for ft, y. Here u x , v x , w x are the components 
of the velocity of the tubes / l3 g x , h x \ u 2 , v 2 , w 2 those of the tubes 
/ 2 , g 2 , h 2 and so on. 

Now T the kinetic energy per unit volume at P is equal bo 
^ (a 2 + £ 2 + y 2 ) = £- x 16 tt 2 . ({2 (hv - gw)} 2 

+ {2 (fw - hu)} 2 + {2 (gu -fv)} 2 ) 

= 27r/t . {(2 (hv — gw)) 2 + (2 (fw — hu)) 2 + (2 (gu -fv)) 2 }-, 

the momentum per unit volume parallel to x due to the tubes 
dT 

f x , g 1} h x is equal to , i.e. to 

- ing {h x 2 (fw - hu) - </]2 (gu - fv)} 

= 9 (9x7 ~ -M)- 
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Similarly that due. to tl m tubes / a , h 2 is equal to 

M iky ■- M)> 

ho cm, 1 hus P 1 he total momentum parallel to £ per unit volume 
iven by the equation 

/> , 4 (yty jffi/i) 

/i (y// j3A), 

ere/. </, If uu* t he densit ten parallel to a ?/, z of the whole assemblage 
Vnrudnv t ubes. Simihn ly ( t >, IP the. components of the momentum 
•allel to ij and *\ are given respectively hy the ecpiations 

V H {(tit yjf ), 

It P (l\f «//)• 

Thus we see that the vert or /\ (/ /i in perpendicular to the 
•Iftrs tt, jl y,j\ fh It* and it h magnitude is BN sin 0 where B is the 
t M|iriir iudttet iou at tin* point, A' the density of the Faraday 
* r ..i and d the angle between B and A r ; hence. we see that each 
ilhm of the held jneeiesHes mi uiuouut of momentum equal to the 
run product of the magnet ir induction and the dielectric pohvriza- 
in. 


E80 Hefnie euii* U bo Uig the consequences of this result, it will 
, tl f mi net to ton ider the connection hetweeu the momentum 
,d the A rr^rt which w e have supposed In exist in the field. Wo 
f \s» *» f *, mi that the electric and magnetic forces in the 
hi could be e\phiine«l bv the existence of the following stresses: 

h IP 

I ill n irieiMH * along tie 4 lines of electric force; 

H ff 

n HIP 

I r.!j a prr-Muire h at right tingles to these lines; 
ne K v- the q*ei itse inductive rapacity. and H the electric force; 

{ ilia !m along the lines of magnetic force; 

ft //$ 

j , ■« | .i j.r.' riOil t«> Il«w litica*, 

l ' 1 .** w 

fi ,, ! ii»" jM-rini-.il.ihiv «>l tW medium ami II the 

IMglieU*' fotee 
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Tlic force parallel In x duo to tlio hydrostatic pressure and this 
tension is e<|tml to 

/ ,1 K (A’ a I 5’ 2 | //) d KX* 

\ tlx Hxr tlx. An 

, ,1 KX Y , <IKXZ\ . . . 

when the medium is uniform, this may be written 
A‘l..A/.Y tl\ 


'■( 


"1 n ( \( I if (h\ 


') z ( tlz d f) 

r ) \tlx tlz ) 

.. ftlX , dY , rfZ\) . . . 

1 -'U 1 ,(„'*){ A * 4 » A ’- 

Now KX, KY, KZ A rtf. Ant/, Anil, 

mid by eijuution (I) Art. '2 .'ll , 

t!X dY tie tIZ tlX 
'III 


tlx til ' tlx th 


tlb dY <IZ da 
til' tlz tly dt' 


.. ftlX tlY , tlZ\ 


»>'«'• »(*•*►*) 

thus the force parallel (0 x due to the electric, stresses may be written 


( tlr . tlb 

(•'',// h ,H 


In (lie same wav (lie magnetic HtresHes may be shown to givo 
a force parallel to x eipud lo 

/‘ <, r > 'W\ v ( ,l Y ,ltt ) 

* thi tlx) ^ \tlx th) 


hr { ' tiff 


ftiurt' by Art, 231 
tly tlfi 
thj th 


di ' 


••(: MS '-2)}*** 

da tly * dfj { lfi { l a . » 

# t ™ ^ » ./ l7r /// 5 


th 

itla ( tift , rfy 


dt ' tlx tit/ 


') 


4 770 , 


“»' 1 ** (,/x 1 til/ ' dz 

where if is the density of the magnetism, tlio magnetic stresses give 


rm' 


tu % torn* jiwmlh‘1 to $ to 


( 


d<f j dh 

,ii '‘, 1 . 


(tcr)XxAijXz\ 
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hence the system of electric and magnetic stresses together v ( 

rise to a force parallel to x equal to 

( d \ 

^ ( c 9 “ bh) -f Xp + aa J AxAyAz. 

The terms Xp and aa represent the forces acting on the charged 
bodies and the magnets in the element of volume, and are e<juad to 
the rate of increase of momentum parallel to x of these bodies* the 
remaining term 

d 

j t {eg - bh) AxAyAz 

equals the rate of increase of the x momentum in the ether in idle 
element of volume. This agrees with our previous investigation i f or 
we have seen (p. 391) that the momentum parallel to 00 per unit 
volume is equal to gc — lib . 

281. A system of charged bodies, magnets, circuits carrying 
electric currents &c. and the ether forms a self-contained Hyntcun 
subject to the laws of dynamics; in such a system, since action and 
reaction are equal and opposite, bhe whole momentum of the system 
must be constant in magnitude and direction, if any one part of t dm 
system gains momentum some other part or parts must lose an cu ( im I 
amount. If we take the incomplete system got by leaving out (die 
ether, this is not true. Thus take the case of a charged body struck 
by an electric wave, the electric force in the wave acts on the body 
and imparts momentum to it, no other material body loses mo- 
mentum, so that if we leave out of account the ether wo have 
something in contradiction to the third law of motion. If wo take 
into account the momentum in the ether there is no such coul ru 
diction, as the momentum in the electric waves after passing the 
charged body is diminished as much as the momentum of tin it# bod v 
is increased. 

282. Another interesting example of the transference.* of mo 
mentiun from the ether to ordinary matter is afforded by f he 
pressure exerted by electric waves, including light waves, when they 
fall on a slab of a substance by which they are absorbed. Take the 
case when the waves are advancing normally to the slab. In ouch 
unit of volume of the waves there is a momentum equal to the 
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pmduci. nf ( ho. nmgimrit; induction B and the dielectric polarization 
A , li mid A are at right; angles to each other, and are both in the 
wave front; I he momentum which is at right angles to both B and 
A' in therefore in (In' direction of propagation of the wave. In the 

wave B 1/rpA I , no that BN j /, V being the velocity of 

light; B in u periodic function, and may bo represented by an 
expression of the form Ii {] voH(p( vx) y x being the direction of 
propagation of tin* wave; the mean value of /4 2 is therefore p 0 2 . 
'PliUH (ho average value of the momentum per unit volume of the 

wave is ”, the amount of momentum that crosses unit area of 

«“JT ft r 

(In' fare uf the absorbing substance po.r unit time is therefore 
j // a ] 

K .^ p \\ or ^ /# 0 a * Ah the wave in supposed to be absorbed 

bv the slab no nmnumf unt leaves the slab through the ether, so that 
B 2 

in each unit nf film* 4) l> unit h of momentum are communicated to 
Ntt/i 

the slab fur each unit urea of its face exposed to the light: the effect 
oti t be ?ilnl» is tin* name therefore as if the face wore acted upon by 
u pressure BJ^ttfi. If should he noticed that fi is the magnetic 
prrmeabilil v uf t he diehvt rie t h rough which the waves arc advancing, 
and w»t <d the absorbing medium. 

If the dub i ns! earl of absorbing the light were to reflect it, then 
if the rHlretion wen* perfect each unit area of the face would in 
unit time he receiving /f t , 2 /Hrr/t uni to of momentum in one direction, 
and giving out nu equal amount- of momentum in the opposite 
direct mu; the eibni then on the reflecting surface would be as if 
n pre^>mre *! B t ^ ft or nji were to act on the surface. This 
ptiwtirc id radiation a a it in railed was predicted on other grounds 
hv Wnwu'U ; it hie* recently been delected and measured by Lebedew 
and bv Nielmh and Hull by some very beautiful experiments. 


B88 If tim incidence is oblique and not direct, then if the 
rHluH'tiMii ih not perfect there will be a tangential force as well as 
a normal pim^ure acting on the surface, For suppose i is the angle 
nf incidence,, the maximum magnetic induction in the incident 
light, /f g ./ (hut in the reflected light, then across each unit of wave 
front' in t he incident light /tf/Hir/* units of momentum in the direction 
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of the incident light pass per unit time, therefore each unit of 
surface receives per unit time cos iB Q 2 /87Tfjb units of momentum in 
the direction of the incident light, or cos i sin iB 0 2 j87rjj, units of 
momentum parallel to the reflecting surface. In consequence of 
reflection 

cos i sin iBf 2 j87Tjx 

units of momentum in this direction leave unit area of the surface 
in unit time, thus in mi it time 

cos i sin i (B 0 2 — B 0 ' 2 )/87T{jl 

units of momentum parallel to the surface are communicated to the 
reflecting slab per unit time, so that the slab will be acted on by 
a tangential force of this amount. Professor Poynting succeeded in 
detecting this tangential force. 

Since the direction of the stream of momentum is changed when 
light is refracted, there will be forces acting on a refracting surface, 
also when in consequence of varying refractivity the path of a ray 
of light is not straight the refracting medium will be acted upon by 
forces at right angles to the paths of the ray; the determination of 
these forces, which can easily be accomplished by the principle of 
the Conservation of Momentum, we shall leave as an exercise for 
the student. 

284. We shall now proceed to illustrate the distribution of 
momentum in some simple cases. 

Case of a Single Magnetic Pole and an Electrified Point. 

Let A be the magnetic pole, B the charged point, m the strength 
of the pole, e the charge on the point, then at a point P the magnetic 
induction is m/AP 2 and is directed along AP , the dielectric polariza- 
tion is e/47rPP 2 and is along BP, hence the momentum at P is 

me sin APB 
4 tt.APKBP 2 

and its direction is the line through P at right angles to the plane 
APB. The lines of momentum are therefore circles with their centres 
along AB and their planes at right angles to it, the resultant mo- 
mentum in any direction evidently vanishes. There will however be 
a finite moment of momentum about AB : this we can easily show by 
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nitiun in h- H|tml in Thim iu this ease the distribution o f 
.•nlum is •••imvul.-i.l I.. a moment ( ,r momentum m about AB 

lisl riimlimi of mnmeulum is similar in some rospocts to that in 

, spinning ul.mit .1/1 us axis. Since the moment of momentum 
ether does not depend upon the distance between A and B it 

i" 1 , *“ tmnmitude or direction when A or B moves 

e direei ion of (lie line joining | hent. If however the motion of 
// i>. not nloie* i hi-, line. I he dim-linn of the line A H and there- 
tin* iliivfiiou «if flu* asi-Hnf | h*' tiKiiuiMil. 
njiiriil uin h! t hr Hlirr, rlmngca, Hut, 
nmurnl »*( lumnrnt nm n{ tho bvMoiu 
Muva *4 the rflirr, t rhurgo (mint, 
fhr n«»lr unr-'f * I’uiiiiu t uiiHf an! ; lomro 
i fhr iiiMinrnf nut in I hr ti Imt rimngon, 
llitlurfllulll *4 I hr fit rut rMliMftfillf* of 
jm|** ami thrrhau^ Iiur4 rltaiigt* an as I u 
irir»*ili f h*t I hr i Innn'r m tin* miituoutuiu 
tr rfhri Thu"* ^UppM-.r Uir f'lliU 1*1*4 jmiljt 1UOVOH from B to l¥ 
ir I lift 1 ' Hfrii ill fhiif fttsir fhr iiauiirnf of uumuMiiuiu in tlio 
r rhsMu'r'r Jimiu * ?n ainsi- All in t m jilting A B f ; thin change in 
:iiM)K<-nf m! nf nm *4 fhr rlhrr ja n|uivu|riii< to a moment 

rth»*-r Hi.u ? l4lf U*lr |d r mMl, tohvff Ml / BAB\ iilltl 
*.r hm- n ;*? AUAh- -f> t * » AH iii t li«* plane BA B' , Tho oluuigo 

tv indivrMti *4 nifiia'-nfuiu »4 t Ur j**lr and point muni lm equal 
M|>|*ir)i4r ! m f hr* r fhr i r^nlf anf momentum of l ho other 

dhr.:t m tin* Anr* 5 mu, flit*" rhiingr III fhr St|i»Ut«*UtUlU of till* polo 
I hr r.pial air I f u l!«r rlliillgr in Ilinnil'lltum of tllO 

i, u!i'i fhr.-M- !»*• * inuM loivr a moment of momentum 

4 ( 4 i iAr ■»•«' 4 4i »f fho» will hr fhr vhhp if hi the change in 

intOim *4 ihr pioni v» a* nghf angle* fu i hr plane HAH* and 

4 ?<« * . » h\h *h«* * hiUiL-r UI liiniurnlisiu ill f }l«* JHlll* 18 (U|Uttl 

, tmMl 

fhi^ 1 x j_j.fr m munirnUisn ^ nmirring m 

hn»*' 4f in-v- hr s* hi pT«)*iurr4 h> a h»rrr f acting cm tho 

,f ,tf uAa .uich- I*, t hr pUijr /I. f|!" £ i«ii| j»ivrn hv tho captation 

#' 
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Now 


80 = 


BB' sin ABB ' 


AB 


or if v be the velocity of the point, 


vhtmiABB’ 
89 ~ AB ~ 
80 v sin ABB' < 
AB ; 


thus F = sin ABB' 

AB 2 

= evH sin </>, 

where H is the magnetic force at the point and cf> the angle between 
H and the direction in which the point is moving; from this we see 
that a moving charged point in a magnetic field is acted on by a 
force at right angles to the velocity of the point, at right angles 
also to the magnetic force at the point, and equal to the product of 
the charge, the magnetic force and the velocity of the point at right 
angles to the magnetic force. Thus we see that we can deduce the 
expression for the force acting on a charged point moving across the 
lines of magnetic force directly from the principle of the Conservation 
of Momentum. We should have got an exactly similar expression 
if we had supposed the charge at rest and the pole in motion; in this 
case we must take v to be the velocity of the pole and </> the angle 
between v and AB. 


285 . From the expression given on page 391 for the momentum 
in the field we can prove that the momentum in the ether due to 
a charged point at P and the magnetic force produced by a current 
flowing round a small closed circuit, is equivalent to a momentum 
passing through P whose components P, G } H parallel to the axes 
of x, y } z respectively are given by the equations 
v .( d l d 1\ 
r \ dzr dyrj 

sy . f dl f d l\ 

H = jiia (l - m j--), 

V dyr dxrj 

where i is the current flowing round the circuit, a the area of the 
circuit and Z, m, n the direction cosines of the normal to its plane, 
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./, : are III.* coordinates of /> and r tlio distance of P from the 
"f.v of tin- c-in-uif. the charge at P is supposed to be the unit 
large. W i* see t lint' 


iiF u<; . i 

Jr 


!,» 1 * 1 


( il'/ih r n l dtf r + & r) + 1 dxdz r j ’ 

<P 1,^1 (P 1 

il.i“ r 1 tli f r tlz- r ’ 


IF 

uh 

(i 1 

(P 1 

(P 1 

*/*/ 

Ur 

‘‘“i'tlrthr 1 

III . . 

tlijazr 

n dz 2 i 



• 'I (, <1 1 

, d 1 , 

d IN 



1 " th \ il.rr 

1 m . 
it;/ r 

n dzr) 


C j 

III.- t't iii i ] m if it*]! ! of lilt* magnetic, induction at P duo to the 
iiuiil t-iir »ni We have similarly if a and b arc the x and y com- 
ioii**iii a respectively nf this induction 

till tIF 
Ur th '■ 

da uh 

U: rfy a ‘ 


Tin’ nmjid f\picn.iiiiii for t he electromotive force due to induction 
nllnttj* at niu i* {hum the priueijih* of thi' Conservation of Momentum. 
i , *»»r fin- mmoi-ntum in the ether is eipii valent to a momentum through 
mIohi i imijimteniM are F, h\ II, Suppose that in consequence of 
In- minion >4 i lie t in-nit or the alteration of the current through it, 
F. d, II l<ei nine F > a/-', U i MI, II ! MI, then the momentum in 
he ether uni! piece* through /’ hut haw now components F + hF, 
V Mi, II - *11 m*t end of F, (l, IP, hut the momentum of the 
n !».!•’ m un-in, point nn-iiit and ether must- remain constant; thus 
in nitioii tliidiiiu e the change* in momentum BF, 8 (), BH at P due 
in fin- ei her, vie must have changes in momentum of the unit charge 
id /' eijiitd it> BF, MI, MI, Suppose that the time taken by 
Ihe i loingen of. Mi, Ml is Bt, then in the time Bl the x momen- 
tum nf the unit charge nt P must change by — BF, i.e. the unit 

i-Uwrge mult acted on by force ~ ^ . Thus there is at P an 
r^k-rtn*” (ftfee rortijNiiitHit j*tinUk*l to £ in “ ^ » similarly tlie 
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component*! parallel to y and z are ^ r , ( ^f 

wIioho com])onentH wo have junt found in the force due to electro- 
magnetic induction, and itn magnitude, in that given by humday'a 
law. To prove thin we notice that the line integral of the. electric 
force round a fixed circuit of which (In in an element in equal to 

f (IF tlx . (lady . dll dz 


d 

dl 

d 

dt 


dl < Is ' dl da 


I 


0 


ds 


f , da' 

ds 

d(f 

dz 


dir 

d'J 


dt ds 




(dV 

" U>t 


dt^l 
da) J 


aW 


by Stokes’ blroovom ; here l, m, n arc t.lic direction cosines of the 
normal to a Hurfacc filling up the dimed curve, dS in an clement, of 


thin surface. Substituting the vuIuch already given for 

tins preceding! expression becomes 
d 


da dll 
dz dt/ 


, &e. 


J, j (la | mb | ?»•) th S'; 


dt, 

tins integral in thin expression is the number of lines of magnetic 
induction passing through the dosed circuit, hence we see that the 
lints integral of tins electric, force due to induction round a closed 
circuit equals this rate of diminution in the number of lines of 
magnetic, induction passing through {Ik* circuit; this however is 
exactly Faraday’s law of induction (see Art. 2251), 


286. When a charged particle is moving so rapidly that r a /T 3 
cannot hes neglected, the distribution of the Faraday tidies round the 
particle is no longer uniform and the expression 2 fu&if.Ui given in 
Art. 277 for the momentum of the charged sphere has to be modified. 

When a approaches F, the value of momentum e, the apparent 
mass, increases rapidly with r; thus if an appreciable amount of 
the mass of a body is due to electric charge, the mass of the body 
will increase with the velocity, it is only however when the velocity 
of the body approaches that of light that I Ids increase becomes 
appreciable, in the limiting ease where the velocity is that of light 
the apparent mass would he infinite. The influence „f velocity on 
the apparent mass of particles travelling with great, velocities lias 
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Ix'im detected by Kaufmnnn by Homo, very interesting experiments, 
a short ace, mini, of which will he found in the author’s Conduction of 
I'Hirlricitji through tin, trs, page fi»3. Kaulinami found that a particle 
moving with a velocity about live per cent, less than the velocity 
of light, had a mans about three times that with small velocities. 

The inercuHc in th(#masH or a slowly moving charged sphere is 
••i/utyX i.o. .| (potential energy or the sphere)/, ‘IF 2 , thus if this mass 
were In move with the velocity of light its kinetic energy would be 
two thirds of (he electrical potential energy. The proportion between 
the increuse in the mass due to electrification and the electrical 
polcuiiul energy can be shown to hold for any system of electrified 
bodies ns well as for the simple case of the charged sphere. 

287. Effects due to changes in the velocity of the 

moving charged body. We shall take first the case of a 
charged sphere moving so slowly t hat the lines of force are symmetri- 
cally distributed around it, and consider what will happen when the 
sphere is suddenly slopped. The Faraday tubas associated with the 
sphere have inertia and are in a si ale of tension, thus any disturbance 
communicated to one cud of a tube, will travel along the tube with 
u finite and constant velocity t he. velocity of light. Let us suppose 
that the stoppage of the particle takes a Unite small time t. We can 
find the configuration of the tidies, after a time l has elapsed since 
I lie sphere begun to he stopped, in the following way. Describe with 
the centre of the charged sphere as centre two spheres, one having 
the radius 17, the other the radius V (I r). Then since no dis- , 
tiirbunce can have reuehed the portions of the Faraday tubes 
situated milside the surface of the outer sphere these tubes will be 
in the posit ions they would have occupied if the sphere had not 
been slopped, while since t he disturbance has passed over the tubes 
a it bin the inner sphere, these tidies will lie in their final position. 
Thus consider a tube which when the pat tide was stopped wa^ along 
the line Ol’Q, 0 being the centre of the charged splioro, this will be 
the fund position of the tube; hence at the time l the portion of this 
tube inside the inner sphere will be in the position OP, the portion 
p(/ out tide the outer sphere will lie in the position it would have 
occupied if the sphere had not. been stopped, i.e. if O' is the position 
I,) which I) would have conic if tin* sphere had not boon stopped, 

26 


t »■ 
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P'Q' will be a straight line passing through O'. Thus to preserve 
its continuity the tube must bend round in the shell between the 
surfaces of the two spheres, and take the position OPP'Q'. Thus 
the tube which before the sphere was stopped was radial, has now, 
in the shell, a tangential component, and this implies a tangential 
electric force; this tangential force is, as the following calculation 
shows, much greater than the radial force at P before the sphere 
was brought to rest. * 

Let us suppose that S, the thickness of the shell, is so small that 
the portion of the Faraday tube inside it may be regarded as straight, 



then, if T is the tangential force inside the pulse, R the radial force, 
we have 

T _ P'N' _ 00' sin 6 __ wt sin d 
R~PW~ 8 8~ (1)> 

where w is the velocity with which the sphere was moving before 
it wa£ stopped, and 0 the angle OP makes with the direction of 
motion of the sphere; t is the time since the sphere was stopped. 
Since OP = Vt and R = e/K . OP 2 , K being the specific inductive 
capacity of the medium, we have, writing r for OP, 

rp _ ew sin d 

~WvTt 8* 
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88 ) 


I'lum the tangential force varies inversely as the distance and not 
ih the square of the distance. 

Tin' tangential Faraday tubes move radially outwards with, the 
•‘'levity V, they will therefore produce a magnetic force at right 
ingles to the plane of the pulse and in the opposite direction to the 
nagnolie. force at V before, the sphere was stopped; this force is 
‘i|Ual to 


V X An 


AT 

An 


ew sin 6 
r 8""’ 


; lie magnetic. force, before the sphere was stopped was eiv sin 0/r 2 , 
lints tin' magnetic force in the pulse, which however only lasts for 
a very short time, exceeds that in the steady hold in the proportion 
of r lo 8. 


Thus the pulse produced by the stoppage of the sphere is the 
seat- of very intense electric, and magnetic forces; the pulses formed 
by ( lie stoppage of the negatively electrified particles of the cathode 
rays form, in my opinion, the well-known Rontgon rays. 


288. Energy in the Pulse. The energy duo to the mag- 
netic force in the Held is per unit volume 

p sin 2 6 
Htt 3 V* ; 

integrating this through the pulse we find that the energy due to 
tin 1 magnetic force in the. pulse is 

/tc a »' 3 

33 a ' 

The energy due to t he tangential electric force in the pulse is 
per unit volume 

AT- »!»«)* Bin* 0 

Hrr 8rr. ATW ; 

integrating this through the pulse we find that this energy is equal 
mV . ,, 1 

to ^ . wik* P* yr 

. 2 ufiio 1 , . , . 

Thus the total energy in the pulse 1H ^ § ’• and tlus ener S7 

radiates away into space. The energy in the field before the sphere 
rum stopped was where a is the radius of the sphere (see 

Art. 277). Tims if 8 is not, much greater than the diameter of the 
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sphere a very considerable fraction of the kinetic energy is radiated 
away when the particle is stopped. 

289. Distribution of Momentum in the Field. There 
is no momentum inside the surface of the sphere whose radius is 
h (t— T ), there is a certain amount of momentum in the pulse, and 
momentum in the opposite direction in the region outside the pulse; 
we shall leave it as an exercise for the student to show that the 
momentum in the pulse is equal and opposite to that outside it, so 
that as soon as the sphere is reduced to rest the whole momentum 
in the field is zero. 

290. Case of an Accelerated Charged Body. The 

preceding method can be applied to the case when the charged body 
has its velocity altered in any way, not necessarily reduced to zero. 
Thus if the velocity instead of being reduced to zero is diminished 
by Sw, we can show in just the same way as before that the magnetic 
force H in the pulse is given by the equation 
tt e&w • sin 9 
H = rS _ ’ 

and the tangential electric force T by 

rp _ eA w sin 9 
KVrS * 

Now S = if Si t is the time required to change the velocity by 

Aw , hence we have 

tt __ e Aw sin 6 e Aw sin 9 

” V 8t r ’ 1 “fPi ST r ; 

but Aw /Si = -/, where/ is the acceleration of the particle, hence 

tt _ e /sin 9 e f sin 9 

V r ’ 1 “ ~ST 2 r~* 

It must be remembered that /is not the acceleration of the sphere 
at the time when H and T are estimated but at the time rjV before 
this. We see that when the velocity of the sphere is not uniform, 
part of tie magnetic and electric force will vary inversely as the 
distance from the centre of the sphere, while the other part will 
vary inversely as the square of this distance; at great distances 
from the sphere the former part will be the most important. 
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Tin' t'tmrgy ill Urn pulHo emitted whilst the velocity is changing 

{MUml (•« 

d, 


2 c 2 / 51 


3 V' 1 

hen ' d is the I liickiH'Ms of the. |mi1h<>.; mneo d — VSt, where St is the 
une the nreelernt ion lasts, the. energy emitted in the time St is 

2 <rj * 


2 V 




Iiuh l lit' rail* of emission of energy in 2 

291. Magnetic and Electric Forces due to a charged 
article vibrating harmonically through a small distance. 

'In* magnetic force proportional to the acceleration which wo have 
usl in von! icut oil arises from the motion of the tangential part of 
hr Karudux fulirx (lie portion P'N' of hig. 134; the radial tubes 
,rr however also in motion, their velocity at right angles to their 
cor th hriu** a* sind, where w is the velocity of the particle when 
Is accelcnit tv m is/. i.e. at a time rjV before the force is estimated. 
Phis motimi «d the radial tubes produces a magnetic force ew sin Ojr 2 
n the name diiert ion ns (hut due to the neceleration. Thus II the 
nngnefic burr at V is equal to 

iwesin 0 rf sin 0 
r hr 

uni in at itelit angles to nf } and to the axis of z along which the 
HHitn h* i’» siippMHnl to lie moving. Let the velocity of the particle 
duo** thin Inn* he *n sin pt and its acceleration therefore cop cos pt. 
rite umruetn- fmre at P at the time / will depend upon the velocity 

Hid itrrrlrniftuu uf flic particle at the time f - these arc rcspec- 

t j. and t*tp nw p thus II the magnetic 

iveii bv the cijimtion 

t in H ?un p ^ i rut sin Op cos p ~~ yj 

_ ; y. • 


:iv« # h 
luice at l* i 


th p * j. 


u 


it if. 


i*lC 


i he components of thin force parallel to the axes of 




t then 


r HU 0 


1 1 . 


r sin tf 


//, 


0. 
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^ ecu sin p ( t 


7 ecu sin p U — 

* — 5 7 : 


If X, Y } Z are the components of the electric force, we have by 
equation (1), page 363, 


K dX^dy_df}^jP_ t 

dt dy dz dxdz 


ecu sin p(t~ yj 


iY_da dy g - Sin H^-F, 
dt dz dx dydz r 


— -- " 

„ M H __ ** = _ (*. + i 2 ^ ea)Sm H*~ v) 

dt dx dy \dx 2 + dy 2 ) r 

Hence the periodic parts of X, Y, Z are given by the equations 

i * “““ 8 r(‘-f) 

AA p'dxdz r 

i # «.«»?(<-£) 


KX=- 


KY = - 


p dydz 


1/«P ***<*>« J>(< f) 

p \dxr cZvy 2 / r 


r 

In addition to these there are the components 

e 1 ec£l e d .1 

Kdxr’ K dy r 5 lldzr 


of the electrostatic force due to the charge at 0. In this investigation 
cl> is supposed to be so small compared with F that co 2 /F 2 may be 
neglected. 
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irk’s OH I, 228, 354 
cilieientH 
of capacity, 30 
of induction, 30 
of potential, 29 

of selMmluction, 272, 333, 338 
of mutual induction, 272, 335, 336 


Condensers, 61 

comparison of two, 80 
in parallel, 84 
in cascade, 85 
parallel plate, 65 

Condenser in an alternating current 
circuit, 330 
Conductors, 6 
Conjugate conductors, 235 
Coulomb’s Law, 25, 92 

equation, modification of, 92 
Couple on a magnet in a uniform mag- 
netic field, 152 
acting on the ellipsoid, 210 
Couples 

between two magnets, 152 
on a current in a magnetic field, 268 
Currents 

electric, 213 
strength of, 214 

magnetic force due to, 246, 265 
distribution of steady, 232, 240 
distribution of alternating, 304, 308 
dielectric, 359 
Cylinder 

electric intensity due to, 14 
capacity of, 68, 121 

Darnell’s Cell, 226 
Declination, magnetic, 173 
De Sauty’s method, 82 
Dielectric 

currents, 350, 359 
plane and an electrified point, 127 
sphere in an electric field., 127 
Dimensions of electrical quantities, 340, 
343 
Dip, 174 

Discharge of Leyden jar, 324 
Dissipation function, 238 
Distribution of 

steady currents, 232, 240 
alternating currents, 313, 318 
currents due to an impulse, 299 
Diurnal variation, 179 
Doublet, electric field due to, 117 
Duperxey’s lines, 177 
Dynamical system illustrating induc- 
tion, 294 
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EiTee.fc of dioleohrioa, 125 
Electric* 

intomuty, 0 
potential, 17 
HorooiiH, 50 
imagon, 10 !) 
cmmnitH, 215 
Klee, trill cation 
by friction, 1 
Kmitivo and negative, I 
iy induction, 5 
KleetrodoH, 215 
NlcwfrolyHiH, 215, 2 l(i 
Klcctmlyto, io.mj-'. required lo liberate 
intiH of, 220 
KleelronmgneUe. 
induction, 2K7 

Kamday’H law of, 201 
Ncunmnu’N law < *f, 201 
Hemming, 525 
waves plums 507 
tiled rniuctcrH, 70 
ciuadrant, 71 

tiled roniotive force of a cell, 225 
EleetroHeope, 5 

Klement, rational current, 277 
Kf tipHoid in electric field, 21 1 
KIlipHnidN in magnetic field, 2011 
Kuergy 

in (lie elect ric licit!, 20, 50, 05 
of a h1u*I 1 in a nutenetio field, 105 
in the magnet ie Held, 20 1 
tint' to a Hvate/n of eurrenK 271 
in a piilne, 505 

tine |o a moving charged sphere, 5s7 
Kijnipolenlinl mirfacc, 20 

loimdayV 

lawn of elect ml vein, 215 
lawn of eleetnuniiauctic ititltn'l 
201 

tube#, 45, 550, UliH 
tuhea, (ciiNion in, 52 
InhcH, pi'cHHUre perpendicular to, 55 
luiree 

linen of, 17, 45 
lube** of, 45 

mi an uncharged comiiehu, 50 

on an clcrlrilicd HyMetii, 5 h 

between electrified bodies, h 

on charged conductor, 40 

fief vs ecu IhmIicm in h t|»t4ck f i i*-, OH 

on a dielectric, l f ) I 

between mitKUd% 151, 150 

tine to a magnet, 150 

liefueeu tWoawall luriftlietn, 154 

cm *t nliell in a magnetic field. It -5 

cm a current in a magnet** field, 2u7 

lift ween I \\o jhI lutein parallel 

etirrrufN, 20* 


(hilvanomder 
tangent, 27H 
Hints 2H1 
ImlliHtie, 2H5 
I )t'Hprez- 1 >’ A rat nival, 282 
remalnnci' of, 280 

({iiuhh’h proof of law of force* between 
pnlcH, 157 

( {iiunh'm theorem, 10 
( Jrovdn ( 'ell, 227 
(iuurd King, 00 

Ileal- produced I »v a current, 220, 
257 

tievt'lopt'd by hyMterejUH, 550 
1 It'i'l /'h experiment*, 572 
llyateresiH, 101 

I mpetlanee, 507 

Impulse, dial ribut jott of current* in 
tlueetl by, 200 
Induction 

magnetic, 1M| 
electromagnet ie, 2H7 
total uorninl elect ric, 0 
InHulatoiH, 0 

InteiiHity 

c»let‘trie, 0 

of magutOi/atiou, 1 47 
Inver^itm, 120 
bniM, 215 

Unt-liiiic linen, 170 
! •sogMiuc linen, 1 70 

.lar, LoydoiJ, h ,*{ 

tllfn buice Ilf, 52 1 
Joutt' fi haw, 221 

Ivin ddiotibi havvM, 252 

haw of f * it t * » between »-|e« tilled bodies, 
h, 22 

hen/bj haw, 551 
hoyden pus h5 

in patalld, Hi 
tu i am ad**. Ho 
dtn- bsUf’c <»f, 52 1 
hndit, Ma\urit5} sb* - *»i v id, 57o 
hue * .4 f.-ur, 17, 15 
ti hiv ht<u of, Uii 
hotel*/-* Mrllcid, 55* I 

Magnet 

pole id, I iO 
iMkl'S of, J l*i 
moite nf .4, 1 10, |im 

]Mit«M>ttal due- i>*, 1 |7 

f rwilttf e.Jt i • !, I i** 
f <*!<*- due h <, 1 fO, I SO 
*M»iple t»u, 1 >»2 
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ignolio 

force, Mr> 

disturbances, 18 1 
pfilcMiiint, H5, M7 
nlirll, HU 

hIh‘11, force line* In, 107 
shell, force acting on, 105 
shielding, 201 
induction, 180 
induction, tubes of, 185 
permeability, 1 87 
relent iveneHS, 11)1 
susceptibility, 187 
declination, 170 
dip, 171 

force in conductor, 021 
ngnelie lii'M 
energy in, 204 
elm* In current, 210 
due in tun straight currents, 251 
due hi circular current, 205 
ngnetr/ulion, intensity of, 147 
agueii/.ed sphere, lirl.l dun to, 1 08 
uguetH, 112 

net tun between two Htnall, 152 
[hhn dun In electric charge, 088 
I in well's Theory, 070 cl /tty, 

[mini illustrating magnetic induction, 
I HO 

lument nf magnet, determination of, 
100 

Imnnulum in electric field, 080, 401 
l unit, ellert nf (he, 180 
loving electric charges, 0H7 cl my, 
lultwl induction, eoellieient of, 272 
determinatmii of, 000, 005 
comparison nf, 000 

ictimitim'a Raw nf electromagnetic 
induction, 201 
unit ml tempemUire, 08-1 

itiin. dofermmutinu nf, 017, 050 

dim's Raw, 217 

PwdUtiug electric charge, 510 


NiritlM plate condenser, 05 
VlHcr ellert, 077 

♦rttudir electromotive fopee, 005, 020 
Vrmeatnlitv, magnetic. 1H7 

aliened by temperature, 100 
Plane uniformly electrified* 10 
Plane and electrified jaunt, 100 
Planes 

parallel, separated by dielectric, 
OH 

two parallel ami electrified point, 


104 

magnetic furi^ dun 
fwrmltel, 255 


to currents in 


Polarization 

in a dielectric, 91 
nf a battery, 228 
Polo, unit, 144 
PoIoh of a magnet, 146 
Potential 

elootrio, 17 
of charged sphere, 19 
of a magnet, 147 

Propagation of electromagnetic dis- 
turbance, 060 r.f, scq. 

PulNCj duo to stopping or starting charge, 

I tat in of units, 054 
Refraction of lines of force, 95 
Resistance 

electric, 218 

of conductors in series, 218 
of. conductors in parallel, 219 
Hpceilie, 220 

measurement of, 278, 285 
absolute, 047, 050 
Resolution of a magnet, 148 
Roton tivencHH, magnetic, 191 
Rotating circuit, 008 

Saturation, magnetic, 1.89 
Screening 

electric, 0(5 
electromagnetic, 020 
magnetic, 201. 

Secondary circuit, effect of on apparent 
self-induction and resistance, 290 
Self-induction 

coelliciont of, 272 
coedieient of, of a solenoid, 274 
oooflieient of, of two parallel cir- 
cuits, 275 

determination of, 003 
comparison of, 308 
Shell, magnetic, 1(51 
iron, 201 

Sine galvanometer, 281 
Solenoid, 260 
endless, 200 
Solid angle, 160 

Specific inductive capacity, 88, 94 
determination or, 104 
Specific resistance, 220 
Hpceilie Heat of Electricity, 080 
Sphere 

elootrio intensity duo to, 14 

potential due to, 19 

capacity of, 61 

and an electrified point, 109 

in a uniform electric field, 117 

inversion of, 130 

magnetic field due to, 168 

in a uniform magnetic field, 200 
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Spheres 

intersecting at right angles, 120 
in contact, 134 
Surface density, 25 
Susceptibility, 187 

Tangent galvanometer, 278 
Temperature, effect of, on magnetic 
permeability, 190 
Terrestrial magnetism, 172 
Thermoelectric 
currents, 377 
diagrams, 381 
Thomson Effect, 380 
Transformers, 310 
Tubes 

of electric force, 43 
Earadav, 46, 358, 368 
Faraday, tension in, 52 


Tubes 

Faraday, pressure perpendicular to, 
53 

of magnetic induction, 185 
Units 

electrostatic system, 354 
electromagnetic system, 354 

Variation 

in magnetic elements, 178 
diurnal, 179 
Voltaic cell, 221 


Wave, electromagnetic, 367 et seq. 
Wheatstone’s Bridge, 233, 285 
Work done when unit pole is taken 
round a circuit, 248 
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